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This book presents a new mathematical formalism,

called “gyrolanguage”,

in which both Hyperbolic Geometry

and Albert Einstein’s Special Theory of Relativity

find an aesthetically pleasing formulation

under the same umbrella.

As such, this book is dedicated

to the extension of Albert Einstein’s unfinished symphony

and to the practice of

twenty-first century Special Relativity

by means of

Analytic Hyperbolic Geometry.
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Preface

The seeds of this book were planted in 1988 [Ungar (1988a)], when the

author discovered that the seemingly structureless Einstein addition of rel-

ativistically admissible velocities possesses a rich grouplike structure that

became known as a gyrocommutative gyrogroup. It turned out that gy-

rocommutative gyrogroups and their resulting gyrovector spaces form the

setting for hyperbolic geometry just as vector spaces form the setting for

Euclidean geometry. Accordingly, following this dramatic breakthrough,

this book presents the foundations of analytic hyperbolic geometry from

the viewpoint of hyperbolic vectors, called gyrovectors, putting it to good

use for the extension of Einstein’s unfinished symphony of his special theory

of relativity. The underlying mathematical tools, gyrogroups and gyrovec-

tor spaces, are developed along analogies they share with groups and vector

spaces. As a result, a gyrovector space approach to hyperbolic geometry,

fully analogous to the standard vector space approach to Euclidean geome-

try, emerges along with applications in relativistic mechanics that are fully

analogous to corresponding applications in classical mechanics.

Owing to its strangeness, some regard themselves as excluded from the

profound insights of hyperbolic geometry so that this enormous portion of

human achievement is a closed door to them. But this book opens the door

on its mission to make the hyperbolic geometry of Bolyai and Lobachevsky

widely accessible by introducing a gyrovector space approach to hyperbolic

geometry guided by analogies that it shares with the common vector space

approach to Euclidean geometry.

Writing this second book on analytic hyperbolic geometry and Einstein’s

special theory of relativity became possible following the successful adaption

of vector algebra for use in hyperbolic geometry in the author’s 2001 book

“Beyond the Einstein Addition Law and its Gyroscopic Thomas Precession:

The Theory of Gyrogroups and Gyrovector Spaces” (Kluwer Acad., now

Springer). A most convincing way to describe the success of the author’s

adaption of vector algebra for use in hyperbolic geometry is found in Scott

vii
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Walter’s review of the author’s 2001 book, which is the first forerunner of

this book. Therefore, part of Scott Walter’s review is quoted below.

Over the years, there have been a handful of attempts

to promote the non-Euclidean style for use in problem solv-

ing in relativity and electrodynamics, the failure of which

to attract any substantial following, compounded by the

absence of any positive results must give pause to anyone

considering a similar undertaking. Until recently, no one

was in a position to offer an improvement on the tools

available since 1912. In his [2001] book, Ungar furnishes

the crucial missing element from the panoply of the non-

Euclidean style: an elegant nonassociative algebraic for-

malism that fully exploits the structure of Einstein’s law

of velocity composition. The formalism relies on what the

author calls the “missing link” between Einstein’s velocity

addition formula and ordinary vector addition: Thomas

precession . . .

Ungar lays out for the reader a sort of vector alge-

bra in hyperbolic space, based on the notion of a gyrovec-

tor. A gyrovector space differs in general from a vector

space in virtue of inclusion of Thomas precession, and ex-

clusion of the vector distributive law. As a result, when

expressed in terms of gyrovectors, Einstein (noncommu-

tative) velocity addition law becomes “gyrocommutative”

. . . . One advantage of this approach is that hyperbolic ge-

ometry segues into Euclidean geometry, with notions such

as group, vector, and line passing over to their hyperbolic

gyro-counterparts (gyrogroup, etc.) . . .

One might suppose that there is a price to pay in math-

ematical regularity when replacing ordinary vector addi-

tion with Einstein’s addition, but Ungar shows that the

latter supports gyrocommutative and gyroassociative bi-

nary operations, in full analogy to the former. Likewise,

some gyrocommutative and gyroassociative binary opera-

tions support scalar multiplication, giving rise to gyrovec-

tor spaces, which provide the setting for various models of

hyperbolic geometry, just as vector spaces form the setting

for the common model of Euclidean geometry. In particu-
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Preface ix

lar, Einstein gyrovector spaces provide the setting for the

Beltrami ball model of hyperbolic geometry, while Möbius

gyrovector spaces provide the setting for the Poincaré ball

model of hyperbolic geometry.

Scott Walter

Foundations of Physics 32, pp. 327 – 330 (2002)

Subsequently, a second convincing way to describe the success of the

author’s adaption of vector algebra for use in hyperbolic geometry is found

in Victor Pumbuccian’s review of the author’s 2005 book, which is the

second forerunner of this book. Part of this review of the author’s 2005

book is therefore quoted below.

This book represents an exposition . . . of an algebraic

language in which both hyperbolic geometry and special

relativity find an aesthetically pleasing formulation, very

much like Euclidean geometry and Newtonian mechanics

find them in the language of vector spaces. The aim is

thus to provide not just an analytic geometry to enable

algebraic computations to answer questions formulated in

hyperbolic geometry, . . . but rather to provide a counter-

part to the inner product vector space model of Euclidean

geometry. The resulting counterparts allow for formulas

that look very much like their Euclidean counterparts, with

the difference that the vectors are not elements of a vector

space, but rather of a gyrovector space, that . . . do not sat-

isfy the familiar commutative, associative rules, but rather

“gyro”-variants of these, creating an elaborate “gyrolan-

guage”, in which all terms familiar from the Euclidean

setting get their gyro-counterpart. . . . The author greatly

emphasizes the fact that, in this algebraic setting, the orig-

inal Einstein velocity addition finds a natural home, in

which it becomes gyrocommutative [and gyroassociative],

and would have perhaps not been abandoned by the advent

of Minkowski’s space-time reformulation of special relativ-

ity, had the gyrolanguage existed at the time.

Victor V. Pambuccian

Zentralblatt Math.
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Analytic hyperbolic geometry, as presented in this book, is now per-

forming better than ever, emphasizing the interdisciplinary collaborations

required to further develop this extraordinary mathematical innovation and

its applications. But, there have been some challenges during the initial

phase of its development, challenging preconceived notions like the dogma

of Einsteinian relativity vs. Minkowskian relativity, which was not struck

down until the emergence of analytic hyperbolic geometry.

As a mathematical prerequisite for a fruitful reading of this book it

is assumed familiarity with Euclidean geometry from the point of view

of vectors and, occasionally, with differential calculus and functions of a

complex variable. The book is aimed at a large audience. It includes

both elementary and advanced topics, and is structured so that it can

be enjoyed equally by undergraduates, graduate students, researchers and

academics in geometry, algebra, mathematical physics, theoretical physics,

and astronomy.

Abraham A. Ungar
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7.4 The Cogyroline Element of Möbius Gyrovector Spaces . . . 248

7.5 The Gyroline Element of Einstein Gyrovector Spaces . . . . 250

7.6 The Cogyroline Element of Einstein Gyrovector Spaces . . . 253

7.7 The Gyroline Element of PV Gyrovector Spaces . . . . . . . 255

7.8 The Cogyroline Element of PV Gyrovector Spaces . . . . . 257

7.9 Table of Riemannian Line Elements . . . . . . . . . . . . . 259



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

xvi Analytic Hyperbolic Geometry and Special Relativity

8. Gyrotrigonometry 261

8.1 Vectors and Gyrovectors are Equivalence Classes . . . . . . 261

8.2 Gyroangles . . . . . . . . . . . . . . . . . . . . . . . . . . . 263

8.3 Gyrovector Translation of Gyrorays . . . . . . . . . . . . . . 275

8.4 Gyrorays Parallelism and Perpendicularity . . . . . . . . . . 282

8.5 Gyrotrigonometry in Möbius Gyrovector Spaces . . . . . . . 284

8.6 Gyrotriangle Gyroangles and Side Gyrolengths . . . . . . . 296

8.7 The Gyroangular Defect of Right Gyroangle Gyrotriangles . 300

8.8 Gyroangular Defect of the Gyrotriangle . . . . . . . . . . . 301

8.9 Gyroangular Defect of the Gyrotriangle – a Synthetic Proof 304

8.10 The Gyrotriangle Side Gyrolengths in Terms of its

Gyroangles . . . . . . . . . . . . . . . . . . . . . . . . . . . 307

8.11 The Semi-Gyrocircle Gyrotriangle . . . . . . . . . . . . . . 314

8.12 Gyrotriangular Gyration and Defect . . . . . . . . . . . . . 316

8.13 The Equilateral Gyrotriangle . . . . . . . . . . . . . . . . . 318
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Chapter 1

Introduction

The study of analytic hyperbolic geometry begins in Chap. 2 with the study

of gyrogroups. A gyrogroup is a most natural extension of a group into

the regime of the nonassociative algebra that we need in order to extend

analytic Euclidean geometry into analytic hyperbolic geometry.

Geometry, according to Herodotus, and the Greek derivation of the

word, had its origin in Egypt in the mensuration of land, and fixing of

boundaries necessitated by the repeated inundations of the Nile. It con-

sisted at first of isolated facts of observation and crude rules for calculation

until it came under the influence of Greek thought. Following the intro-

duction of geometry from Egypt to Greece by Thales of Miletus, 640 – 546

B.C., geometric objects were abstracted, thus paving the way for attempts

to give geometry a connected and logical presentation. The most famous

of these attempts is that of Euclid, about 300 B.C. [Sommerville (1914),

p. 1].

According to the Euclid parallel postulate, given a line L and a point P

not on L there is one and only one line L′ which contains P and is parallel to

L. Euclid’s parallel postulate does not seem as intuitive as his other axioms.

Hence, it was felt for many centuries that it ought to be possible to find a

way of proving it from more intuitive axioms. The history of the study of

parallels is full of reproaches against the lack of self-evidence of the Euclid

parallel postulate. According to Sommerville [Sommerville (1914), p. 3],

Sir Henry Savile referred to it as one of the great blemishes in the beautiful

body of geometry [Praelectiones, Oxford, 1621, p. 140]. Following Bolyai

and Lobachevsky, however, the parallel postulate became the property that

distinguishes Euclidean geometry from non-Euclidean ones.

The Hungarian Geometer János Bolyai (1802 – 1860) and the Russian

Mathematician Nikolai Ivanovich Lobachevsky (1793 – 1856) independently

1
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worked out a geometry that seemed consistent and yet negated the Eu-

clidean parallel postulate, published in 1832 and 1829. Carl Friedrich Gauss

(1777 – 1855), who was the dominant figure in the mathematical world at

the time, was probably the first to understand clearly the possibility of a

logically and sound geometry different from Euclid’s. According to Harold

E. Wolfe [Wolfe (1945), p. 45], it was Gauss who coined the term non-

Euclidean geometry. The contributions of Gauss to the birth of hyperbolic

geometry are described by Sonia Ursini in [Ursini (2001)]. According to

Duncan M. Y. Sommerville [Sommerville (1914), p. 24], the ideas inaugu-

rated by Bolyai and Lobachevsky did not attain any wide recognition for

many years, and it was only after Baltzer had called attention to them in

1867 that non-Euclidean geometry began to be seriously accepted and stud-

ied. In 1871 Felix Klein suggested calling the non-Euclidean geometry of

Bolyai and Lobachevsky hyperbolic geometry [Sommerville (1914), p. 25].

The discovery of hyperbolic geometry and its development is one of the

great stories in the history of mathematics; see, for instance, the accounts

of [Rosenfeld (1988)] and [Gray (1989)] for details.

For several centuries (Euclidean) geometry and (associative) algebra

developed slowly as distinct mathematical disciplines. In 1637 the French

mathematician and philosopher René Descartes published his La Géometrie

which introduced a theory that unifies (associative) algebra and (Euclidean)

geometry, where points are modeled by n-tuples of numbers, n being the

dimension of the geometry. The unifying theory is now called analytic

(Euclidean) geometry. In full analogy, the aim of this book is to intro-

duce analytic hyperbolic geometry, and its applications, as a theory that

unifies nonassociative algebra and the hyperbolic geometry of Bolyai and

Lobachevsky, where points are modeled by n-tuples of numbers as explained

in Figs. 8.1 – 8.2, p. 262.

1.1 A Vector Space Approach to Euclidean Geometry and

A Gyrovector Space Approach to Hyperbolic Geometry

Commonly, three methods are used to study Euclidean geometry:

(1) The Synthetic Method: This method deals directly with geometric

objects (figures). It derives some of their properties from other

properties by logical reasoning.

(2) The Analytic Method: This method uses a coordinate system, ex-

pressing properties of geometric objects by numbers (coordinates).



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Introduction 3

It derives properties from other properties by numerical expres-

sions and equations, numerical results being interpreted in terms

of geometric objects [Boyer (2004)].

(3) The Vector Method: The vector method occupies a middle position

between the synthetic and the analytic method. It deals with geo-

metric objects directly and derives properties from other properties

by computation with vector expressions and equations [Hausner

(1998)].

Euclid treated his Euclidean geometry synthetically. Similarly, also

Bolyai and Lobachevsky treated their hyperbolic geometry synthetically.

Because progress in geometry needs computational facilities, the invention

of analytic geometry by Descartes (1596–1650) made simple approaches to

more geometric problems possible. Later, further simplicity for geometric

calculations became possible by the introduction of vectors and their addi-

tion by the parallelogram law. The parallelogram law for vector addition is

so intuitive that its origin is unknown. It may have appeared in a now lost

work of Aristotle (384–322). It was also the first corollary in Isaac Newton’s

(1642–1727) “Principia Mathematica” (1687), where Newton dealt exten-

sively with what are now considered vectorial entities, like velocity and

force, but never with the concept of a vector. The systematic study and

use of vectors were a 19th and early 20th century phenomenon. Vectors

were born in the first two decades of the 19th century with the geometric

representations of complex numbers. The development of the algebra of

vectors and of vector analysis as we know it today was first revealed in sets

of notes made by J. Willard Gibbs (1839–1903) for his students at Yale

University.

The synthetic and analytic methods for the study of Euclidean geom-

etry are accessible to the study of hyperbolic geometry as well. Hitherto,

however, the vector method had been deemed inaccessible to that study.

In the years 1908 – 1914, the period which experienced a dramatic flow-

ering of creativity in the special theory of relativity, the Croatian physicist

and mathematician Vladimir Varičak (1865 – 1942), professor and rector

of Zagreb University, showed that this theory has a natural interpretation

in hyperbolic geometry [Varičak (1910a)]. However, much to his chagrin,

he had to admit in 1924 [Varičak (1924), p. 80] that the adaption of vector

algebra for use in hyperbolic geometry was just not feasible, as Scott Walter

notes in [Walter (1999b), p. 121]. Vladimir Varičak’s hyperbolic geometry

program, cited by Pauli [Pauli (1958), p. 74], is described by Walter in
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[Walter (1999b), pp. 112–115].

Following Varičak’s 1924 realization that, unlike Euclidean geome-

try, the hyperbolic geometry of Bolyai and Lobachevsky does not ad-

mit vectors, there are in the literature no attempts to treat hyperbolic

geometry vectorially. There are, however, few attempts to treat hy-

perbolic geometry analytically [Jackson and Greenspan (1955); Patrick

(1986)], dating back to Sommerville’s 1914 book [Sommerville (1914);

Sommerville (1919)]. Accordingly, following Bolyai and Lobachevsky, most

books on hyperbolic geometry treat the geometry synthetically, some treat

it analytically, but no book treats it vectorially.

Fortunately, some 80 years since Varičak’s 1924 realization, the adaption

of vectors for use in hyperbolic geometry, where they are called gyrovectors,

has been accomplished in [Ungar (2000a); Ungar (2001b)], allowing Eu-

clidean and hyperbolic geometry to be united [Ungar (2004c)]. Following

the adaption of vector algebra for use in hyperbolic geometry, the hyper-

bolic geometry of Bolyai and Lobachevsky is now effectively regulated by

gyrovector spaces just as Euclidean geometry is regulated by vector spaces.

Accordingly, we develop in this book a gyrovector space approach to hyper-

bolic geometry that is fully analogous to the common vector space approach

to Euclidean geometry [Hausner (1998)]. In particular, we find in this book

that gyrovectors are equivalence classes of directed gyrosegments, Def. 5.4,

p. 133, that add according to the gyroparallelogram law, Figs. 8.25 – 8.26,

p. 322, just like vectors, which are equivalence classes of directed segments

that add according to the common parallelogram law.

It should be remarked here that in applications to Einstein’s special

theory of relativity, Chaps. 10 – 11 and 13, Einsteinian velocity gyrovec-

tors are 3-dimensional gyrovectors fully analogous to Newtonian velocity

vectors. Hence, in particular, relativistic gyrovectors are different from

the common 4-vectors of relativity physics. In fact, the passage from n-

gyrovectors to (n + 1)-vectors is illustrated in Remark 4.21, p. 122, and

employed in the study of the special relativistic Lorentz transformation

group in Chap. 11. The 4-vectors are important in special relativity and in

its extension to general relativity. Early attempts to employ 4-vectors in

gravitation, 1905 – 1910, are described in [Walter (2005)].

In the same way that vector spaces are commutative groups of vectors

that admit scalar multiplication, gyrovector spaces are gyrocommutative

gyrogroups of gyrovectors that admit scalar multiplication. Accordingly,

the nonassociative algebra of gyrovector spaces is our framework for ana-
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lytic hyperbolic geometry just as the associative algebra of vector spaces

is the framework for analytic Euclidean geometry. Moreover, gyrovector

spaces include vector spaces as a special, degenerate case corresponding to

trivial gyroautomorphisms. Hence, our gyrovector space approach forms

the theoretical framework for uniting Euclidean and hyperbolic geometry.

1.2 Gyrolanguage

All the analogies that hyperbolic geometry and classical mechanics share in

this book, respectively, with Euclidean geometry and relativistic mechanics

arise naturally through a single common mechanism represented by the pre-

fix “gyro”. Indeed, in order to elaborate a precise language for dealing with

analytic hyperbolic geometry, which emphasizes analogies with classical no-

tions, we extensively use the prefix “gyro”, giving rise to gyrolanguage, the

language that we use in this book. The resulting gyrolanguage rests on

the unification of Euclidean and hyperbolic geometry in terms of analogies

they share [Ungar (2004c)]. The prefix “gyro” stems from Thomas gyra-

tion. The latter, in turn, is a mathematical abstraction of the peculiar

relativistic effect known as Thomas precession into an operator, called a

gyrator and denoted “gyr”. The gyrator generates special automorphisms

called gyroautomorphisms. The effects of the gyroautomorphisms are called

gyrations in the same way that the effects of rotation automorphisms are

called rotations.

The natural emergence of gyrolanguage is well described by a 1991 let-

ter that the author received from Helmuth Urbantke of the Institute for

Theoretical Physics, University of Vienna, sharing with him instructive ex-

perience [Ungar (1991b), ft. 36]:

“While giving a seminar about your work, the word

gyromorphism instead of [Thomas] precession came over

my lips. Since it ties in with the many morphisms the

mathematicians love, it might appeal to you.”

Helmuth K. Urbantke, 1991

Indeed, we will find in this book that the study of hyperbolic geometry by

the gyrolanguage of gyrovector spaces is useful, and that the pursuit of this

study entails no pain for unlimited profit.

Analytic Euclidean geometry in n dimensions models points by n-tuples

of numbers that form an n-dimensional vector space with an inner prod-
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uct and the Euclidean distance function. Accordingly, vector spaces al-

gebraically regulate analytic Euclidean geometry, allowing the principles

of (associative) algebra to manipulate Euclidean geometric objects. Con-

trastingly, synthetic Euclidean geometry is the kind of geometry for which

Euclid is famous and that the reader learned in high school.

Analytic hyperbolic geometry in n dimensions is the subject of this

book. It models points by n-tuples of numbers that form an n-dimensional

gyrovector space with an inner product and a hyperbolic distance function.

Accordingly, gyrovector spaces algebraically regulate analytic hyperbolic

geometry, allowing the principles of (nonassociative) algebra to manipulate

hyperbolic geometric objects. Contrastingly, synthetic hyperbolic geometry

is the kind of geometry for which Bolyai and Lobachevsky are famous and

that one learns from the literature on classical hyperbolic geometry.

With one exception, proofs are obtained in this book analytically. The

exceptional case is the proof of the gyrotriangle defect identity which is the

identity shown at the bottom of Fig. 8.13, p. 285. Instructively, this iden-

tity is verified both analytically, Theorem 8.45, p. 301, and synthetically,

Theorem 8.48, p. 304. It is the gyrotriangle defect identity at the bottom

of Fig. 8.13 that gives rise to the elegant values of the squared hyperbolic

length (gyrolength) of the sides of a hyperbolic triangle (gyrotriangle) in

terms of its hyperbolic angles (gyroangles), also shown in Fig. 8.13 as well

as in Theorem 8.49 on p. 307.

While Euclidean geometry has a single standard model, hyperbolic ge-

ometry is studied in the literature by several standard models. In this

book, analytic hyperbolic geometry appears in three mutually isomorphic

models, each of which has its advantages and blindness for selected aspects.

These are:

(I) The Poincaré ball (or disc, in two dimensions) model.

(II) The Beltrami-Klein ball (or disc, in two dimensions) model.

(III) The Proper Velocity (PV, in short) space (or plane, in two dimen-

sions) model.

The PV space model of hyperbolic geometry is also known as Ungar

space model [Ungar (2001b)]. The terms “Ungar gyrogroups” and “Un-

gar gyrovector spaces” were coined by Jing-Ling Chen in [Chen and Ungar

(2001)] following the emergence of gyrolanguage in [Ungar (1991b)]. Ungar

gyrogroups and gyrovector spaces may be used to describe algebraic struc-

tures of relativistic proper velocities. Hence, in this book these are called

PV gyrogroups and PV gyrovector spaces.
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Before the emergence of gyrolanguage the author coined the term “K-

loop” in [Ungar (1989b)] to honor related pioneering work of Karzel in the

1960s, and to emphasize relations with loops that have later been studied

in [Krammer (1998); Sabinin, Sabinina and Sbitneva (1998); Issa (1999);

Issa (2001)]. With the emergence of gyrolanguage, however, since 1991

the author’s K-loops became “gyrocommutative gyrogroups” following the

need to accommodate “non-gyrocommutative gyrogroups” and to empha-

size analogies with groups. The ultimate fate of mathematical terms de-

pends on their users. Thus, for instance, some like the term “K-loop” that

the author coined in 1989 (as recorded in [Kiechle (2002), pp. 169 – 170]

and, in more detail, in [Sexl and Urbantke (2001), pp. 141 – 142]), and some

prefer using the alternative term “Bruck-loop” (as evidenced, for instance,

from MR:2000j:20129 in Math. Rev.).

A new term, “dyadic symset”, which has recently emerged from an in-

teresting work of Lawson and Lim in [Lawson and Lim (2004)], turns out

to be identical to a two-divisible, torsion-free, gyrocommutative gyrogroup

according to [Lawson and Lim (2004), Theorem 8.8]. It thus seems that, as

Michael Kinyon notes in his MR:2003d:20109 review in Math. Rev. of Hu-

bert Kiechle’s nice introductory book on the “Theory of K-loops” [Kiechle

(2002)], “It is unlikely that there will be any convergence of terminology in

the near future.”

Since the models of hyperbolic geometry are regulated algebraically by

gyrovector spaces just as the standard model of Euclidean geometry is regu-

lated algebraically by vector spaces, the theory of gyrogroups and gyrovec-

tor spaces develops in this book an internal ecology. It includes the special

gyrolanguage, key examples, definitions and theorems, central themes, and

a few gems, like those illustrated in various figures in this book, to amaze

both the uninitiated and the practicing expert on hyperbolic geometry and

special relativity.

1.3 Analytic Hyperbolic Geometry

One of the tasks of the geometer who is interested in analytic hyperbolic

geometry is to construct mathematical models and a theory that correspond

to elements of the relativistic and quantum physical world. The criteria

for judging the success of our analytic hyperbolic geometry are generality,

simplicity, and beauty. These are illustrated in various figures of the book,

starting with Figs. 6.1 – 6.4 on pp. 210 – 211 of Chap. 6.
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In gyrolanguage we prefix a gyro to any term that describes a con-

cept in Euclidean geometry and in associative algebra to mean the anal-

ogous concept in hyperbolic geometry and nonassociative algebra. The

prefix gyro stems from Thomas gyration. Thomas gyration, in turn, is

a special automorphism abstracted from the relativistic effect known as

Thomas precession. The destiny of Thomas precession in the founda-

tions of hyperbolic geometry thus began to unfold following its exten-

sion by abstraction in [Ungar (1988a); Ungar (1988b); Ungar (1989b);

Ungar (1989a)] since 1988.

Following the extension of groups and vector spaces of associative alge-

bra and Euclidean geometry into nonassociative counterparts, gyrolanguage

gives rise to gyroterms like gyrogroups and gyrovector spaces, gyrolines and

gyroangles, of nonassociative algebra and hyperbolic geometry. Similarly,

commutativity and associativity in associative algebra and Euclidean ge-

ometry are extended in gyrolanguage to gyrocommutativity and gyroasso-

ciativity in nonassociative algebra and hyperbolic geometry.

We sometimes abuse gyrolanguage a bit and drop the prefix gyro when

it competes with a classical term. Thus, for instance, “points” of a gyrovec-

tor space remain points rather than gyropoints, as they should be called in

gyrolanguage. But, “vectors” of a gyrovector space are called gyrovectors

since they do not exist classically. Furthermore, we use the terms gyro-

geodesics and (hyperbolic) geodesics interchangeably since, for instance,

the gyrogeodesics (also called gyrolines) of Möbius gyrovector spaces are

nothing else but the familiar geodesics of the Poincaré model of hyperbolic

geometry.

The most impressive examples of the need to abuse gyrolanguage a bit

come (i) from the gyro-Euclidean geometry, which is nothing else but the

hyperbolic geometry of Bolyai and Lobachevsky and (ii) from the gyro-

mass, which is nothing else but the Einstein relativistic mass. We certainly

do not recommend to abandon the classical term “hyperbolic geometry” in

favor of its gyrolanguage equivalent term “gyro-Euclidean geometry” and,

similarly, we do not recommend to abandon the term “relativistic mass” in

favor of its gyrolanguage equivalent term “gyro-mass”.

In contrast, we find it useful to adopt the term “gyrotrigonometry”. It

is, in fact, hyperbolic trigonometry, but it is more similar, in terms of analo-

gies, to Euclidean trigonometry than to traditional hyperbolic trigonome-

try, which is expressed in terms of the familiar hyperbolic functions cosh

and sinh [McCleary (2002), p. 52].

Three other examples come from gyrolines, gyroangles, and gyrotrian-
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gles, which coincide with hyperbolic lines, hyperbolic angles, and hyper-

bolic triangles respectively. When a gyroterm in gyrolanguage competes

with a classical term, abuse of gyrolanguage may occur. Some gyroterms

that compete with classical terms cannot be abandoned since they come

with dual counterparts that, classically, are not recognized as duals since

their duality symmetries can only be captured by gyrotheoretic techniques.

Thus, for instance, gyrolines, gyroangles, and gyrotriangles are associated

with their corresponding dual counterparts, cogyrolines, cogyroangles, and

cogyrotriangles.

Gyrolanguage abuse must be done with care, as the example of the

gyrocosine function in Fig. 8.13, p. 285, indicates. The definition of the

gyrocosine of a gyroangle is presented in Fig. 8.13. We cannot view it as

the “hyperbolic” cosine of a hyperbolic angle since the term “hyperbolic

cosine” is already in use in a different sense. Abusing notation, we use the

same notation for the trigonometric functions and their gyro-counterparts.

Thus, for instance, the gyrocosine function in Fig. 8.13 is denoted by cos.

This notation for the elementary gyrotrigonometric functions cos, sin, tan,

etc. is justified since the gyrotrigonometric functions are interrelated by the

same identities that interrelate the trigonometric functions.

Thus, for instance, the trigonometric identity cos2 α+ sin2 α = 1 (along

with all other trigonometric identities between elementary trigonometric

functions) remains valid in gyrotrigonometry as well. Furthermore, in the

conformal model of the Poincaré ball, corresponding gyroangles and angles

have the same measure, so that the elementary trigonometric functions are

identical with their gyro-counterpart in all the hyperbolic models that are

isomorphic (in the sense of gyro-algebra) to the Poincaré ball model, as

verified in Theorem 8.3, p. 264.

1.4 The Three Models

There are infinitely many models of hyperbolic geometry. The three models

that we study in this book, described below, are particularly interesting.

(I) The Poincaré ball model of hyperbolic geometry is algebraically reg-

ulated by Möbius gyrovector spaces where Möbius addition plays a role

analogous to the role that vector addition plays in vector spaces. The

geodesics of this model (gyrolines) are Euclidean circular arcs (with finite

or infinite radius, the latter being diameters of the ball.) that intersect

the boundary of the ball orthogonally, shown in Fig. 8.13, p. 285, for the
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two-dimensional ball, and in Fig. 8.38, p. 348, for the three-dimensional

ball. The model is conformal to the Euclidean model in the sense that the

measure of the hyperbolic angle between two intersecting gyrolines is equal

to the measure of the Euclidean angle between corresponding intersecting

tangent lines, Figs. 8.3 – 8.5, pp. 265 – 269.

Möbius addition is a natural generalization of the Möbius transforma-

tion without rotation of the complex open unit disc from the theory of

functions of a complex variable, as we will see in Sec. 3.5. Thus, although

more than 150 years have passed since August Ferdinand Möbius first stud-

ied the transformations that now bear his name [Ahlfors (1984)][Mumford,

Series and Wright (2002), p. 71], this book demonstrates that the rich struc-

ture he thereby exposed is still far from being exhausted. The story of the

road from Möbius to gyrogroups [Ungar (2008)] is found in Secs. 3.4 – 3.5.

(II) The Beltrami-Klein ball model of hyperbolic geometry is alge-

braically regulated by Einstein gyrovector spaces where Einstein addition

plays a role analogous to the role that vector addition plays in vector spaces.

The geodesics of this model (gyrolines) are Euclidean straight lines in the

ball, Fig. 6.8, p. 220.

Einstein addition, in turn, is the standard velocity addition of rela-

tivistically admissible velocities that Einstein introduced in his 1905 paper
[Einstein (1905)] that founded the special theory of relativity. In this book,

accordingly, the presentation of Einstein’s special theory of relativity is

solely based on Einstein velocity addition law, taking the reader to the

immensity of the underlying hyperbolic geometry. Thus, more than 100

years after Einstein introduced the relativistic velocity addition law that

now bears his name, this book demonstrates that placing Einstein velocity

addition centrally in special relativity theory is an old idea whose time has

returned [Ungar (2006a)].

Einstein’s failure to recognize and advance the gyrovector space struc-

ture that underlies his relativistic velocity addition law contributed to the

eclipse of his velocity addition of relativistically admissible 3-velocities,

creating a void that could be filled only with Minkowskian relativity,

Minkowski’s reformulation of Einstein’s special relativity based on the

Lorentz transformation of 4-velocities and on spacetime [Walter (2008)].

The approach to special relativity from Einstein velocity addition fills

a noticeable gap in the relativity physics arena. Thus, for instance,

(1) the seemingly notorious Thomas precession, which is either ignored

or studied as an isolated phenomenon in most relativity physics
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books; and

(2) the seemingly confusing relativistic mass, which does not mesh up

with Minkowskian relativity

mesh extraordinarily well with the analytic hyperbolic geometric approach

to Einsteinian relativity [Ungar (2005a)]. The term “Minkowskian rela-

tivity”, as opposed to Einsteinian relativity, was coined by L. Pyenson in
[Pyenson (1982), p. 146]. The historical struggle between Einsteinian rel-

ativity and Minkowskian relativity is skillfully described by S. Walter in
[Walter (1999b)] where, for the first time, the term “Minkowskian relativ-

ity” appears in a title.

Rather than being notorious and confusing, Thomas precession and Ein-

stein’s relativistic mass provide unexpected insights that are not easy to

come by, by means other than analytic hyperbolic geometric techniques.

The remarkable fit between geometry and physics that Figs. 10.2, p. 412,

and 10.3, p. 413, exhibit is not fortuitous. It demonstrates that the rela-

tivistic mass plays in relativistic mechanics and its underlying hyperbolic

geometry the same important role that the Newtonian mass plays in classi-

cal mechanics and its underlying Euclidean geometry. The relativistic mass

is thus an asset rather than a liability. The relativistic center of momentum

and gyrobarycentric coordinates associated with the relativistic mass are

studied in Chap. 11.

(III) The PV space model of hyperbolic geometry is governed by PV

gyrovector spaces where PV addition plays a role analogous to the role

that vector addition plays in vector spaces. The geodesics of this model

(gyrolines) are Euclidean hyperbolas with asymptotes that intersect at the

space origin, Fig. 6.12, p. 223. PV addition turns out to be the “proper

velocity” addition of proper velocities in special relativity. As opposed to (i)

coordinate velocities in special relativity, measured by observer’s time and

composed by Einstein addition, (ii) proper velocities in special relativity are

measured by traveler’s time and composed by PV addition.

The power and elegance of the gyrovector space approach to hyperbolic

geometry is convincingly illustrated in this book by analogies with the com-

mon vector space approach to Euclidean geometry. Aesthetic criteria are

fundamental to the development of mathematical ideas [Penrose (2005),

p. 22]. The conversion law from gyrotriangle gyroangles α, β, γ to their

corresponding gyrotriangle side gyrolengths ‖a‖, ‖b‖, ‖c‖ in a gyrotriangle

ABC is shown in Fig. 8.13, p. 285, and in the AAA to SSS Conversion Law,

Theorem 8.49, p. 307. It presents one of the examples of an extraordinary
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unexpected hidden beauty that analytic hyperbolic geometry reveals.

We thus encounter in this book remarkable interrelations between truth

and beauty, which are abound in the areas of analytic hyperbolic geometry,

and which share remarkable analogies with corresponding classical results

in the areas of analytic Euclidean geometry.

1.5 Applications in Quantum and Special Relativity Theory

The applicability in physics of the gyrovector space approach to hyperbolic

geometry is demonstrated in Chaps. 9 and 10-13.

Chapter 9 demonstrates that Bloch vector of quantum computation

theory is, in fact, a gyrovector rather than a vector. This discovery of the

relationship between “Bloch vector” and the Poincaré model of hyperbolic

geometry led Péter Lévay to realize in [Lévay (2004a)] and [Lévay (2004b)]

that the so called Bures metric in quantum computation is equivalent to

the metric that results from the hyperbolic distance function.

Like Möbius addition, Einstein velocity addition is neither commuta-

tive nor associative. Hence, the study of special relativity in the literature

follows the lines laid down by Minkowski, in which the role of Einstein veloc-

ity addition and its interpretation in the hyperbolic geometry of Bolyai and

Lobachevsky are ignored [Barrett (1998)]. The breakdown of commutativ-

ity and associativity in Einstein velocity addition, thus, poses a significant

problem. Einstein’s opinion about significant problems in science is well

known:

The significant problems we have cannot be solved at

the same level of thinking with which we created them.

Albert Einstein (attributed)

Indeed, it is the gyrovector space approach to Einstein’s special rela-

tivity and to hyperbolic geometry that resolves the significant problem of

commutativity and associativity breakdown in Einstein velocity addition.

In this novel approach,

(1) Einstein velocity addition emerges triumphant as a gyrocommuta-

tive, gyroassociative binary operation between gyrovectors in hy-

perbolic geometry; fully analogous to

(2) Newton velocity addition, which is a commutative, associative bi-

nary operation between vectors in Euclidean geometry.
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Chapters 10 and 11 are collectively entitled “Special theory of relativ-

ity: the analytic hyperbolic geometric viewpoint” (Parts I and II). They

demonstrate that the gyrovector space approach, which unifies Euclidean

and hyperbolic geometry, unifies some aspects of classical and relativistic

mechanics as well.

Chapter 12, entitled “Relativistic Gyrotrigonometry”, presents the gy-

rotrigonometry of hyperbolic geometry in the Beltrami-Klein ball model

or, equivalently, in Einstein gyrovector spaces. The analogies relativistic

gyrotrigonometry shares with the standard, Euclidean trigonometry are

remarkable. Naturally, relativistic gyrotrigonometry is isomorphic with gy-

rotrigonometry in the Poincaré ball model of hyperbolic geometry.

Chapter 13, entitled “Stellar and particle aberration”, employs the uni-

verse as our laboratory, where the relativistic stellar aberration effect is our

experiment. It is shown in this chapter that within the frame of Einstein’s

special theory of relativity, velocity composition in the universe obeys the

gyrotriangle law of gyrovector addition. This result is fully analogous to the

well known result that, within the frame of classical mechanics, Newtonian

velocity addition is given by the triangle law of vector addition.

Geometry is at the foundation of physics. In particular, hyperbolic

geometry finds natural home at the foundation of Einstein’s special relativ-

ity theory just as Euclidean geometry lies at the foundation of Newtonian

physics. By listening to the sounds of relativistic velocities and their com-

position by Einstein velocity addition law, analytic hyperbolic geometry

thus significantly extends Einstein’s unfinished symphony.
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Chapter 2

Gyrogroups

Gyrogroup operations are, in general, nonassociative. The breakdown of

(commutativity and) associativity of (commutative) group operations in

(gyrocommutative) gyrogroup operations is salvaged in a suitably modified

form, called (gyrocommutativity and) gyroassociativity.

The reason for starting a book on analytic hyperbolic geometry with

chapters on gyrogroups and gyrovector spaces is that some gyrocommuta-

tive gyrogroups give rise to gyrovector spaces just as some commutative

groups give rise to vector spaces. Gyrovector spaces, in turn, algebraically

regulate analytic hyperbolic geometry just as vector spaces regulate alge-

braically analytic Euclidean geometry. To elaborate a precise language

we prefix a gyro to terms that describe concepts in Euclidean geometry to

mean the analogous concepts in hyperbolic geometry. The prefix gyro stems

from Thomas gyration which is, in turn, the mathematical abstraction of

a special relativistic effect known as Thomas precession [Ungar (1996b);

Ungar (1997); Ungar (2006d)].

Developing gyrogroup and gyrovector space theoretic concepts and tech-

niques, we will find that the hyperbolic geometry of Bolyai [Gray (2004)]

and Lobachevsky is just the gyro-counterpart of Euclidean geometry. We

start with the presentation of the concepts of gyroassociativity and gyro-

commutativity of gyrogroup operations, that strikingly preserve the fla-

vor of their classical counterparts. The extension of gyrocommutative gy-

rogroups into gyrovector spaces will be studied in Chap. 6, thus paving

the way to our gyrovector space approach to analytic hyperbolic geometry,

Chap. 8, and its applications, Chaps. 9–13. In gyrolanguage, thus, ana-

lytic hyperbolic geometry is a branch of gyrogeometry, and its trigonom-

etry is called gyrotrigonometry. The link between gyrogeometry and the

hyperbolic geometry of Bolyai and Lobachevsky is uncovered in Chap. 7 by

elementary methods of differential geometry.

15
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2.1 Definitions

Definition 2.1 (Binary Operations, Groupoids, and Groupoid

Automorphisms). A binary operation + in a set S is a function + :

S×S → S. We use the notation a + b to denote +(a, b) for any a, b ∈ S.

A groupoid (S, +) is a nonempty set, S, with a binary operation, +. An

automorphism φ of a groupoid (S, +) is a bijective (that is, one-to-one

onto) self-map of S, φ : S → S, which preserves its groupoid operation,

that is, φ(a+ b) = φ(a) + φ(b) for all a, b ∈ S.

Groupoids may have identity elements. An identity element of a

groupoid (S,+) is an element 0 ∈ S such that 0 + s = s + 0 = s for

all s ∈ S.

Definition 2.2 (Loops). A loop is a groupoid (S,+) with an identity

element in which each of the two equations a + x = b and y + a = b for

the unknowns x and y possesses a unique solution [Pflugfelder (1990);

Pflugfelder (2000); Nagy and Strambach (2002)].

Definition 2.3 (Groups). A group is a groupoid (G, +) whose binary

operation satisfies the following axioms. In G there is at least one element,

0, called a left identity, satisfying

(G1) 0+a=a

for all a ∈ G. There is an element 0 ∈ G satisfying axion (G1) such that for

each a ∈ G there is an element −a ∈ G, called a left inverse of a, satisfying

(G2) −a+ a = 0

Moreover, the binary operation obeys the associative law

(G3) (a+ b) + c = a+ (b+ c)

for all a, b, c ∈ G.

The binary operation in a given set is known as the set operation. The

set of all automorphisms of a groupoid (S,⊕), denoted Aut(S,⊕), forms a

group with group operation given by bijection composition. The identity

automorphism is denoted by I . We say that an automorphism τ is trivial

if τ = I .

Groups are classified into commutative and noncommutative groups.

Definition 2.4 (Commutative Groups). A group (G, +) is commu-

tative if its binary operation obeys the commutative law

(G6) a+ b = b+ a

for all a, b ∈ G.
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Definition 2.5 (subgroups). A subset H of a subgroup (G,+) is a

subgroup of G if it is nonempty, and H is closed under group compositions

and inverses in G, that is, x, y∈H implies x+ y∈H and −x∈H.

Theorem 2.6 (The Subgroup Criterion). A subset H of a group G

is a subgroup if and only if (i) H is nonempty, and (ii) x, y ∈H implies

x− y∈H.

For a proof of the Subgroup Criterion see, for instance, [Dummit and Foote

(2004)].

A most natural, but hardly known, generalization of the group concept

is the concept of the gyrogroup, the formal definition of which follows.

Readers who, instructively, wish to see a good intuitive motivation for the

gyro-extension of groups into gyrogroups before embarking on the formal

Def. 2.7 of gyrogroups may find it in the story of the road from Möbius to

gyrogroups [Ungar (2008)], presented in Secs. 3.4 – 3.5.

Definition 2.7 (Gyrogroups). A groupoid (G,⊕) is a gyrogroup if its

binary operation satisfies the following axioms. In G there is at least one

element, 0, called a left identity, satisfying

(G1) 0⊕a = a

for all a ∈ G. There is an element 0 ∈ G satisfying axiom (G1) such that

for each a ∈ G there is an element 	a ∈ G, called a left inverse of a,

satisfying

(G2) 	a⊕a = 0

Moreover, for any a, b, c ∈ G there exists a unique element gyr[a, b]c ∈ G
such that the binary operation obeys the left gyroassociative law

(G3) a⊕(b⊕c) = (a⊕b)⊕gyr[a, b]c

The map gyr[a, b] : G → G given by c 7→ gyr[a, b]c is an automorphism of

the groupoid (G,⊕),

(G4) gyr[a, b] ∈ Aut(G,⊕)

and the automorphism gyr[a, b] of G is called the gyroautomorphism of G

generated by a, b ∈ G. The operator gyr : G × G → Aut(G,⊕) is called

the gyrator of G. Finally, the gyroautomorphism gyr[a, b] generated by any

a, b ∈ G possesses the left loop property

(G5) gyr[a, b] = gyr[a⊕b, b]

The gyrogroup axioms in Def. 2.7 are classified into three classes.

(1) The first pair of axioms, (G1) and (G2), is a reminiscent of the

group axioms;
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(2) The last pair of axioms, (G4) and (G5), presents the gyrator ax-

ioms; and

(3) The middle axiom, (G3), is a hybrid axiom linking the two pairs

of axioms in (1) and (2).

As in group theory, we use the notation

a	b = a⊕(	b) (2.1)

in gyrogroup theory as well.

In full analogy with groups, gyrogroups are classified into gyrocommu-

tative and non-gyrocommutative gyrogroups.

Definition 2.8 (Gyrocommutative Gyrogroups). A gyrogroup

(G,⊕) is gyrocommutative if its binary operation obeys the gyrocommutative

law

(G6) a⊕ b = gyr[a, b](b⊕ a)

for all a, b ∈ G.

Definition 2.9 (The Gyrogroup Cooperation (Coaddition). The

Cogyrogroup). Let (G,⊕) be a gyrogroup with gyrogroup operation (or,

addition) ⊕. The gyrogroup cooperation (or, coaddition) � is a second

binary operation in G given by the equation

a� b = a⊕gyr[a,	b]b (2.2)

for all a, b ∈ G. The groupoid (G,�) is called a cogyrogroup, and is said to

be the cogyrogroup associated with the gyrogroup (G,⊕).

Replacing b by 	b in (2.2), and noting that gyr[a,	b] is an automor-

phism, along with Identity (2.2) we have the identity

a� b = a	gyr[a, b]b (2.3)

for all a, b ∈ G, as well, where we use the obvious notation, a�b = a�(	b).
We will find that the gyrogroup cooperation captures useful analogies

between gyrogroups and groups, and uncovers duality symmetries with the

gyrogroup operation.

The gyrogroup gyroautomorphisms are uniquely determined by the gy-

rogroup axioms, as we will see in Theorem 2.10(10). In the special case

when all the gyrations of a (gyrocommutative) gyrogroup are trivial, the

(gyrocommutative) gyrogroup reduces to a (commutative) group, where the

gyrogroup operation and cooperation coincide, being jointly reduced to the

group operation.
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2.2 First Gyrogroup Theorems

While it is clear how to define right identity and right inverse, the existence

of such elements is not presumed. Indeed, the existence of unique identity

and unique inverse, both left and right, is a consequence of the gyrogroup

axioms, as the following theorem shows.

Theorem 2.10 Let (G, +) be a gyrogroup. For any elements a, b, c, x ∈ G
we have:

(1) If a+ b = a+ c, then b = c (general left cancellation law; see (9)).

(2) gyr[0, a] = I for any left identity 0 in G.

(3) gyr[x, a] = I for any left inverse x of a in G.

(4) gyr[a, a] = I

(5) There is a left identity which is a right identity.

(6) There is only one left identity.

(7) Every left inverse is a right inverse.

(8) There is only one left inverse, −a, of a, and −(−a) = a.

(9) −a+ (a+ b) = b (Left Cancellation Law).

(10) gyr[a, b]x = −(a+ b) + {a+ (b+ x)} (The Gyrator Identity).

(11) gyr[a, b]0 = 0

(12) gyr[a, b](−x) = −gyr[a, b]x

(13) gyr[a, 0] = gyr[0, b] = I

Proof.

(1) Let x be a left inverse of a corresponding to a left identity, 0, in

G. We have x + (a + b) = x + (a + c). By left gyroassociativity,

(x+ a) + gyr[x, a]b = (x+ a) + gyr[x, a]c. Since 0 is a left identity,

gyr[x, a]b = gyr[x, a]c. Since automorphisms are bijective, b = c.

(2) By left gyroassociativity we have for any left identity 0 of G, a+x

= 0 + (a + x) = (0 + a) + gyr[0, a]x = a + gyr[0, a]x. By (1) we

then have x = gyr[0, a]x for all x ∈ G so that gyr[0, a] = I .

(3) By the left loop property and by (2) above we have gyr[x, a] =

gyr[x+ a, a] = gyr[0, a] = I .

(4) Follows from an application of the left loop property and (2) above.

(5) Let x be a left inverse of a corresponding to a left identity, 0, of

G. Then by left gyroassociativity and (3) above, x + (a + 0) =

(x+ a) + gyr[x, a]0 = 0 + 0 = 0 = x+ a. Hence, by (1), a+ 0 = a

for all a ∈ G so that 0 is a right identity.
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(6) Suppose 0 and 0∗ are two left identities, one of which, say 0, is also

a right identity. Then 0 = 0∗ + 0 = 0∗.

(7) Let x be a left inverse of a. Then x+ (a+x) = (x+a) + gyr[x, a]x

= 0 + x = x = x + 0, by left gyroassociativity, (G2), (3), and (5)

and (6) above. By (1) we have a+x = 0 so that x is a right inverse

of a.

(8) Suppose x and y are left inverses of a. By (7) above, they are also

right inverses, so a+ x = 0 = a+ y. By (1), x = y. Let −a be the

unique inverse of a. Then −a+ a = 0 so that the inverse −(−a) of

−a is a.

(9) By left gyroassociativity and by (3) above, −a+ (a + b) = (−a+

a) + gyr[−a, a]b = b.

(10) Follows from an application of the left cancellation law (9) to the

left gyroassociative law (G3).

(11) Follows from (10) with x = 0.

(12) Since gyr[a, b] is an automorphism of (G,+) we have from (11)

gyr[a, b](−x) + gyr[a, b]x = gyr[a, b](−x + x) = gyr[a, b]0 = 0, and

hence the result.

(13) Follows from (10) with b = 0 (and, similarly, with a = 0) and a left

cancellation, (9).
�

Theorem 2.11 (Gyrosum Inversion). For any two elements a, b of a

gyrogroup (G,+) we have the gyrosum inversion law

−(a+ b) = gyr[a, b](−b− a) (2.4)

Proof. By the gyroautomorphism identity in Theorem 2.10 (10) and a

left cancellation we have

gyr[a, b](−b− a) = −(a+ b) + (a+ (b+ (−b− a)))

= −(a+ b) + (a− a)

= −(a+ b)

(2.5)

�

As a special case of the gyrosum inversion identity (2.4) we note that

−(a+ a) = −a− a (2.6)

in any gyrogroup (G,+). We call (2.6) a restricted gyroautomorphic inverse

property. Restricted gyroautomorphic inverse properties result from the
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gyrosum inversion (2.4) whenever gyr[a, b] is the trivial gyroautomorphism,

gyr[a, b] = I .

Lemma 2.12 For any two elements a and b of a gyrogroup (G,+) we

have

gyr[a, b]b = −{−(a+ b) + a}
gyr[a,−b]b = −(a− b) + a

(2.7)

Proof. The first identity in (2.7) follows from Theorem 2.10(10) with

x = −b, and the second identity in (2.7) follows from the first one by

replacing b by −b. �

Theorem 2.13 Any three elements a, b, c of a gyrogroup (G, +) satisfy

the nested gyroautomorphism identities

gyr[a, b+ c]gyr[b, c] = gyr[a+ b, gyr[a, b]c]gyr[a, b] (2.8)

gyr[a,−gyr[a, b]b]gyr[a, b] = I (2.9)

and the gyroautomorphism identities

gyr[−a, a+ b]gyr[a, b] = I (2.10)

gyr[b, a+ b]gyr[a, b] = I (2.11)

Proof. By two successive applications of the left gyroassociative law in

two different ways, we obtain the following two chains of equations for all

a, b, c, x ∈ G,

a+ (b+ (c+ x)) = a+ ((b+ c) + gyr[b, c]x)

= (a+ (b+ c)) + gyr[a, b+ c]gyr[b, c]x
(2.12)

and

a+ (b+ (c+ x)) = (a+ b) + gyr[a, b](c+ x)

= (a+ b) + (gyr[a, b]c+ gyr[a, b]x)

= ((a+ b) + gyr[a, b]c) + gyr[a+ b, gyr[a, b]c]gyr[a, b]x

= (a+ (b+ c)) + gyr[a+ b, gyr[a, b]c]gyr[a, b]x

(2.13)

By comparing the extreme right hand sides of these two chains of equations,

and by employing the left cancellation law, Theorem 2.10 (1), we obtain

(2.8).
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In the special case when c = −b, (2.8) reduces to

I = gyr[a+ b,−gyr[a, b]b]gyr[a, b] (2.14)

from which (2.9) follows by a left loop (that is, by applying the left loop

property) and the left gyroassociative law,

I = gyr[a+ b, −gyr[a, b]b]gyr[a, b]

= gyr[(a+ b)− gyr[a, b]b,−gyr[a, b]b]gyr[a, b]

= gyr[a+ (b− b),−gyr[a, b]b]gyr[a, b]

= gyr[a,−gyr[a, b]b]gyr[a, b]

(2.15)

To verify (2.10) we consider the special case of (2.8) when b = −a,

gyr[a,−a+ c]gyr[−a, c] = gyr[0, gyr[a,−a]c]gyr[a,−a] = I

Replacing a by −a and c by b we obtain (2.10).

Finally, (2.11) is derived from (2.10) by left looping the first gyroauto-

morphism in (2.10) followed by a left cancellation, Theorem 2.10 (9),

I = gyr[−a, a+ b]gyr[a, b]

= gyr[−a+ (a+ b), a+ b]gyr[a, b]

= gyr[b, a+ b]gyr[a, b]

(2.16)

�

The nested gyroautomorphism identity (2.9) in Theorem 2.13 allows the

equation that defines the coaddition � to be dualized as we see from the

following

Theorem 2.14 Let (G,⊕) be a gyrogroup with cooperation � given by

Def. 2.9,

a� b = a⊕gyr[a,	b]b (2.17)

Then

a⊕b = a� gyr[a, b]b (2.18)

Proof. Let a and b be any two elements of G. By (2.9) we have

a� gyr[a, b]b = a⊕gyr[a,	gyr[a, b]b]gyr[a, b]b

= a⊕b
(2.19)

thus verifying (2.18). �
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In view of the duality symmetry that Identities (2.17) and (2.18) share,

the gyroautomorphism gyr[a,	b] is called the cogyroautomorphism associ-

ated with the gyroautomorphism gyr[a, b].

2.3 The Associative Gyropolygonal Gyroaddition

As an application of the nested gyroautomorphism identity (2.14) we

present in the next theorem the gyrogroup counterpart (2.20) of the simple,

but important, group identity (−a+ b) + (−b+ c) = −a+ c.

Theorem 2.15 Let (G,+) be a gyrogroup. Then

(−a+ b) + gyr[−a, b](−b+ c) = −a+ c (2.20)

for all a, b, c ∈ G.

Proof. By left gyroassociativity and (2.14) we have

(−a+ b) + gyr[−a, b](−b+ c) = (−a+ b) + (−gyr[−a, b]b+ gyr[−a, b]c)
= {(−a+ b)− gyr[−a, b]b}+ gyr[−a+ b,−gyr[−a, b]b]gyr[−a, b]c
= {−a+ (b− b)}+ c

= −a+ c (2.21)

�

Theorem 2.16 (The Gyrotranslation Theorem, I). Let (G,+) be a

gyrogroup. Then

−(−a+ b) + (−a+ c) = gyr[−a, b](−b+ c) (2.22)

for all a, b, c ∈ G.

Proof. The proof follows from Identity (2.20) and a left cancellation. �

The identity of Theorem 2.15 can readily be generalized to any number

of terms, for instance,

(−a+ b) + gyr[−a, b]{(−b+ c) + gyr[−b, c](−c+ d)} = −a+ d (2.23)

which generalizes the obvious group identity (−a+b)+(−b+c)+(−c+d) =

−a+ d. Theorem 2.15 suggests the following definition.

Definition 2.17 (Gyropolygonal Gyroaddition of Adjacent

Sides). Let (G,+) be a gyrogroup, and let (a, b), a, b ∈ G be a pair of

two elements of G.
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(i) The value of the pair (a, b) is −a+ b ∈ G.

(ii) a and b are called the tail and the head of the pair (a, b), respectively.

(iii) Two pairs, (a, b) and (c, d), are adjacent if b = c.

(iv) A gyropolygonal path P (a0, . . . , an) from a point a0 to a point an

in G is a finite sequence of successive adjacent pairs

(a0, a1), (a1, a2), . . . , (an−2, an−1), (an−1, an)

in G. The pairs (ak−1, ak), k = 1, . . . , n, are the sides of the gy-

ropolygonal path P (a0, . . . , an), and the points a0, . . . , an are the

vertices of the gyropolygonal path P (a0, . . . , an).

(v) The gyropolygonal gyroaddition, ♦+, of two adjacent sides

(a, b) = −a+ b and (c, d) = −c+ d

of a gyropolygonal path is given by the equation

(−a+ b)♦+ (−b+ c) = (−a+ b) + gyr[−a, b](−b+ c) (2.24)

We may note that two pairs with, algebraically, equal values need not be

equal geometrically. Indeed, geometrically they are not equal if they have

different tails (or, equivalently, different heads). To reconcile this seem-

ingly conflict between algebra and geometry we will introduce in Chap. 5

equivalence classes of pairs in our way to convert pairs of points in a gyro-

commutative gyrogroup to gyrovectors and, similarly, to cogyrovectors.

Following Def. 2.17, the identity of Theorem 2.15 can be written as the

identity

(	a⊕b)♦+ (	b⊕c) = 	a⊕c (2.25)

in a gyrogroup (G,⊕).

Theorem 2.18 The gyropolygonal gyroaddition is associative in any gy-

rogroup (G,+).

Proof. On the one hand

(−a+ b)♦+ {(−b+ c)♦+ (−c+ d)} = (−a+ b)♦+ (−b+ d) = −a+ d

and on the other hand

{(−a+ b)♦+ (−b+ c)}♦+ (−c+ d) = (−a+ c)♦+ (−c+ d) = −a+ d
�
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The gyropolygonal gyrosubtraction is just the gyropolygonal gyroad-

dition in the reversed direction along the gyropolygonal path. Thus, for

instance, left gyrosubtracting gyropolygonally 	a⊕b from both sides of

(2.25) amounts to left adding 	b⊕a to both sides of (2.25),

(	b⊕a)♦+ (	a⊕b)♦+ (	b⊕c) = (	b⊕a)♦+ (	a⊕c) (2.26)

Identity (2.26), in turn, is equivalent to

	b⊕c = (	b⊕a)♦+ (	a⊕c) (2.27)

owing to the associativity of the gyropolygonal gyroaddition and to the

identity

(	b⊕a)♦+ (	a⊕b) = 	b⊕b = 0 (2.28)

Interestingly, Theorem 2.18 uncovers an associative addition, the gy-

ropolygonal gyroaddition, defined under special circumstances in the nonas-

sociative environment of the gyrogroup.

2.4 Two Basic Gyrogroup Equations and Cancellation Laws

We wish to solve the equation

a⊕x = b (2.29)

in a gyrogroup (G,⊕) for the unknown x. Assuming that a solution x

exists, we have by the left cancellation law, Theorem 2.10 (9),

	a⊕b = 	a⊕(a⊕x)

= x
(2.30)

Conversely, if x = 	a⊕b then it is a solution of (2.29) as we see by

substitution followed by a left cancellation.

We now wish to solve the slightly different equation

x⊕a = b (2.31)

in the gyrogroup (G,⊕) for the unknown x. Assuming that a solution x
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exists, we have the following chain of equations

x = x⊕0

= x⊕(a	a)

= (x⊕a)⊕gyr[x, a](	a)

= (x⊕a)	gyr[x, a]a

= (x⊕a)	gyr[x⊕a, a]a

= b	gyr[b, a]a

= b� a

(2.32)

where the dual gyrogroup binary operation, (2.3), which captures here an

obvious analogy, comes into play. In (2.32) we employ (i) the identity ele-

ment 0 of G; (ii) the left gyroassociative law; (iii) property (12) in Theorem

2.10; (iv) the left loop property; and finally (v) we eliminate x by means

of its equation (2.31). Hence, if (2.31) possesses a solution, it must be the

one given by (2.32).

Conversely, substituting x from (2.32) into its equation (2.31), we have

by the nested gyroautomorphism identity (2.9) and the left gyroassociative

law

x⊕a = (b	gyr[b, a]a)⊕a
= (b	gyr[b, a]a)⊕gyr[b,	gyr[b, a]a]gyr[b, a]a

= b⊕(	gyr[b, a]a⊕gyr[b, a]a)

= b⊕0

= b

(2.33)

as desired.

Formalizing the results in (2.29) – (2.33) we have the following lemma:

Lemma 2.19 Let (G,⊕) be a gyrogroup, and let a, b ∈ G. The unique

solution of the equation

a⊕x = b (2.34)

in G for the unknown x is

x = 	a⊕b (2.35)

and the unique solution of the equation

x⊕a = b (2.36)
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in G for the unknown x is

x = b	gyr[b, a]a (2.37)

Having established the unique solution of each of the gyrogroup equa-

tions (2.29) and (2.31), we see that gyrogroups are loops. Indeed, gy-

rogroups are special loops that share remarkable analogies with groups
[Ungar (2007b)]. This, in turn, explains the origin of the term “loop prop-

erty”. It is owing to that property that gyrogroups are loops, as we see

from (2.32). Indeed, it is clear from (2.32) that it is the loop property that

makes the left gyroassociative law effective in solving a basic gyrogroup

equation.

Lemma 2.19 enables us to solve an important gyrogroup equation in the

following lemma.

Lemma 2.20 The unique solution of each of the two gyrogroup equations

x = 	gyr[x,	a]a (2.38)

and

a = 	gyr[a,	x]x (2.39)

for the unknown x in a gyrogroup (G,⊕) is

x = 	a (2.40)

Proof. By (2.38) and Lemma 2.12 we have

x = 	gyr[x,	a]a = 	{	(x	a)⊕x} (2.41)

implying

	x = 	(x	a)⊕x (2.42)

Solving (2.42) for 	(x	a) we have, by (2.36) – (2.37) in Lemma 2.19,

	x	x = 	(x	a) (2.43)

so that, by the restricted gyroautomorphic inverse property (2.6),

	(x⊕x) = 	(x	a) (2.44)

Hence,

x⊕x = x	a (2.45)
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implying, by a left cancellation,

x = 	a (2.46)

Hence, if (2.38) possesses a solution x, it must be given by (2.46). Con-

versely, x in (2.46) is a solution of (2.38), so that the solution is unique.

Similarly, one can show that the unique solution of (2.39) is (2.46) as

well, and the proof is thus complete. �

Theorem 2.21 Let (G,⊕) be a gyrogroup, and let (G,�) be its associated

cogyrogroup, Def. 2.9. The unique identity element of (G,�) is 0 (the

identity element of (G,⊕)), and the unique inverse, �a, of a∈(G,�) is 	a
(the inverse of a∈(G,⊕)),

�a = 	a (2.47)

Proof. By Def. 2.9 of the gyrogroup cooperation � and by Theorem

2.10(13) and 2.10(2) we have

a� 0 = 0 � a = a (2.48)

for all a∈G. Hence, the identity element 0 of (G,⊕) is a left and a right

identity element of (G,�). As such, 0 is the unique left identity element

of (G,�) since if 0∗ is another left identity element then 0 = 0∗ � 0 = 0∗.

Similarly, 0 is the unique right identity element of (G,�) since if 0∗∗ is

another right identity element then 0 = 0 � 0∗∗ = 0∗∗. Thus, the identity

element, 0, of (G,⊕) is the unique identity element of (G,�).

Furthermore, by Def. 2.9 of the gyrogroup cooperation � and by The-

orem 2.10(4) and 2.10(3) we have

a� (	a) = (	a) � a = 0 (2.49)

for all a∈G. Hence, the inverse 	a of a in (G,⊕) is a left inverse and a

right inverse of a in (G,�).

We will now show that 	a is the unique left and the unique right inverse

of a in (G,�) as well. Let x� a = 0, so that

0 = x� a = x⊕gyr[x,	a]a (2.50)

implying

x = 	gyr[x,	a]a (2.51)
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The unique solution of (2.51) for x is, by Lemma 2.20,

x = 	a (2.52)

Hence, by (2.50) and (2.52) the unique left inverse x of a in (G,�) is

x = 	a.

Similarly, let a� x = 0, so that

0 = a� x = a⊕gyr[a,	x]x (2.53)

implying

a = 	gyr[a,	x]x (2.54)

The unique solution of (2.54) for x is, by Lemma 2.20,

x = 	a (2.55)

Hence, by (2.53) and (2.55) the unique right inverse x of a in (G,�) is

x = 	a. �

Having the unique inverse �a of a in the groupoid (G,�) we use the

notation

a� b = a� (�b) (2.56)

for any gyrogroup (G,⊕), so that by Def. 2.9 of the gyrogroup cooperation

�

a� b = a� (�b)

= a� (	b)
= a⊕gyr[a,	(	b)](	b)
= a	gyr[a, b]b

(2.57)

Since the gyrogroup cooperation, �, is called coaddition, we naturally

call its inverse, �, cosubtraction.

Following (2.57) we rewrite Lemma 2.19 as a theorem that exhibits

analogies with its classical counterpart in group theory.

Theorem 2.22 Let (G,⊕) be a gyrogroup, and let a, b ∈ G. The unique

solution of the equation

a⊕x = b (2.58)
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in G for the unknown x is

x = 	a⊕b (2.59)

and the unique solution of the equation

x⊕a = b (2.60)

in G for the unknown x is

x = b� a (2.61)

Substituting the solution x from (2.59) into its equation (2.58) we obtain

the left cancellation law

a⊕(	a⊕b) = b (2.62)

already established in Theorem 2.10(9).

Similarly, substituting the solution x from (2.61) into its equation (2.60)

we obtain a right cancellation law

(b� a)⊕a = b (2.63)

The right cancellation law (2.63) can be dualized,

(b	a) � a = b (2.64)

as we see from the chain of equations

b = b⊕0

= b⊕(	a⊕a)

= (b	a)⊕gyr[b,	a]a

= (b	a)⊕gyr[b	a,	a]a

= (b	a) � a

(2.65)

where we employ the left gyroassociative law and the left loop property.

The cancellation laws in (2.62), (2.63) and (2.64) demonstrate that in

order to capture analogies with classical results, both the gyrogroup opera-

tion and its associated cooperation are necessary. The various cancellation

laws are shown in Table 2.1.

The use of the right cancellation law is exemplified in the proof of the

following theorem.
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Table 2.1 Main Cancellation Laws. Unlike groups, there are var-
ious cancellation laws in gyrogroups (G,⊕). To capture analogies
with groups, both the gyrogroup operation and cooperation are
needed.

Formula Terminology Source

a⊕(	a⊕b) = b Left Cancellation Law Eq. (2.62)
(b	a) � a = b (First) Right Cancellation Law Eq. (2.64)
(b � a)⊕a = b (Second) Right Cancellation Law Eq. (2.63)

Theorem 2.23 (The Cogyrotranslation Theorem). Let (G,⊕) be

a gyrogroup. Then for all a, b, x ∈ G,

(a⊕gyr[a, b]x) � (b⊕x) = a� b (2.66)

In particular, if the condition

gyr[a, b] = I (2.67)

holds, then

(a⊕x) � (b⊕x) = a� b = a	b (2.68)

Proof. By the left gyroassociative law, a right cancellation, and a left

loop followed by a right cancellation we have

(a� b)⊕(b⊕x) = ((a� b)⊕b)⊕gyr[a� b, b]x

= a⊕gyr[a, b]x
(2.69)

from which (2.66) follows by a right cancellation.

The special case (2.68) follows from (2.66) with the condition gyr[a, b] =

I . �

Theorem 2.24 Let (G,+) be a gyrogroup. Then

(a� b) + (b� c) = a− gyr[a, b]gyr[b, c]c (2.70)

for all a, b, c ∈ G.

Proof. It follows from the definition of the gyrogroup cooperation and

(2.69) that

(a� b) + (b� c) = (a� b) + (b− gyr[b, c]c)

= a+ gyr[a, b](−gyr[b, c]c)

= a− gyr[a, b]gyr[b, c]c

(2.71)

�
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Definition 2.25 (Left and Right Gyrotranslations). Let (G,⊕) be

a gyrogroup. Gyrotranslations in G are the self-maps of G given by

Lx : a 7→ x⊕a Left Gyrotranslation of a by x

Rx : a 7→ a⊕x Right Gyrotranslation of a by x

By Theorem 2.22, gyrotranslations are bijective.

2.5 Commuting Automorphisms with Gyroautomorphisms

Theorem 2.26 For any two elements a, b of a gyrogroup (G, +) and any

automorphism A of (G,+), A ∈ Aut(G,+),

Agyr[a, b] = gyr[Aa,Ab]A (2.72)

Proof. For any three elements a, b, x ∈ (G, +) and any automorphism

A ∈ Aut(G, +) we have by the left gyroassociative law,

(Aa+Ab) +Agyr[a, b]x = A((a+ b) + gyr[a, b]x)

= A(a+ (b+ x))

= Aa+ (Ab+Ax)

= (Aa+Ab) + gyr[Aa,Ab]Ax

(2.73)

Hence, by a left cancellation, Theorem 2.10(1),

Agyr[a, b]x = gyr[Aa,Ab]Ax

for all x ∈ G, implying (2.72). �

As an application of Theorem 2.26 we have the following theorem.

Theorem 2.27 Let a, b be any two elements of a gyrogroup (G, +) and

let A ∈ Aut(G) be an automorphism of G. Then

gyr[a, b] = gyr[Aa,Ab]

if and only if the automorphisms A and gyr[a, b] commute.

Proof. If gyr[Aa,Ab] = gyr[a, b] then by Theorem 2.26 the automor-

phisms gyr[a, b] and A commute. Conversely, if gyr[a, b] and A commute

then by Theorem 2.26 gyr[Aa,Ab] = Agyr[a, b]A−1 = gyr[a, b]. �
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As a simple, but useful, consequence of Theorem 2.27 we note the iden-

tity

gyr[gyr[a, b]a, gyr[a, b]b] = gyr[a, b] (2.74)

Another application of Theorem 2.26 is found in Theorem 2.28.

Theorem 2.28 A gyrogroup (G,⊕) and its associated cogyrogroup (G,�)

possess the same automorphism group,

Aut(G,�) = Aut(G,⊕) (2.75)

Proof. Let τ ∈ Aut(G,⊕). Then by Theorem 2.26

τ(a� b) = τ(a⊕gyr[a,	b]b)
= τa⊕τgyr[a,	b]b
= τa⊕gyr[τa,	τb]τb
= τa� τb

(2.76)

so that τ ∈ Aut(G,�), implying

Aut(G,�) k Aut(G,⊕) (2.77)

Conversely, let τ ∈ Aut(G,�). Then

0⊕τ0 = τ0 = τ(0 � 0) = τ0 � τ0 = τ0⊕τ0 (2.78)

implying

τ0 = 0 (2.79)

Hence,

0 = τ0 = τ(a � a) = τ(a� (�a)) = τa� τ(�a) (2.80)

implying that τ(�a) is the unique inverse of τa in (G,�),

τ(�a) = �τa (2.81)

so that, finally,

τ(a� b) = τ(a� (�b)) = τa� τ(�b) = τa� (�τb) = τa� τb (2.82)

Owing to the first right cancellation law (2.64), and (2.82), we have

τa = τ((a⊕b) � b)

= τ(a⊕b) � τb
(2.83)
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so that by the second right cancellation law (2.63),

τ(a⊕b) = τa⊕τb (2.84)

Hence, τ ∈ Aut(G,⊕), implying

Aut(G,�) j Aut(G,⊕) (2.85)

so that, by (2.77) and (2.85), we have the the desired equality

Aut(G,�) = Aut(G,⊕) (2.86)

�

Theorem 2.28 enhances the duality symmetry in Theorem 2.14.

2.6 The Gyrosemidirect Product Group

The gyrosemidirect product is a natural generalization of the notion of the

semidirect product of group theory. The gyrosemidirect product structure

was first observed in the Lorentz transformation group [Ungar (1991c);

Friedman and Ungar (1994)], suggesting the following formal definition.

Definition 2.29 (Gyroautomorphism Groups, Gyrosemidirect

Product Groups). Let G = (G, +) be a gyrogroup, and let Aut(G) =

Aut(G, +) be the automorphism group of G. A gyroautomorphism group,

Aut0(G), of G is any subgroup of Aut(G) containing all the gyroautomor-

phisms gyr[a, b] of G, a, b ∈ G. The gyrosemidirect product group

G×Aut0(G) (2.87)

of a gyrogroup G and any gyroautomorphism group, Aut0(G), is a group of

pairs (x, X), where x ∈ G and X ∈ Aut0(G), with operation given by the

gyrosemidirect product

(x, X)(y, Y ) = (x+Xy, gyr[x,Xy]XY ) (2.88)

In analogy with the notion of the semidirect product in group theory, the

gyrosemidirect product group

G×Aut(G) (2.89)

is called the gyroholomorph of G.
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It is anticipated in Def. 2.29 that the gyrosemidirect product (2.87) of a

gyrogroup and any one of its gyroautomorphism groups is a set that forms

a group with group operation given by the gyrosemidirect product (2.88).

In the following theorem we show that this is indeed the case.

Theorem 2.30 Let (G, +) be a gyrogroup, and let Aut0(G, +) be a gy-

roautomorphism group of G. Then the gyrosemidirect product G×Aut0(G)

is a group, with group operation given by the gyrosemidirect product (2.88).

Proof. We will show that the set G×Aut0(G) with its binary operation

(2.88) satisfies the group axioms.

(i) Existence of a left identity: A left identity element of G×Aut0(G) is

the pair (0, I), where 0 is the identity element of G, and I is the identity

automorphism of G,

(0, I)(a,A) = (0 + Ia, gyr[0, Ia]IA)

= (a,A)
(2.90)

(ii) Existence of a left inverse: A left inverse of (a,A) ∈ G×Aut0(G) is the

pair (−A−1a,A−1), where A−1 is the inverse automorphism of A,

(−A−1a, A−1)(a, A) = (−A−1a+A−1a, gyr[−A−1a, A−1a]A−1A)

= (0, I)

(2.91)

(iii) Validity of the associative law: We have to show that

(1) the two successive products

(a1, A1)((a2, A2)(a3, A3))

= (a1, A1)(a2 +A2a3, gyr[a2, A2a3]A2A3)

= (a1 +A1(a2 +A2a3), gyr[a1, A1(a2 +A2a3)]A1gyr[a2, A2a3]A2A3)

= (a1 + (A1a2 +A1A2a3),

gyr[a1, A1a2 +A1A2a3]gyr[A1a2, A1A2a3]A1A2A3)

(2.92)

where we employ (2.88) and (2.72), and
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(2) the two successive products

((a1, A1)(a2, A2))(a3, A3)

= (a1 +A1a2, gyr[a1, A1a2]A1A2)(a3, A3)

= ((a1 +A1a2) + gyr[a1, A1a2]A1A2a3,

gyr[a1 +A1a2, gyr[a1, A1a2]A1A2a3]gyr[a1, A1a2]A1A2A3)

(2.93)

where we employ (2.88), are identically equal. Hence, using the notation

a1 = a

A1a2 = b

A1A2A3 = c

(2.94)

we have to establish the identity

(a+ (b+ c), gyr[a, b+ c]gyr[b, c]A1A2A3)

= ((a+ b) + gyr[a, b]c, gyr[a+ b, gyr[a, b]c]gyr[a, b]A1A2A3)
(2.95)

This identity between two pairs is equivalent to the two identities between

their corresponding entries,

a+ (b+ c) = (a+ b) + gyr[a, b]c

gyr[a, b+ c]gyr[b, c] = gyr[a+ b, gyr[a, b]c]gyr[a, b]
(2.96)

The first identity is valid, being the left gyroassociative law, and the second

identity is valid by (2.8). �

Instructively, a second proof of Theorem 2.30 is given.

Proof. A one-to-one map of a set Q1 onto a set Q2 is said to be bijective

and, accordingly, the map is called a bijection. The set of all bijections of

a set Q onto itself forms a group under bijection composition. Let S be the

group of all bijections of the set G onto itself under bijection composition.

Let each element

(a,A)∈S0 := G×Aut0(G) (2.97)

act bijectively on the gyrogroup (G,+) according to the equation

(a,A)g = a+Ag (2.98)

the inverse of (a,A) in S0 = G×Aut0(G) being, by (2.91),

(a,A)−1 = (−A−1a,A−1) (2.99)



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Gyrogroups 37

Being a set of special bijections of G onto itself, given by (2.98), S0 is a

subset of S, S0 ⊂ S. We will show that, under bijection composition, S0 is

a subgroup of the group S.

Two successive bijections (a,A), (b, B) ∈ S0 of G are equivalent to a

single bijection (c, C) ∈ S0 according to the following chain of equations.

Employing successively the bijection (2.98) along with the left gyroassocia-

tive law we have

(a,A)(b, B)g = (a,A)(b+Bg)

= a+A(b+Bg)

= a+ (Ab+ABg)

= (a+Ab) + gyr[a,Ab]ABg

= (a+Ab, gyr[a,Ab]AB)g

=: (c, C)g

(2.100)

for all g∈G, (a,A), (b, B)∈S0.

It follows from (2.100) that bijection composition in S0 is given by the

gyrosemidirect product, (2.88),

(a,A)(b, B) = (a+Ab, gyr[a,Ab]AB) (2.101)

Finally, for any (a,A), (b, B)∈S0 we have by (2.101),

(a,A)(b, B)−1 = (a,A)(−B−1b, B−1)

= (a−AB−1b, gyr[a,−AB−1b]AB−1)

∈ S0

(2.102)

Hence, by the subgroup criterion in Theorem 2.6, p. 17, the subset S0 of

the group S of all bijections of G onto itself is a subgroup under bijection

composition. But, bijection composition in S0 is given by the gyrosemidi-

rect product (2.101). Hence, as desired, the set S0 = G×Aut0(G) with

composition given by the gyrosemidirect product (2.101) forms a group. �

The gyrosemidirect product group enables problems in gyrogroups to

be converted to the group setting thus gaining access to the powerful group

theoretic techniques. An illustrative example is provided by the following

theorem.

Theorem 2.31 Let (G,+) be a gyrogroup, let a, b ∈ G be any two ele-

ments of G, and let Y ∈Aut(G) be any automorphism of (G,+). Then, the
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unique solution of the automorphism equation

Y = −gyr[b,Xa]X (2.103)

for the unknown automorphism X ∈ Aut(G) is

X = −gyr[b, Y a]Y (2.104)

Proof. Let X be a solution of (2.103), and let x ∈ G be given by the

equation

x = b�Xa (2.105)

so that, by a right cancellation, (2.63), b = x+Xa.

Then we have the following gyrosemidirect product

(x,X)(a, I) = (x+Xa, gyr[x,Xa]X)

= (x+Xa, gyr[x+Xa,Xa]X)

= (b, gyr[b,Xa]X)

= (b,−Y )

(2.106)

so that

(x,X) = (b,−Y )(a, I)−1

= (b,−Y )(−a, I)

= (b+ Y a,−gyr[b, Y a]Y )

(2.107)

Comparing the second entries of the extreme sides of (2.107) we have

X = −gyr[b, Y a]Y (2.108)

Hence, if a solution X of (2.103) exists, then it must be given by (2.104).

Conversely, the automorphism X in (2.108) is, indeed, a solution of

(2.103) as we see by substituting (2.108) into (2.103) and employing the

nested gyration identity (2.9),

−gyr[b,Xa]X = gyr[b,−gyr[b, Y a]Y a]gyr[b, Y a]Y = Y (2.109)

�
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2.7 Basic Gyration Properties

We use the notation

(gyr[a, b])−1 = gyr−1[a, b] (2.110)

for the inverse gyroautomorphism.

Theorem 2.32 (Gyrosum Inversion, Gyroautomorphism Inver-

sion). For any two elements a, b of a gyrogroup (G,+) we have the gyrosum

inversion law

−(a+ b) = gyr[a, b](−b− a) (2.111)

and the gyroautomorphism inversion law

gyr−1[a, b] = gyr[−b,−a] (2.112)

Proof. Being a group, the product of two elements of the gyrosemidirect

product group G×Aut0(G) has a unique inverse. It can be calculated in

two different ways.

On the one hand, the inverse of the left hand side of the product

(a, I)(b, I) = (a+ b, gyr[a, b]) (2.113)

in G×Aut0(G) is

(b, I)−1(a, I)−1 = (−b, I)(−a, I)

= (−b− a, gyr[−b,−a])
(2.114)

On the other hand, the inverse of the right hand side of the product (2.113)

is

(−gyr−1[a, b](a+ b), gyr−1[a, b]) (2.115)

for all a, b ∈ G. Comparing corresponding entries in (2.114) and (2.115) we

have

−b− a = −gyr−1[a, b](a+ b) (2.116)

gyr[−b,−a] = gyr−1[a, b] (2.117)

Eliminating gyr−1[a, b] between (2.116) and (2.117) yields

−b− a = −gyr[−b,−a](a+ b) (2.118)
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Replacing (a, b) by (−b,−a), (2.118) becomes

a+ b = −gyr[a, b](−b− a) (2.119)

Identities (2.119) and (2.117) complete the proof. �

Instructively, the gyrosum inversion law (2.111) is verified along with

the gyroautomorphism inversion law (2.112) in Theorem 2.32 in terms of

the gyrosemidirect product group. A direct proof (2.111) is however simpler

as we saw in Theorem 2.11.

Lemma 2.33 Let (G,+) be a gyrogroup. Then for all a, b ∈ G

gyr−1[a, b] = gyr[a,−gyr[a, b]b] (2.120)

gyr−1[a, b] = gyr[−a, a+ b] (2.121)

gyr−1[a, b] = gyr[b, a+ b] (2.122)

gyr[a, b] = gyr[b,−b− a] (2.123)

gyr[a, b] = gyr[−a,−b− a] (2.124)

gyr[a, b] = gyr[−(a+ b), a] (2.125)

Proof. Identity (2.120) follows from (2.9). Identity (2.121) follows from

(2.10). Identity (2.122) results from an application to (2.121) of the left

loop property followed by a left cancellation. Identity (2.123) follows from

(2.112) and (2.121),

gyr[a, b] = gyr−1[−b,−a] = gyr[b,−b− a]

Identity (2.124) follows from an application, to the right hand side of

(2.123), of the left loop property followed by a left cancellation. Identity

(2.125) follows by inverting (2.121) by means of (2.112). �

Theorem 2.34 The gyroautomorphisms of any gyrogroup (G,+) are

even,

gyr[−a,−b] = gyr[a, b] (2.126)

and inversive symmetric,

gyr−1[a, b] = gyr[b, a] (2.127)
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satisfying the four mutually equivalent nested gyroautomorphism identities

gyr[b,−gyr[b, a]a] = gyr[a, b]

gyr[b, gyr[b,−a]a] = gyr[a,−b]
gyr[−gyr[a, b]b, a] = gyr[a, b]

gyr[gyr[a,−b]b, a] = gyr[a,−b]

(2.128)

for all a, b ∈ G.

Proof. By (2.112), by the left loop property, and by (2.112) again we

have

gyr−1[a, b] = gyr[−b,−a]

= gyr[−b− a,−a]

= gyr−1[a,−(−b− a)]

(2.129)

implying

gyr[a, b] = gyr[a,−(−b− a)] (2.130)

Hence we have, by (2.124),

gyr[a,−(−b− a)] = gyr[−a,−b− a] (2.131)

for all a, b ∈ G. If for any given c ∈ G we select b to be the unique solution

of the equation −b−a = −c, by Theorem 2.22, then the resulting equation

can be written as

gyr[a, c] = gyr[−a,−c] (2.132)

for all a, c ∈ G, thus verifying (2.126). Identity (2.127) follows from (2.112)

and (2.126). Finally, the first identity in (2.128) follows from (2.120) and

(2.127). By means of the gyroautomorphism inversion (2.127), the third

identity in (2.128) is equivalent to the first one. The second (fourth) iden-

tity in (2.128) follows from the first (third) by replacing a by −a (or, alter-

natively, by replacing b by −b). �
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We are now in a position to find that the left gyroassociative law and

the left loop property of gyrogroups have right counterparts.

Theorem 2.35 Let (G,⊕) be a gyrogroup. Then, for any a, b, c ∈ G we

have

(i) (a⊕b)⊕c = a⊕(b⊕gyr[b, a]c) Right Gyroassociative Law

(ii) gyr[a, b] = gyr[a, b⊕a] Right Loop Property

Proof. In a gyrogroup (G,+): (i) The right gyroassociative law follows

from the left gyroassociative law and the inversive symmetry (2.127) of

gyroautomorphisms,

a+ (b+ gyr[b, a]c) = (a+ b) + gyr[a, b]gyr[b, a]c

= (a+ b) + c
(2.133)

(ii) The right loop property follows from (2.122) and (2.127). �

The right cancellation law allows the loop property to be dualized in

the following

Theorem 2.36 (The Coloop Property - Left and Right). Let

(G,⊕) be a gyrogroup. Then

gyr[a, b] = gyr[a� b, b] Left Coloop Property

gyr[a, b] = gyr[a, b� a] Right Coloop Property

for all a, b ∈ G.

Proof. The proof follows from an application of the left and the right

loop property followed by a right cancellation,

gyr[a� b, b] = gyr[(a� b)⊕b, b] = gyr[a, b]

gyr[a, b� a] = gyr[a, (b� a)⊕a] = gyr[a, b]
(2.134)

�

A right and a left loop give rise to the identities in the following

Theorem 2.37 Let (G,⊕) be a gyrogroup. Then

gyr[a⊕b,	a] = gyr[a, b]

gyr[	a, a⊕b] = gyr[b, a]
(2.135)

for all a, b ∈ G.
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Proof. By a right loop, a left cancellation and a left loop we have

gyr[a⊕b,	a] = gyr[a⊕b,	a⊕(a⊕b)]
= gyr[a⊕b, b]
= gyr[a, b]

(2.136)

thus verifying the first identity in (2.135). The second identity in (2.135)

follows from the first one by gyroautomorphism inversion, (2.127). �

Theorem 2.38 (The Cogyroautomorphic Inverse Theorem). Any

gyrogroup (G,+) possesses the cogyroautomorphic inverse property,

−(a� b) = (−b) � (−a) (2.137)

for any a, b∈G.

Proof. To verify (2.137) we note that by Def. 2.9 of the cooperation �, by

gyrosum inversion (2.111), by (2.120), and by gyroautomorphism inversion,

Theorem 2.34, we have,

a� b = a+ gyr[a,−b]b
= −gyr[a, gyr[a,−b]b]{−gyr[a,−b]b− a}
= gyr[a, gyr[a,−b]b]{−(−gyr[a,−b]b− a)}
= gyr[a,−gyr[a,−b](−b)]{−(−gyr[a,−b]b− a)}
= gyr−1[a,−b]{−(−gyr[a,−b]b− a)}
= −(−b− gyr−1[a,−b]a)

= −(−b− gyr[b,−a]a)

= −{(−b) � (−a)}

(2.138)

Inverting both extreme sides of (2.138) we obtain the desired identity. �

Theorem 2.39 The unique solution of the gyrogroup equation

y = −gyr[a, x]x (2.139)

for the unknown x in a gyrogroup (G,+) is

x = −gyr[a, y]y (2.140)
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Proof. By (2.139) and Lemma 2.12,

y = −gyr[a, x]x

= −(a+ x) + a
(2.141)

Hence by a right cancellation, Table 2.1,

−(a+ x) = y � a (2.142)

so that

a+ x = −(y � a) (2.143)

and, by a left cancellation,

x = −a− (y � a) (2.144)

Manipulating (2.144) by means of (2.57), a gyrosum inversion (2.4), (2.128),

(2.127), and a left cancellation we have

x = −a− (y � a)

= −a− (y − gyr[y, a]a)

= −a+ gyr[y,−gyr[y, a]a](gyr[y, a]a− y)

= −a+ gyr[a, y](gyr[y, a]a− y)

= −a+ (a− gyr[a, y]y)

= −gyr[a, y]y

(2.145)

Hence, if (2.139) possesses a solution x, then it is given uniquely by

(2.140). Conversely, x in (2.140) is indeed a solution of (2.139). To see this

we substitute x of (2.145) in the right-hand side of (2.139) obtaining, by

(2.128),

−gyr[a, x]x = gyr[a,−gyr[a, y]y]gyr[a, y]y

= y
(2.146)

as desired. �
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Like gyrogroups, cogyrogroups form loops, as stated in the following

theorem.

Theorem 2.40 The cogyrogroup (G,�) associated with any gyrogroup

(G,⊕) is a loop.

Proof. By Theorem 2.21 the groupoid (G,�) has a unique identity ele-

ment, 0, which is the identity element of its associated gyrogroup (G,⊕).

The unique solution of the equation

x� a = b (2.147)

for the unknown x in G is, by a right cancellation law, Table 2.1,

x = b	a (2.148)

The unique solution of the equation

a� x = b (2.149)

for the unknown x in G is

x = 	(	b⊕a) (2.150)

as shown below.

If x is a solution of (2.149) then

b = a� x

= a⊕gyr[a,	x]x
(2.151)

implying, by a left cancellation,

	a⊕b = gyr[a,	x]x

= 	gyr[a,	x](	x)
(2.152)

The unique solution x of (2.152) is, by Theorem 2.39, (2.135), and a gyro-

sum inversion (2.111)

x = gyr[a,	a⊕b](	a⊕b)
= gyr[b,	a](	a⊕b)
= 	(	b⊕a)

(2.153)
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Conversely, x in (2.153) is indeed a solution of (2.149) as we see by

substitution. Substituting x from (2.153) into its equation (2.149) we have,

by (2.57), (2.135), a gyrosum inversion (2.111) and (2.132), and a left can-

cellation,

a� x = a� {	(	b⊕a)}
= a� (	b⊕a)

= a	gyr[a,	b⊕a](	b⊕a)

= a	gyr[a,	b](	b⊕a)

= a	{	(	a⊕b)}
= a⊕(	a⊕b)
= b

(2.154)

as desired. Hence, by definition 2.2, the groupoid (G,�) is a loop. �

Substituting the solution x, (2.153), in its equation (2.149), noting the

notation (2.56), we obtain an interesting cancellation law,

a� (	b⊕a) = b (2.155)

Theorem 2.41 (A Mixed Gyroassociative Law). Let (G,⊕) be a

gyrogroup. Then

(a� b)⊕c = a⊕gyr[a,	b](b⊕c) (2.156)

for all a, b, c ∈ G.

Proof. Whenever convenient we use the notation ga,b = gyr[a, b], etc. By

(2.57), the right gyroassociative law, and the second nested gyroautomor-

phism identity in (2.128), we have

(a� b)⊕c = (a	ga,bb)⊕c
= a⊕(	ga,bb⊕gyr[	ga,bb, a]c)

= a⊕(	ga,bb⊕gyr[a, b]c)

= a⊕gyr[a, b](	b⊕c)

(2.157)

which gives the desired identity when b is replaced by 	b. �

Theorem 2.42 Let a, b, c0 be any three elements of a gyrogroup (G,+)),

and let ck, k = 1, 2, . . ., be given recursively by the equation.

ck+1 := ck + gyr[ck,−a](a− b) (2.158)
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Then

gyr[a− b,−a+ ck+1] = gyr[a− b,−a+ ck] (2.159)

and

ck+1 = (ck � a)− b
ck = (ck+1 � b)− a

(2.160)

Proof. By (2.158), right gyroassociativity, and the right loop property,

we have

gyr[a− b,−a+ ck+1] = gyr[a− b,−a+ {ck + gyr[ck,−a](a− b)}]
= gyr[a− b, (−a+ ck) + (a− b)]
= gyr[a− b,−a+ ck]

(2.161)

thus verifying (2.159).

By (2.158), left gyroassociativity, the definition of �, (2.2), a nested

gyroautomorphism identity in (2.128), and the gyration inversive symmetry

in (2.127),

ck+1 = ck + {gyr[ck,−a]a− gyr[ck,−a]b}
= (ck + gyr[ck,−a]a)− gyr[ck, gyr[ck,−a]a]gyr[ck,−a]b

= (ck � a)− b
(2.162)

Hence, by a right cancellation we have

ck+1 � b = ck � a (2.163)

implying, by a right cancellation,

ck = (ck+1 � b)− a (2.164)

k = 0, 1, 2, . . ., thus verifying (2.160). �

In the context of gyrovector spaces each side of (2.159) has a geometric

interpretation as a gyrotriangle defect, as verified in Theorem 8.55, p. 317.

Each of the equations in (2.160) has a geometric significance in the context

of gyrovector spaces and is, therefore, called a gyroparallelogram condition,

as noted in Remark 3.7, p. 54.

As an application of the gyration inversive symmetry, (2.127), we prove

the following theorem, which is preceded by a related definition.

Definition 2.43 (Symmetric Product of Elements). Let (ak, I)t ∈
G×Aut0(G), k = 0, 1, 2, . . . , n, where exponent t denotes transposition,
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be 1 + n elements of the gyrosemidirect product group G×Aut0(G) of a

gyrogroup (G,+) and any gyroautomorphism group Aut0(G) of G, where I

is the identity (or, trivial) automorphism of (G,+). A symmetric product

of these elements has the form

(
s

S

)

=

(
an

I

)

. . .

(
a2

I

)(
a1

I

)(
a0

I

)(
a1

I

)(
a2

I

)

. . .

(
an

I

)

(2.165)

The element (a0, I)t, which is the only element of the symmetric product

that appears once rather than twice, is called the central element of the

symmetric product. The central element could be, in a special case, the

identity element (0, I) of the gyrosemidirect product group.

In general, the gyrosemidirect product (2.88) of two elements of the

form (a, I)t has a different form,

(
a

I

)(
b

I

)

=

(
a+ b

gyr[a, b]

)

(2.166)

Interestingly, however, the form (a, I)t remains intact under a symmetric

product, as stated in the following theorem.

Theorem 2.44 Let (s, S)t be the symmetric product (2.165). Then,

s = an + ((. . . a3 + ((a2 + ((a1 + (a0 + a1)) + a2)) + a3)) · · ·+ an) (2.167)

and the automorphism S∈Aut0(G) is trivial,

S = I (2.168)

Remark 2.45 Note that while the operations in (2.165) are associative

group operations, given by the gyrosemidirect product (2.88), the operations

in (2.167) are nonassociative gyrogroup operations. Accordingly, the oper-

ations in (2.167) begin with the central element a0 by adding a1 twice, on

the right of a0 and, again, but on the left of a0. Similarly, the operations

in (2.167) are continued by adding a2 on the right of the result and then

adding a2, again, but on the left of the result, etc.

Proof. Being a group, the symmetric product (2.165) in a gyrosemidirect

product group is associative.

If n = 1 then the symmetric product (2.165) reduces to a product of

three elements that gives, by the gyrosemidirect product definition in (2.88),



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Gyrogroups 49

by the left loop property, and by the gyration inversive symmetry, (2.127),
(
s

S

)

=

(
a1

I

)(
a0

I

)(
a1

I

)

=

(
a1

I

)(
a0 + a1

gyr[a0, a1]

)

=

(
a1 + (a0 + a1)

gyr[a1, a0 + a1]gyr[a0, a1]

)

=

(
a1 + (a0 + a1)

gyr[a1, a0]gyr[a0, a1]

)

=

(
a1 + (a0 + a1)

I

)

(2.169)

thus verifying the theorem for n = 1. The proof for n > 1 is obtained by

induction on n. �

Example 2.46 The product

(
s

S

)

=

(
a

I

)(
b

I

)2(
a

I

)

(2.170)

in the gyrosemidirect product group of Def. 2.43 can be rewritten as a

symmetric product with the neutral central element (0, I)t. Hence, by

Theorem 2.44 we have
(
s

S

)

=

(
a

I

)(
b

I

)(
0

I

)(
b

I

)(
a

I

)

=

(
a+ ((b+ (0 + b)) + a)

I

)

=

(
a+ (2b+ a)

I

)

=

(
2(a+ b)

I

)

=

(
a+ b

I

)2
(2.171)

where 2b = b + b. For the fourth equality in (2.171) see the Two-Sum

Identity in Theorem 6.7, p. 156.

In the special case when a unique square root can be assigned to each

element of the gyrosemidirect product group in Def. 2.43 that has the form

(x, I)t, Identity (2.171) provides a way to recover the gyrogroup operation,

+, from its gyrosemidirect product group operation,
√
(
a

I

)(
b

I

)2(
a

I

)

=

(
a+ b

I

)

(2.172)

Useful identities in gyrogroups that need not be gyrocommutative and

pointers to their proofs are listed in Table 2.2.
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Table 2.2 List of identities in gyrogroups (G,⊕) that need not be gyrocommuta-
tive.

Formula Source

1 a⊕(	a⊕b) = b (Left cancellation) Eq. (2.62)

2 (b	a) � a = b (Right cancellation) Eq. (2.64)

3 (b � a)⊕a = b (Right cancellation) Eq. (2.63)

4 a � (	b⊕a) = b (A cancellation law) Eq. (2.155)

5 a⊕(b⊕c) = (a⊕b)⊕gyr[a, b]c) (Left gyroassoc. ...) Axm (G3), Def 2.7

6 (a⊕b)⊕c = a⊕(b⊕gyr[b, a]c) (Right gyroassoc. ...) Thm 2.35

7 a � b = a⊕gyr[a,	b]b Eq. (2.17), Thm 2.14

8 a⊕b = a � gyr[a, b]b Eq. (2.18), Thm 2.14

9 	(a � b) = (	b) � (	a) (Cogyroautomorphic ...) Eq. (2.137), Thm 2.38

10 (a � b)⊕c = a⊕gyr[a,	b](b⊕c) Eq. (2.156), Thm 2.41

11 gyr[a, b]c = 	(a⊕b)⊕{a⊕(b⊕c)} Thm 2.10

12 gyr[	a,	b] = gyr[a, b] (Even symmetry) Eq. (2.126), Thm 2.34

13 gyr−1[a, b] = gyr[b, a] (Inversive symmetry) Eq. (2.127), Thm 2.34

14 gyr[a⊕b, b] = gyr[a, b] (Left loop property) Axm (G5), Def 2.7

15 gyr[a, b⊕a] = gyr[a, b] (Right loop property) Thm 2.35

16 gyr[a � b, b] = gyr[a, b] (Left coloop property) Thm 2.36

17 gyr[a, b � a] = gyr[a, b] (Right coloop property) Thm 2.36

18 gyr[a⊕b,	a] = gyr[a, b] Eq. (2.135), Thm 2.37

19 gyr[	a, a⊕b] = gyr[b, a] Eq. (2.135), Thm 2.37

20 	(a⊕b) = gyr[a, b](	b	a) Eq. (2.111), Thm 2.32

21 (a⊕gyr[a, b]x) � (b⊕x) = a � b Eq. (2.66), Thm 2.23

22 (	a⊕b)⊕gyr[	a, b](	b⊕c) = 	a⊕c Eq. (2.20), Thm 2.15

23 (a � b)⊕(b � c) = a	gyr[a, b]gyr[b, c]c Eq. (2.70), Thm 2.24

24 Agyr[a, b] = gyr[Aa,Ab]A Eq. (2.72), Thm 2.26

25 gyr[b,	gyr[b, a]a] = gyr[a, b] (Nested ...) Eq. (2.128), Thm 2.34

26 gyr[	gyr[a, b]b, a] = gyr[a, b] (Nested ...) Eq. (2.128), Thm 2.34

27 y = 	gyr[a, x]x ⇐⇒ x = 	gyr[a, y]y Eq. (2.139), Thm 2.39

28 Y = 	gyr[b,Xa]X ⇐⇒ X = 	gyr[b, Y a]Y Eq. (2.103), Thm 2.31
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Chapter 3

Gyrocommutative Gyrogroups

In this book we are interested in gyrocommutative gyrogroups since some

of these give rise to gyrovector spaces, which are our framework for analytic

hyperbolic geometry and its applications in physics.

3.1 Gyrocommutative Gyrogroups

Definition 3.1 (Gyroautomorphic Inverse Property). A gyrogroup

(G,+) possesses the gyroautomorphic inverse property if for all a, b ∈ G,

−(a+ b) = −a− b (3.1)

Theorem 3.2 (The Gyroautomorphic Inverse Property Theo-

rem). A gyrogroup is gyrocommutative if and only if it possesses the gy-

roautomorphic inverse property.

Proof. Let (G,+) be a gyrogroup possessing the gyroautomorphic inverse

property. Then the gyrosum inversion law (2.111) specializes, by means of

(2.126), to the gyrocommutative law (G6) in Def. 2.8, p. 18. Conversely, if

the gyrocommutative law is valid then by the gyrosum inversion law,

gyr[a, b]{−(−b− a)} = a+ b = gyr[a, b](b+ a) (3.2)

so that by eliminating the gyroautomorphism on both extreme sides and

inverting the gyro-sign we have

−(b+ a) = −b− a (3.3)

thus validating the gyroautomorphic inverse property. �

51
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Lemma 3.3 For any given b∈G, the self-map

a 7→ c = gyr[b,−a]a (3.4)

of a gyrogroup (G,+) is surjective (that is, it maps G onto itself).

Proof. By the even property (2.126) of gyroautomorphisms, and by

Lemma 2.12 we have

c = gyr[b,−a]a

= gyr[−b, a]a

= −{−(−b+ a)− b}
(3.5)

Hence, by inversion and by a right and a left cancellation, we have the

following successive equivalent equations:

−c = −(−b+ a)− b
−c� b = −(−b+ a)

−(−c� b) = −b+ a

b− (−c� b) = a

(3.6)

so that for any given b ∈ G and for all c ∈ G we have an element abc,

abc = b− (−c� b) ∈ G (3.7)

satisfying

c = gyr[b,−abc]abc (3.8)
�

Lemma 3.3 enables us to verify an interesting necessary and sufficient

condition that a gyrogroup cooperation � is commutative.

Theorem 3.4 Let (G,+) be a gyrogroup. The gyrogroup cooperation �

is commutative if and only if the gyrogroup (G,+) is gyrocommutative.

Proof. For any a, b ∈ G we have, by the chain of equations (2.138) in the

proof of Theorem 2.38,

a� b = −(−b− gyr[b,−a]a) (3.9)

But by definition,

b� a = b+ gyr[b,−a]a (3.10)



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Gyrocommutative Gyrogroups 53

Hence

a� b = b� a (3.11)

if and only if

−(−b− c) = b+ c (3.12)

for all a, b ∈ G, where

c = gyr[b,−a]a (3.13)

as we see from (3.9) and (3.10). But the self-map of G that takes a to c in

(3.13),

a 7→ gyr[b,−a]a = c (3.14)

is surjective, by Lemma 3.3, for any fixed b∈G. Hence, the commutative

relation (3.11) for � holds for all a, b∈G if and only if (3.12) holds for all

b, c∈G. The latter, in turn, is the gyroautomorphic inverse property that,

by Theorem 3.2, is equivalent to the gyrocommutativity of the gyrogroup

(G,+). �

Theorem 3.5 Let (G,+) be a gyrocommutative gyrogroup. Then

gyr[a, b]gyr[b+ a, c] = gyr[a, b+ c]gyr[b, c] (3.15)

for all a, b, c ∈ G.

Proof. Using the notation ga,b = gyr[a, b] whenever convenient, we have

by Theorem 2.26, gyrocommutativity, and (2.8),

gyr[a, b]gyr[b+ a, c] = gyr[ga,b(b+ a), ga,bc]gyr[a, b]

= gyr[a+ b, gyr[a, b]c]gyr[a, b]

= gyr[a, b+ c]gyr[b, c]

(3.16)

�

Theorem 3.6 Let a, b, c∈G be any three elements of a gyrocommutative

gyrogroup (G,+), and let d ∈ G be determined by the “gyroparallelogram

condition”

d = (b� c)− a (3.17)

Then,

gyr[a,−b]gyr[b,−c]gyr[c,−d] = gyr[a,−d] (3.18)
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for all a, b, c ∈ G.

Proof. By (3.15) and the right and left loop property we have

gyr[a′, b′ + a′]gyr[b′ + a′, c′] = gyr[a′, b′ + c′]gyr[b′ + c′, c′] (3.19)

Let

a = −c′

c = −a′

b = b′ + a′
(3.20)

so that, by the third equation in (3.20),

b′ + c′ = (b� a′) + c′

= (b� c)− a
= d

(3.21)

Then (3.19), expressed in terms of (3.20) – (3.21), takes the form

gyr[−c, b]gyr[b,−a] = gyr[−c, d]gyr[d,−a] (3.22)

Finally, (3.22) implies (3.18) by gyroautomorphism inversion, (2.112), and

by the gyroautomorphism even property (2.126). �

Remark 3.7 Naming (3.17) a “gyroparallelogram condition” will be jus-

tified in Def. 6.41, p. 178. The gyroparallelogram condition (3.17) is suf-

ficient but not necessary for the validity of (3.18), a counterexample being

Theorem 6.30, p. 172.

Theorem 3.8 The gyroparallelogram condition (3.17),

d = (b� c)− a (3.23)

is equivalent to the identity

−c+ d = gyr[c,−b](b− a) (3.24)

Proof. In a gyrocommutative gyrogroup (G,+) the gyroparallelogram

condition implies, by the commutativity of the gyrogroup cooperation, The-

orem 3.4, by (2.126) – (2.128), by the definition of the gyrogroup coopera-
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tion and the left gyroassociative law,

d = (b� c)− a
= (c� b)− gyr[b,−c]gyr[c,−b]a
= (c� b)− gyr[c, gyr[c,−b]b]gyr[c,−b]a
= (c+ gyr[c,−b]b)− gyr[c, gyr[c,−b]b]gyr[c,−b]a
= c+ (gyr[c,−b]b− gyr[c,−b]a)

= c+ gyr[c,−b](b− a)

(3.25)

for all a, b, c ∈ G.

Finally, (3.24) follows from (3.25) by a left cancellation. �

Theorem 3.9 Let (G,+) be a gyrocommutative gyrogroup. Then

gyr[a, b]{b+ (a+ c)} = (a+ b) + c (3.26)

for all a, b, c ∈ G.

Proof. By gyroassociativity and gyrocommutativity we have the chain

of equations

b+ (a+ c) = (b+ a) + gyr[b, a]c

= gyr[b, a](a+ b) + gyr[b, a]c

= gyr[b, a]{(a+ b) + c}
(3.27)

from which (3.26) is derived by gyroautomorphism inversion. �

The special case of Theorem 3.9 corresponding to c = −a provides us

with a new cancellation law in gyrocommutative gyrogroups, called the

left-right cancellation law.

Theorem 3.10 (The Left-Right Cancellation Law). Let (G,+) be

a gyrocommutative gyrogroup. Then

(a+ b)− a = gyr[a, b]b (3.28)

for all a, b, c∈G.

Proof. Identity (3.28) follows from (2.7) and the gyroautomorphic in-

verse property (3.1). �

The left-right cancellation law (3.28) is not a complete cancellation since

the echo of the “canceled” a remains in the argument of the involved gy-

roautomorphism.
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Theorem 3.11 Let (G,+) be a gyrocommutative gyrogroup. Then

a� b = a+ {(−a+ b) + a} (3.29)

for all a, b∈G.

Proof. The equalities in the following chain of equations are numbered

for subsequent explanation.

a+ {(−a+ b) + a}
(1)
︷︸︸︷
=== {a+ (−a+ b)}+ gyr[a,−a+ b]a

(2)
︷︸︸︷
=== b+ gyr[b,−a+ b]a

(3)
︷︸︸︷
=== b+ gyr[b,−a]a

(4)
︷︸︸︷
=== b+ gyr[−b, a]a

(5)
︷︸︸︷
=== b+ {(−b+ a) + b}
(6)
︷︸︸︷
=== {b+ (−b+ a)}+ gyr[b,−b+ a]b

(7)
︷︸︸︷
=== a+ gyr[b,−b+ a]b

(8)
︷︸︸︷
=== a+ gyr[a,−b]b
(9)
︷︸︸︷
=== a� b

(3.30)

The derivation of the equalities in (3.30) follows.

(1) Follows from the left gyroassociative law.

(2) Follows by a left cancellation and a left loop.

(3) Follows by a right loop.

(4) Follows from the even property, (2.126), of gyroautomorphisms

(5) Follows from Theorem 3.10 (in which gyrocommutativity is assumed).

(6) Follows by left gyroassociativity.

(7) Follows by a left cancellation.

(8) Follows by a left and a right loop.

(9) Follows from the cooperation definition in Def. 2.9.
�
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Theorem 3.12 Let (G,+) be a gyrocommutative gyrogroup. Then

a� (a+ b) = a+ (b+ a) (3.31)

for all a, b∈G.

Proof. By a left cancellation and Theorem 3.11 we have

a+ (b+ a) = a+ ({−a+ (a+ b)}+ a)

= a� (a+ b)
(3.32)

�

Theorem 3.13 (The Gyrotranslation Theorem, II). Let (G,+) be

a gyrocommutative gyrogroup. For all a, b, c∈G,

−(a+ b) + (a+ c) = gyr[a, b](−b+ c)

(a+ b)− (a+ c) = gyr[a, b](b− c)
(3.33)

Proof. The first identity in (3.33) follows from the Gyrotranslation The-

orem 2.16 with a replaced by −a. Hence, it is valid in nongyrocommutative

gyrogroups as well. The second identity in (3.33) follows from the first by

employing the gyroautomorphic inverse property, Theorem 3.2. Hence, it

is valid in gyrocommutative gyrogroups. �

Remark 3.14 Remarkably, the gyrations in (3.33) are independent of c.

This result proves crucially important in gyrotrigonometry; see Remark 8.7.

Theorem 3.15 Let a, b, c∈G be any three elements of a gyrocommutative

gyrogroup (G,+). Then,

gyr[−a+ b, a− c] = gyr[a,−b]gyr[b,−c]gyr[c,−a] (3.34)

Proof. By Theorem 2.26 and by the gyrocommutative law we have

gyr[a, b]gyr[b+ a, c] = gyr[gyr[a, b](b+ a), gyr[a, b]c]gyr[a, b]

= gyr[a+ b, gyr[a, b]c]gyr[a, b]
(3.35)

Hence, Identity (2.8) in Theorem 2.13 can be written as

gyr[a, b+ c]gyr[b, c] = gyr[a, b]gyr[b+ a, c] (3.36)

By gyroautomorphism inversion, the latter can be written as

gyr[a, b+ c] = gyr[a, b]gyr[b+ a, c]gyr[c, b] (3.37)
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Using the notation b + a = d, which implies a = −b + d, Identity (3.37)

becomes, by means of Theorem 2.37,

gyr[−b+ d, b+ c] = gyr[−b+ d, b]gyr[d, c]gyr[c, b]

= gyr[−b, d]gyr[d, c]gyr[c, b]
(3.38)

Renaming the elements b, c, d∈G, (b, c, d)→ (−a, c,−b), (3.38) becomes

gyr[a− b,−a+ c] = gyr[a,−b]gyr[−b, c]gyr[c,−a] (3.39)

By means of the gyroautomorphic inverse property, Theorem 3.2, and the

even property (2.126) of gyroautomorphisms in Theorem 2.34, Identity

(3.39) can be written, finally, in the desired form (3.34). �

The special case of Theorem 3.15 when b = −c is interesting, giving

rise to the following

Lemma 3.16 Let (G,+) be a gyrocommutative gyrogroup. Then

gyr[a,−b] = gyr[−a+ b, a+ b]gyr[a, b] (3.40)

Theorem 3.17 Let a, b, c∈G be any three elements of a gyrocommutative

gyrogroup (G,+). Then,

a− gyr[a, b]gyr[b, c]c = a� gyr[a� b, b� c]c (3.41)

(a� b) + (b� c) = a� gyr[a� b, b� c]c (3.42)

and

gyr[a, b]gyr[b, c]c = a− {(a� b) + (b� c)}
= a+ {(b� a) + (c� b)}

(3.43)

Proof. By left cancellations, gyroassociativity, gyrocommutativity and

the loop properties, we have the following chain of equations

u+ b = u+ (v + (−v + b))

= {u+ v}+ gyr[u, v](−v + b)

= {u+ (b− (b− v))}+ gyr[u, v](−v + b)

= {(u+ b)− gyr[u, b](b− v)}+ gyr[u, v](−v + b)

= {(u+ b)− gyr[u, b]gyr[b,−v](−v + b)}+ gyr[u, v](−v + b)

= {(u+ b)− gyr[u+ b, b]gyr[b,−v + b](−v + b)}+ gyr[u, v](−v + b)

(3.44)
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so that, by a right cancellation,

(u+b)�gyr[u, v](−v+b) = (u+b)−gyr[u+b, b]gyr[b,−v+b](−v+b) (3.45)

for all u, b, v∈G. Hence, if we use the notation

a = u+ b

c = −v + b
(3.46)

then

u = a� b

v = b� c
(3.47)

and Identity (3.45) takes the desired form (3.41).

Identity (3.42) follows from (3.41) and Theorem 2.24. Finally, (3.43)

follows from (3.41), (3.42), the gyroautomorphic inverse property, the com-

mutativity of the cooperation, and a left cancellation. �

Gyrogroup theory encompasses a repertoire of identities that allow re-

markable algebraic manipulations from which rich geometry is uncovered.

The following theorem is interesting, as well as its proof, which exemplifies

the use of several gyrogroup algebraic manipulations.

Theorem 3.18 Let (G,+) be a gyrocommutative gyrogroup. The com-

posite gyration J of G,

J = gyr[a, x]gyr[−(x+ a), x+ b]gyr[x, b] (3.48)

x, a, b ∈ G, is independent of x.

Proof. By the gyrator identity, Theorem 2.10(10), and the gyroautomor-

phic inverse property, Theorem 3.2, we have for all c ∈ G

gyr[−a, b]c = −(−a+ b) + (−a+ (b+ c))

= (a− b) + (−a+ (b+ c))
(3.49)

Applying the composite gyration J in (3.48) to any c ∈ G, the proof is

provided by the following chain of equalities, which are numbered for later

reference in the proof.
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Jc

(1)
︷︸︸︷
=== gyr[a, x]gyr[−(x+ a), x+ b]gyr[x, b]c

(2)
︷︸︸︷
=== gyr[a, x]gyr[−(x+ a), x+ b]{−(x+ b) + (x+ (b+ c))}
(3)
︷︸︸︷
=== gyr[a, x]{−[−(x+ a) + (x+ b)]

+ [−(x+ a) + ((x + b) + {−(x+ b) + (x+ (b+ c))})]}
(4)
︷︸︸︷
=== gyr[a, x]{[(x+ a)− (x+ b)] + [−(x+ a) + (x+ (b+ c))]}
(5)
︷︸︸︷
=== gyr[a, x]{gyr[x, a](a− b) + [−(x+ a) + (x+ (b+ c))]}
(6)
︷︸︸︷
===(a− b) + {−gyr[a, x](x+ a) + gyr[a, x](x+ (b+ c))}
(7)
︷︸︸︷
===(a− b) + {−(a+ x) + gyr[a, x](x + (b+ c))}
(8)
︷︸︸︷
===(a− b) + {−a+ [−x+ (x+ (b+ c))]}
(9)
︷︸︸︷
===(a− b) + {−a+ (b+ c)}
(10)
︷︸︸︷
=== gyr[−a, b]c

(3.50)

The derivation of (3.50) follows.

(1) Follows from the definition of J in (3.48).

(2) Derived by applying the gyrator identity, Theorem 2.10(10).

(3) Derived by applying the gyrator identity.

(4) By the gyroautomorphic inverse property and a left cancellation.

(5) Follows from Theorem 3.13.

(6) Derived by applying the automorphism gyr[a, x] termwise, and

using the gyration inversive symmetry (2.127).

(7) Follows from the gyrocommutative law.

(8) By left gyroassociativity, noting that gyrations are even, (2.126).

(9) Derived by a left cancellation.

(10) Follows from (3.49).
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It follows from (3.50) that Jc = gyr[−a, b]c for all c∈G, implying the

identity J = gyr[−a, b], so that J is independent of x, as desired. �

Theorem 3.18 implies

gyr[a, x]gyr[x+ a,−(x+ b)]gyr[x, b] = gyr[−a, b] (3.51)

resulting in a “master” gyrocommutative gyrogroup identity. According to

the gyrocommutative protection principle [Ungar (2003b)], it remains valid

in nongyrocommutative gyrogroups as well. It is a master identity in the

sense that it is a source of other identities obtained by the substitution of

various gyrocommutative gyrogroup expressions for x. Thus, for instance,

the substitutions x = a and x = b in (3.51) give, respectively, the following

two equivalent relationships between gyr[−a, b] and gyr[a, b],

gyr[−a, b] = gyr[−2a, a+ b]gyr[a, b]

gyr[−a, b] = gyr[a, b]gyr[b+ a,−2b]
(3.52)

where we use the notation 2a = a+ a for a in (G,+).

Noting that gyr[−2a, a + b] = gyr[−a + b, a + b], the first identity in

(3.52) can be written as

gyr[−a+ b, a+ b] = gyr[−a, b]gyr[b, a]

= gyr[−a+ b, b]gyr[b, a+ b]
(3.53)

The second identity in (3.52) can be manipulated by (2.72) of Theorem

2.26 and by the gyrocommutative law into

gyr[−a, b] = gyr[a, b]gyr[b+ a,−2b]

= gyr[gyr[a, b](b+ a),−2gyr[a, b]b]gyr[a, b]

= gyr[a+ b,−2gyr[a, b]b]gyr[a, b]

(3.54)

Comparing (3.54) with the first identity in (3.52) we have, by the left loop

property and (2.127),

gyr[a+ b,−2gyr[a, b]b] = gyr[−2a, a+ b]

= gyr[−a+ b, a+ b]

= gyr−1[a+ b,−a+ b]

(3.55)

The following theorem is similar to Theorem 3.18.
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Theorem 3.19 Let (G,+) be a gyrocommutative gyrogroup. The com-

posite gyration J of G,

J = gyr[a, x]gyr[−gyr[x, a](a− b), x+ b]gyr[x, b] (3.56)

x, a, b ∈ G, is independent of x.

Proof. By gyration algebra we have, on the one hand,

{(x+ a)− (x+ b)} − {(x+ a)− (x+ c)}
= gyr[x+ a,−(x+ b)]{−(x+ b) + (x+ c)}
= gyr[x+ a,−(x+ b)]gyr[x, b](−b+ c)

= gyr[(x+ a)− (x+ b),−(x+ b)]gyr[x, b](−b+ c)

= gyr[gyr[x, a](a− b),−(x+ b)]gyr[x, b](−b+ c)

(3.57)

On the other hand, however, we have

{(x+ a)− (x+ b)} − {(x+ a)− (x + c)}
= {[(x+ a)− x]− gyr[x+ a,−x]b} − {[(x+ a)− x]− gyr[x+ a,−x]c}
= −gyr[(x+a)− x,−gyr[x+a,−x]b](gyr[x+a,−x]b− gyr[x+a,−x]c)

= −gyr[(x+ a)− x,−gyr[x+ a,−x]b]gyr[x+ a,−x](b− c)
= −gyr[x+ a,−x]gyr[gyr[−x, x+ a]((x+ a)− x),−b](b− c)
= −gyr[x, a]gyr[−x+ (x+ a),−b](b− c)
= gyr[x, a]gyr[a,−b](−b+ c)

(3.58)

Comparing the right hand sides of (3.57) and (3.58) we have for d = −b+c,

gyr[x, a]gyr[a,−b]d = gyr[gyr[x, a](a− b),−(x+ b)]gyr[x, b]d (3.59)

for all x, a, b, d ∈ G.

Hence, by (3.59),

gyr[a,−b] = gyr[a, x]gyr[gyr[x, a](a− b),−(x+ b)]gyr[x, b] (3.60)

In particular, the right hand side of (3.60) is independent of x, and the

proof is complete. �

Theorem 3.20 Let a, b, c∈G be any three elements of a gyrocommutative

gyrogroup (G,+), and let T : G3 → G be a map given by the equation

T (a, b, c) = (b� c)− a (3.61)



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Gyrocommutative Gyrogroups 63

Then,

x+ T (a, b, c) = T (x+ a, x+ b, x+ c) (3.62)

for all x∈G, and

τT (a, b, c) = T (τa, τb, τc) (3.63)

for all τ∈Aut(G,+).

Proof. The proof of (3.63) follows from Identities (2.76) and (2.84).

To prove (3.62) we have to verify the identity

x+ {(b� c)− a} = {(x+ b) � (x+ c)} − (x + a) (3.64)

The proof of (3.64) is presented in the following chain of equalities,

which are numbered for subsequent explanation.

{(x+b) � (x+ c)} − (x + a)

(1)
︷︸︸︷
=== (x+ b) + gyr[x+ b,−(x+ c)]{(x+ c)− (x+ a)}
(2)
︷︸︸︷
=== (x+ b) + gyr[x+ b,−(x+ c)]gyr[x, c](c− a)

(3)
︷︸︸︷
=== x+ {b+ gyr[b, x]gyr[x+ b,−(x+ c)]gyr[x, c](c− a)}
(4)
︷︸︸︷
=== x+ {b+ gyr[b, x]gyr[x, b]gyr[b,−c]gyr[c, x]gyr[x, c](c − a)}
(5)
︷︸︸︷
=== x+ {b+ gyr[b,−c](c− a)}
(6)
︷︸︸︷
=== x+ {b+ (gyr[b,−c]c− gyr[b,−c]a)}
(7)
︷︸︸︷
=== x+ {(b+ gyr[b,−c]c)− gyr[b, gyr[b,−c]c]gyr[b,−c]a}
(8)
︷︸︸︷
=== x+ {(b+ gyr[b,−c]c)− gyr[c,−b]gyr[b,−c]a}
(9)
︷︸︸︷
=== x+ {(b� c)− a}

(3.65)

as desired.

The derivation of the equalities in (3.65) follows:
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(1) Follows from (2.156).

(2) Follows from the Gyrotranslation Theorem 3.13. Since we use the

second identity in Theorem 3.13 rather than the first identity,

gyrocommutativity must be imposed.

(3) Derived by right gyroassociativity.

(4) Follows from Theorem 3.15 and the gyroautomorphism even property

(2.126).

(5) Derived by gyroautomorphism inversion, Theorem 2.34.

(6) Derived by automorphism expansion.

(7) Derived by left gyroassociativity.

(8) Follows from the nested gyration identity (2.128).

(9) Follows from the cooperation definition, 2.17 and gyroautomorphism

inversion.
�

The identity in (3.62) and (3.64) uncovers an interesting symmetry

called covariance under left gyrotranslations and automorphisms. Under

left gyrotranslations and automorphisms, the elements a, b, c∈G and their

image under T , T (a, b, c), vary together, that is, they co-vary. Accordingly,

we say that the map T is covariant with respect to left gyrotranslations and

automorphisms or, simply, the map T is gyrocovariant. Thus, gyrocovari-

ance is covariance with respect to left gyrotranslations and automorphisms.

The special case of Identity (3.64) when a = −x is interesting, giving

rise to the identity

(x + b) � (x+ c) = x+ {(b� c) + x} (3.66)

in any gyrocommutative gyrogroup. It further specializes, when c = −b, to

the interesting cancellation law,

(x+ b) � (x− b) = 2⊗x (3.67)

where we use the notation 2⊗x = x+ x.

As an application of Identity (3.66), we verify a useful cancellation law

in the following theorem.

Theorem 3.21 Let (G,+) be a gyrocommutative gyrogroup. Then

−x+ {[(x+ a) � (x+ b)]− x} = a� b (3.68)

for all a, b, x ∈ G, that is, the left-hand side of (3.68) is independent of x.
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Proof. The proof of (3.68) is presented in the following chain of equali-

ties, which are numbered for subsequent explanation.

−x+{[(x+ a) � (x+ b)]− x}
(1)
︷︸︸︷
=== −x+ {[x+ {(a� b) + x}]− x}
(2)
︷︸︸︷
=== {−x+ [x+ {(a� b) + x}]} − gyr[−x, x+ {(a� b) + x}]x
(3)
︷︸︸︷
=== {(a� b) + x} − gyr[(a� b) + x, x+ {(a� b) + x}]x
(4)
︷︸︸︷
=== {(a� b) + x} − gyr[(a� b) + x, x]x

(5)
︷︸︸︷
=== {(a� b) + x} − gyr[a� b, x]x

(6)
︷︸︸︷
=== {(a� b) + x}� x

(7)
︷︸︸︷
=== a� b

(3.69)

The derivation of the equalities in (3.69) follows:

(1) Follows from Identity (3.66).

(2) Derived by the left gyroassociative law.

(3) Derived by a left cancellation and the left loop property.

(4) Derived by the right loop property.

(5) Derived by the left loop property.

(6) Follows from (2.57).

(7) Derived by a right cancellation.
�

Identity (3.68) of Theorem 3.21 has a far reaching consequence that

establishes the gyroparallelogram gyrovector addition law in Theorem 5.12.

As an application of the gyrocovariance of T (a, b, c), (3.61), we verify

an interesting cancellation law in the following theorem.

Theorem 3.22 Let (G,+) be a gyrocommutative gyrogroup. Then

a+ {(−a+ b) � (−a+ c)} = (b� c)− a (3.70)

for all a, b, c ∈ G.
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Proof. Let

d = (b� c)− a (3.71)

Owing to the gyrocovariance of d, Theorem 3.20, we have

x+ d = {(x+ b) � (x+ c)} − (x+ a) (3.72)

for all a, b, c, x ∈ G. In the special case when x = −a Identity (3.72) reduces

to

−a+ d = {(−a+ b) � (−a+ c)} (3.73)

implying, by a left cancellation,

d = a+ {(−a+ b) � (−a+ c)} (3.74)

Finally, (3.71) and (3.74) imply (3.70) as desired. �

Identities (3.66) – (3.67) and Theorem 3.22, which result from the gyro-

covariance of the map T in Theorem 3.20, demonstrate the rich structure

that gyrocovariant maps encode, suggesting the following two definitions

and a theorem.

Definition 3.23 (Gyrogroup Motions). Let (G,+) be a gyrogroup,

let Lx be the left gyrotranslation of G by x∈G,

Lx : G → G, Lx : a 7−→ x+ a (3.75)

and let Aut0(G,+) be a gyroautomorphism group of the gyrogroup (G,+),

Def. 2.29. Elements of the set G×Aut0(G,+) are called motions of the

gyrogroup in the sense that each element (x,X)∈G×Aut0(G,+) gives rise

to the motion (Lx, X),

(Lx, X)a = x+Xa (3.76)

of G.

Theorem 3.24 (Gyrogroup Group Of Motions). The set of motions

G×Aut0(G,+) of a gyrogroup (G,+) forms a group with group operation

given by motion composition.
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Proof. Let (Lx, X) and (Ly, Y ) be two successive motions of a gyrogroup

(G,+). Then

(Lx, X)(Ly, Y )a = (Lx, X)(y + Y a)

= x+X(y + Y a)

= x+ (Xy +XY a)

= (x+Xy) + gyr[x,Xy]XY a

= (Lx+Xy, gyr[x,Xy]XY )a

(3.77)

for all x, y, a∈G and X,Y ∈ Aut0(G,+).

Hence, the composition of two motions is, again, a motion,

(Lx, X)(Ly, Y ) = (Lx+Xy, gyr[x,Xy]XY ) (3.78)

The composite motion (Lx+Xy, gyr[x,Xy]XY ) is recognized as the gy-

rosemidirect product of its generating motions (Lx, X) and (Ly, Y ). The

latter, in turn, is a group operation, Theorem 2.30. Hence, the set of

motions is a gyrosemidirect product group, with group operation, the gy-

rosemidirect product, given by motion composition. In particular, the iden-

tity motion is (L0, I), and the inverse motion is

(Lx, X)−1 = (L−X−1x, X
−1) (3.79)

where X−1 is the inverse automorphism of X∈Aut0(G,+). �

Definition 3.25 (Gyrocovariance, Gyrogroup Objects). Let (G,+)

be a gyrogroup, let G×Aut0(G,+) be its group of motions, and let T : Gn →
G be a map from n copies, Gn, of G to G, n > 1. The map T is covariant

(with respect to the motions of G) if it obeys the laws

x+ T (a1, . . . , an) = T (x+ a1, . . . , x+ an)

τT (a1, . . . , an) = T (τa1, . . . , τan)
(3.80)

for all a1, . . . , an, x ∈ G and all τ ∈ Aut0(G,+).

Furthermore, the set of elements

{a1, . . . , an, T (a1, . . . , an)} (3.81)

of G is called a gyrogroup object in G.

Example 3.26 (Gyrocommutative Gyrogroup Objects). Accord-

ing to Theorem 3.20, the set

{a, b, c, (a� b)− c} (3.82)
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of four elements of any gyrocommutative gyrogroup (G,+) forms a gy-

rogroup object. The gyrogroup object will be recognized in Sec. 6.7, p. 177,

as the vertices of a gyroparallelogram in hyperbolic geometry.

Example 3.27 Slightly modifying (3.82), the set

{a, b, c, (a� b) + c} (3.83)

of four elements of a gyrocommutative gyrogroup (G,+) does not form, in

general, a gyrogroup object.

We will study more about gyrocovariance in Sec. 6.6, p. 175.

3.2 Nested Gyroautomorphism Identities

We study in this section several nested gyroautomorphism identities in

addition to the two nested gyroautomorphism identities already studied

in (2.128). We use the notation ga,b = gyr[a, b], etc., whenever convenient.

Lemma 3.28 Let (G,+) be a gyrocommutative gyrogroup. Then

gyr[gc,bgb,aa,−c] = gyr[c, (b� c) + (a� b)] (3.84)

for all a, b, c ∈ G.

Proof. Renaming the elements a, b, c ∈ G, (a, b, c) → (c, b, a), (3.43)

becomes

gc,bgb,aa = c− {(c� b) + (b� a)} (3.85)

Owing to the gyroautomorphic inverse property of the gyrogroup oper-

ation +, Theorem 3.2, and the commutativity of the gyrogroup cooperation

�, Theorem 3.4, Identity (3.85) can be written as

gc,bgb,aa = c+ {(b� c) + (a� b)}
= c+ x

(3.86)

where

x = (b� c) + (a� b) (3.87)
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Hence, by (3.86) and (3.87), and by Theorem 2.37, we have

gyr[gc,bgb,aa,−c] = gyr[c+ x,−c]
= gyr[c, x]

= gyr[c, (b� c) + (a� b)]

(3.88)

�

Lemma 3.29 Let (G,+) be a gyrocommutative gyrogroup. Then

gyr[a� b, b� c] = gyr[a, b]gyr[b, c]gyr[gc,bgb,aa,−c] (3.89)

for all a, b, c ∈ G.

Proof. The equalities in the following chain verify Identity (3.89). They

are numbered for subsequent explanation.

gyr[a� b, b� c]

(1)
︷︸︸︷
=== gyr[−b� a, b� c]

(2)
︷︸︸︷
=== gyr[−b+ gb,aa, b− gb,cc]

(3)
︷︸︸︷
=== gyr[b,−gb,aa]gyr[gb,aa,−gb,cc]gyr[gb,cc,−b]
(4)
︷︸︸︷
=== gyr[a, b]gyr[gb,aa,−gb,cc]gyr[gb,cc,−b]
(5)
︷︸︸︷
=== gyr[a, b]gyr[gb,aa,−gb,cc]gyr[b, c]

(6)
︷︸︸︷
=== gyr[a, b]gyr[b, c]gyr[gc,bgb,aa,−c]

(3.90)

The derivation of the equalities in (3.90) follows.

(1) Follows from the commutativity of the cooperation, Theorem 3.4.

(2) Follows from the cooperation definition in Def. 2.9.

(3) Follows from Theorem 3.15.

(4) Follows from the nested gyroautomorphism identity (2.128).

(5) Follows from (i) the nested gyroautomorphism identity (2.128), and

(ii) the gyroautomorphism even property, (2.126).

(6) Follows from Theorem 2.26 and (2.127).
�

Lemma 3.30 Let (G,+) be a gyrocommutative gyrogroup, and let a, b, c ∈
G be three elements satisfying the condition

gyr[b� c, a� b] = I (3.91)
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Then

gyr[gc,bgb,aa,−c] = gyr[c, a] (3.92)

Proof. The equalities in the following chain are numbered for subsequent

explanation.

gyr[gc,bgb,aa,−c]
(1)
︷︸︸︷
=== gyr[c, (b� c) + (a� b)]

(2)
︷︸︸︷
=== gyr[c, gyr[b� c, a� b]{(a� b) + (b� c)}]
(3)
︷︸︸︷
=== gyr[c, (a� b) + (b� c)]

(4)
︷︸︸︷
=== gyr[c, {(a� b) + (b� c)}+ c]

(5)
︷︸︸︷
=== gyr[c, (a� b) + {(b� c) + c}]
(6)
︷︸︸︷
=== gyr[c, (a� b) + b]

(7)
︷︸︸︷
=== gyr[c, a]

(3.93)

The derivation of the equalities in (3.93) follows.

(1) Follows from Lemma 3.28.

(2) Follows from the gyrocommutative law.

(3) Follows from Condition (3.91).

(4) Follows from a right loop.

(5) Follows from the right gyroassociative law and Condition (3.91).

(6) Follows from a right cancellation.

(7) Follows from a right cancellation.

�

Theorem 3.31 Let (G,+) be a gyrocommutative gyrogroup, and let

a, b, c ∈ G be three elements satisfying the condition

gyr[b� c, a� b] = I (3.94)

Then

gyr[a, b]gyr[b, c]gyr[c, a] = I (3.95)
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Proof. Inverting the gyroautomorphism in Condition (3.94), we have

gyr[a� b, b� c] = I (3.96)

By (3.96), Lemma 3.29, and Lemma 3.30 we have, as desired,

I = gyr[a� b, b� c]

= gyr[a, b]gyr[b, c]gyr[gc,bgb,aa,−c]
= gyr[a, b]gyr[b, c]gyr[c, a]

(3.97)

�

Table 3.1 List of identities in gyrocommutative gyrogroups (G,⊕).

Formula Source

1 	(a⊕b) = 	a	b (Gyroautomorphic inverse ...) Eq. (3.1), Thm 3.2

2 a � b = b � a Eq. (3.11), Thm 3.4

3 a � b = a⊕{(	a⊕b)⊕a} Eq. (3.29), Thm 3.11

4 a � (a⊕b) = a⊕(b⊕a) Eq. (3.31), Thm 3.12

5 gyr[a, b]{b⊕(a⊕c)} = (a⊕b)⊕c Eq. (3.26), Thm 3.9

6 gyr[a, b]b = (a⊕b)	a Eq. (3.28), Thm 3.10

7 	(a⊕b)⊕(a⊕c) = gyr[a, b](	b⊕c) Eq. (3.33), Thm 3.13

8 (a⊕b)	(a⊕c) = gyr[a, b](b	c) Eq. (3.33), Thm 3.13

9 gyr[a, b]gyr[b + a, c] = gyr[a, b + c]gyr[b, c] Eq. (3.15), Thm 3.5

10 gyr[a,	b]gyr[b,	c]gyr[c,	a] = gyr[	a⊕b,⊕a	c] Eq. (3.34), Thm 3.15

11
gyr[a,	b]gyr[b,	c]gyr[c,	d] = gyr[a,	d]

The Gyroparallelogram Condition: d = (b � c)	a
Eq. (3.18), Thm 3.6

12 gyr[a,	b] = gyr[	a⊕b, a⊕b]gyr[a, b] Eq. (3.40), Lmm 3.16

13 a	gyr[a, b]gyr[b, c]c = a � gyr[a � b, b � c]c Eq. (3.41), Thm 3.17

14 (a � b)⊕(b � c) = a � gyr[a � b, b � c]c Eq. (3.42), Thm 3.17

15 (x⊕a) � (x⊕b) = x⊕{(a � b)⊕x} Eq. (3.66)

16 (x⊕a) � (x	a) = 2⊗x Eq. (3.67)

17 a⊕{(b � a)⊕(c � b)} = gyr[a, b]gyr[b, c]c Eq. (3.43), Thm 3.17

18 gyr[c, (b � c)⊕(a � b)] = gyr[gc,bgb,aa,	c] Eq. (3.84), Lmm 3.28

19 gyr[a � b, b � c] = gyr[a, b]gyr[b, c]gyr[gc,bgb,aa,	c] Eq. (3.89), Lmm 3.29

20
gyr[gc,bgb,aa,	c] = gyr[c, a]
Condition: gyr[b � c, a � b] = I

Eq. (3.91), Lmm 3.30

21
gyr[a, b]gyr[b, c]gyr[c, a] = I
Condition: gyr[b � c, a � b] = I

Eq. (3.95), Lmm 3.31

22 x⊕{(a � b)	c} = {(x⊕a) � (x⊕b)}	(x⊕c) Eq. (3.64), Thm 3.20

23 −x + {[(x + a) � (x + b)] − x} = a � b Eq. (3.68), Thm 3.21
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Useful identities in gyrocommutative gyrogroups and pointers to their

proofs are listed in Table 3.1.

3.3 Two-Divisible Two-Torsion Free Gyrocommutative

Gyrogroups

Definition 3.32 (Two-Torsion Free Gyrogroups). Let (G,+) be a

gyrogroup. An element g ∈G satisfying g + g = 0 is called a two-torsion

element. The gyrogroup (G,+) is two-torsion free if the only two-torsion

element in G is g = 0.

Definition 3.33 (Two-Divisible Gyrogroups). Let (G,+) be a gy-

rogroup. The half of g∈G, denoted 1
2⊗g, is an element of G satisfying

1
2⊗g + 1

2⊗g = g (3.98)

A gyrogroup in which every element possesses a half is called a two-divisible

gyrogroup.

Theorem 3.34 Let (G,+) be a two-divisible, two-torsion free, gyrocom-

mutative gyrogroup. Then, the half 1
2⊗g of any g∈G is unique.

Proof. Let each of a and b be half of g in G. Then

a+ a = b+ b (3.99)

Hence,

−b+ (a+ a) = −b+ (b+ b) (3.100)

Applying the left gyroassociative law to both sides of (3.100), noting that

gyr[−b, b] = I is trivial, we have

(−b+ a) + gyr[−b, a]a = b (3.101)

Solving (3.101) for (−b+ a) by a right cancellation, we have

−b+ a = b− gyr[b, gyr[−b, a]a]gyr[−b, a]a

= b− gyr[a,−b]gyr[−b, a]a

= b− a
= −(−b+ a)

(3.102)
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Hence,

(−b+ a) + (−b+ a) = 0 (3.103)

so that −b + a is a two-torsion element of a two-torsion free gyrogroup.

Hence, −b+ a = 0 so that b = a as desired. �

Since both −( 1
2⊗g) and 1

2⊗(−g) are halves of −g∈G, it follows from

Theorem 3.34 that

−( 1
2⊗g) = 1

2⊗(−g) (3.104)

in any two-divisible, two torsion-free gyrocommutative gyrogroup (G,+).

Theorem 3.35 Let (G,+) be a two-divisible, torsion-free, gyrocommuta-

tive gyrogroup. Then,

gyr[a, b]( 1
2⊗g) = 1

2⊗gyr[a, b]g (3.105)

for all a, b, g∈G.

Proof. Gyroautomorphisms are automorphisms. Hence,

gyr[a, b]( 1
2⊗g) + gyr[a, b]( 1

2⊗g) = gyr[a, b]( 1
2⊗g + 1

2⊗g)

= gyr[a, b]g
(3.106)

implying (3.105) since, by Theorem 3.34, the half is unique. �

Theorem 3.36 (The Gyration Exclusion Theorem). Let (G,+) be

a two-divisible, torsion-free, gyrocommutative gyrogroup. Then,

gyr[a, b] 6= −I (3.107)

for all a, b∈G.

Proof. Seeking a contradiction, we assume that gyr[a, b] = −I for some

a, b ∈ G. We have b = 1
2⊗b + 1

2⊗b = 1
2⊗b � 1

2⊗b so that by a right

cancellation, b− 1
2⊗b = 1

2⊗b. Hence,

a+ 1
2⊗b = a+ (b− 1

2⊗b)
= (a+ b)− gyr[a, b] 1

2⊗b
= (a+ b)− 1

2⊗gyr[a, b]b

= (a+ b) + 1
2⊗b

(3.108)



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

74 Analytic Hyperbolic Geometry

Right cancellation of 1
2⊗b in (3.108) gives a = a⊕b, implying by a left

cancellation that b = 0. Hence, by Theorem 2.10(11), gyr[a, b] = I , thus

contradicting the assumption. �

Theorem 3.37 Let (G,+) be a two-divisible, torsion-free gyrocommuta-

tive gyrogroup. If

gyr[a, b]b = −b (3.109)

in G, then b = 0.

Proof. As in (3.108), and by Theorem 3.35, we have

a+ 1
2⊗b = a+ (b− 1

2⊗b)
= (a+ b)− gyr[a, b] 1

2⊗b
= (a+ b)− 1

2⊗gyr[a, b]b

= (a+ b) + 1
2⊗b

(3.110)

implying a = a+ b so that b = 0. �

As an application of Theorem 3.37, we verify the following theorem.

Theorem 3.38 Let (G,+) be a two-divisible, torsion-free gyrocommuta-

tive gyrogroup. Then, the equation

x− (y − x) = y (3.111)

x, y∈G, holds if and only if x = y.

Proof. It follows from (3.111) that

−y + x = −x+ y

= −gyr[x,−y](−y + x)

= −gyr[x,−y + x](−y + x)

(3.112)

so that

t = −gyr[x, t]t (3.113)

where t = −y + x. Hence, by Theorem 3.37, t = 0, so that x = y. Con-

versely, if x = y then (3.111) clearly holds. �

Since the cooperation � of a gyrocommutative gyrogroup is commuta-

tive, it naturally gives rise to the gyromidpoint mab of any two distinct

points a and b in a two-divisible, torsion-free, gyrocommutative gyrogroup.
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Definition 3.39 (Gyromidpoints, I). The gyromidpoint mab of any

two distinct points a and b in a two-divisible, torsion-free, gyrocommutative

gyrogroup (G,+) is given by the Gyromidpoint Identity

mab = 1
2⊗(a� b) (3.114)

A different, but equivalent, definition of the gyromidpoint will be pre-

sented in Def. 6.32 p. 172. As the book unfolds, it will become clear that

the ability to find gyromidpoints and their iterates leads to the construction

of gyrolines, as noticed in [Ungar (1996a); Lawson and Lim (2004)].

Considering the gyromidpoint concept as a primitive one, Lawson and

Lim studied symmetric sets with midpoints, obtaining an important struc-

ture, called a dyadic symmetric set or a “dyadic symset”, for short. Interest-

ingly, the latter is remarkably general, as Lawson and Lim emphasize, and

it turns out to be identical to a two-divisible, torsion-free, gyrocommutative

gyrogroup [Lawson and Lim (2004), Theorem 8.8]. A classic illustration of

the generality that Lawson and Lim present in [Lawson and Lim (2004)]

is the well known Cartan decomposition of semisimple Lie groups; see also
[Kasparian and Ungar (2004)].

Gyrogroups, both gyrocommutative and non-gyrocommutative, finite

and infinite, abound in the theory of groups [Foguel and Ungar (2000);

Foguel and Ungar (2001); Feder (2003)], loops [Issa (1999)], quasigroup [Issa

(2001); Kuznetsov (2003)], and Lie groups [Kasparian and Ungar (2004);

Kikkawa (1975); Kikkawa (1999)]. Historically, the first gyrogroup structure

was discovered in the study of Einstein velocity addition [Ungar (1988a);

Ungar (1991b); Ungar (1997); Ungar (1998)]. However, the best way to

introduce the gyrogroup notion by example is provided by the Möbius

transformation group of the complex open unit disc [Ungar (1994);

Kinyon and Ungar (2000); Ungar (2004c)].

Our journey to the world of gyrogroups through examples thus begins

with the Möbius gyrogroup.

3.4 From Möbius to Gyrogroups

The most general Möbius transformation of the complex open unit disc

D = {z ∈ C : |z| < 1} (3.115)
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in the complex plane C is given by the polar decomposition [Ahlfors (1973);

Krantz (1990)],

z 7→ eiθ a+ z

1 + az
= eiθ(a⊕

M
z) (3.116)

It induces the Möbius addition ⊕
M

in the disc, allowing the Möbius trans-

formation of the disc to be viewed as a Möbius left gyrotranslation

z 7→ a⊕
M
z =

a+ z

1 + az
(3.117)

followed by a rotation. Here θ∈R is a real number, a, z ∈ D, and a is the

complex conjugate of a.

Möbius addition a⊕
M
z and subtraction a	

M
z = a⊕

M
(−z) are found

useful in the geometric viewpoint of complex analysis; see, for instance,
[Ungar (1999); Ungar (2004c)],[Krantz (1990), pp. 52–53, 56–57, 60], and

the Schwarz-Pick Lemma in [Goebel and Reich (1984), Thm 1.4, p. 64].

However, prior to the appearance of [Ungar (2001b)] in 2001 these were not

considered ‘addition’ and ‘subtraction’ since it has gone unnoticed that, be-

ing gyrocommutative and gyroassociative they share analogies with common

addition and subtraction, as we will see below.

Möbius addition ⊕
M

is neither commutative nor associative. The break-

down of commutativity in Möbius addition is ”repaired” by the introduction

of a gyrator

gyr : D×D→ Aut(D,⊕
M

) (3.118)

that generates gyroautomorphisms according to the equation

gyr[a, b] =
a⊕

M
b

b⊕
M
a

=
1 + ab

1 + ab
∈ Aut(D,⊕

M
) (3.119)

where Aut(D,⊕
M

) is the automorphism group of the Möbius groupoid

(D,⊕
M

).

The inverse of the automorphism gyr[a, b] is clearly gyr[b, a],

gyr−1[a, b] = gyr[b, a] (3.120)

The gyrocommutative law of Möbius addition ⊕
M

that follows from the

definition of gyr in (3.119),

a⊕
M
b = gyr[a, b](b⊕

M
a) (3.121)
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is not terribly surprising since it is generated by definition, but we are not

finished.

Coincidentally, the gyroautomorphism gyr[a, b] that repairs the break-

down of commutativity of ⊕
M

in (3.121), repairs the breakdown of associa-

tivity of⊕
M

as well, giving rise to the respective left and right gyroassociative

laws

a⊕
M

(b⊕
M
z) = (a⊕

M
b)⊕

M
gyr[a, b]z

(a⊕
M
b)⊕

M
z = a⊕

M
(b⊕

M
gyr[b, a]z)

(3.122)

for all a, b, z ∈ D. Moreover, Möbius gyroautomorphisms possess the two

elegant identities

gyr[a⊕
M
b, b] = gyr[a, b]

gyr[a, b⊕
M
a] = gyr[a, b]

(3.123)

One can now readily check that the Möbius complex disc groupoid

(D,⊕
M

) is a gyrocommutative gyrogroup.

As any coincidence in mathematics, the coincidences that Möbius addi-

tion exhibits in the gyrocommutative and the gyroassociative laws that it

obeys are not accidental. Rather, they stem from the polar decomposition

structure in (3.116), as demonstrated in most general settings by Foguel

and Ungar in [Foguel and Ungar (2000); Foguel (2002)].

3.5 Higher Dimensional Möbius Gyrogroups

Let us identify complex numbers of the complex plane C with vectors of

the Euclidean plane R2 in the usual way,

C 3 u = u1 + iu2 = (u1, u2) = u ∈ R
2 (3.124)

Then

ūv + uv̄ = 2u·v

|u| = ‖u‖
(3.125)

give the inner product and the norm in R2, so that Möbius addition in the

disc D of C becomes Möbius addition in the disc

R
2
s=1 = {v∈R

2 : ‖v‖ < s = 1} (3.126)
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of R2. Indeed,

D 3 u⊕v =
u+ v

1 + ūv

=
(1 + uv̄)(u+ v)

(1 + ūv)(1 + uv̄)

=
(1 + ūv + uv̄ + |v|2)u+ (1− |u|2)v

1 + ūv + uv̄ + |u|2|v|2

=
(1 + 2u·v + ‖v‖2)u + (1− ‖u‖2)v

1 + 2u·v + ‖u‖2‖v‖2
= u⊕v ∈ R

2
s=1

(3.127)

for all u, v ∈ D and all u,v ∈ R2
s=1. The last equation in (3.127) is a

vector equation, so that its restriction to the ball of the Euclidean two-

dimensional space is a mere artifact. Suggestively, we thus arrive at the

following definition of Möbius addition in the ball of any real inner product

space.

Definition 3.40 (Möbius Addition in the Ball). Let V = (V,+, ·) be

a real inner product space with a binary operation + and a positive definite

inner product · ([Marsden (1974), p. 21]; following [Kowalsky (1977)], also

known as Euclidean space) and let Vs be the s-ball of V,

Vs = {v ∈ V : ‖v‖ < s} (3.128)

for any fixed s > 0. Möbius addition ⊕
M

is a binary operation in Vs given

by the equation

u⊕
M
v =

(1 + 2
s2 u·v + 1

s2 ‖v‖2)u + (1− 1
s2 ‖u‖2)v

1 + 2
s2 u·v + 1

s4 ‖u‖2‖v‖2
(3.129)

where · and ‖·‖ are the inner product and norm that the ball Vs inherits

from its space V.

Remark 3.41 (Decomplexification I). We see in (3.127) that the de-

complexification of the complex Möbius addition u⊕v into its real coun-

terpart u⊕v is rewarding. Unlike the former, the latter admits a natural

generalization into higher dimensions. We will encounter a second decom-

plexification in Remark 9.3, p. 396, which will prove rewarding as well.

In the limit of large s, s → ∞, the ball Vs in Def. 3.40 expands to

the whole of its space V, and Möbius addition in Vs reduces to vector

addition in V. Accordingly, the right hand side of (3.129) is known as a
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Möbius translation [Ratcliffe (1994), p. 129]. An earlier study of Möbius

translation in several dimensions, using the notation −u⊕
M
v =: Tuv, is

found in [Ahlfors (1981)] and in [Ahlfors (1984)], where it is attributed

to Poincaré. Both Ahlfors [Ahlfors (1981)] and Ratcliffe [Ratcliffe (1994)],

who studied the Möbius translation in several dimensions, did not call it

a Möbius addition since it has gone unnoticed at the time that Möbius

translation is regulated by algebraic laws analogous to those that regulate

vector addition.

Möbius addition ⊕
M

in the open unit ball Vs of any real inner product

space V is thus a most natural extension of the Möbius addition in the

open complex unit disc. Like the Möbius disc (D,⊕
M

), the Möbius ball

(Vs,⊕M
) turns out to be a gyrocommutative gyrogroup, as one can read-

ily check by computer algebra. Interestingly, the gyrocommutative law of

Möbius addition was already known to Ahlfors [Ahlfors (1981), Eq. 39].

The accompanied gyroassociative law of Möbius addition, however, had

gone unnoticed.

Möbius addition satisfies the gamma identity

γu⊕
M

v = γuγv

√

1 +
2

s2
u·v +

1

s4
‖u‖2‖v‖2 (3.130)

for all u,v ∈ Vs, where γu is the gamma factor

γv =
1

√

1− ‖v‖
2

s2

(3.131)

in the s-ball Vs.

The gamma factor appears also in Einstein addition, and it is known in

special relativity theory as the Lorentz gamma factor. A frequently used

identity that follows from (3.131) is

v2

s2
=
γ2
v − 1

γ2
v

(3.132)

where we use the notation v2 = v·v = ‖v‖2.

The map F
M

: Vs×Vs → R>0,

F
M

(u,v) =
γu⊕

M
v

γuγv
=

√

1 +
2

s2
u·v +

1

s4
‖u‖2‖v‖2 (3.133)
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R>0 = {r ∈ R : r > 0} being the positive ray of the real line R, satisfies

the Möbius cocycle functional equation

F
M

(u,v⊕
M
w)F

M
(v,w) = F

M
(v⊕

M
u,w)F

M
(u,v) (3.134)

normalized by the conditions

F
M

(u,0) = F
M

(0,v) = 1 (3.135)

Its classical counterpart, in which Möbius addition ⊕
M

is replaced by the

standard vector addition, proves useful in group theory [Ebanks and Ng

(1993)], and its use in gyrogroup theory is studied in [Ungar (2001b), Ch. 9]

and [Rózga (2000)].

The Möbius gyrogroup cooperation (2.2) is given by Möbius coaddition,

u �
M

v =
γ2
uu + γ2

vv

γ2
u + γ2

v − 1
(3.136)

satisfying the gamma identity

γu�
M

v =
γ2
u + γ2

v − 1
√

1 + 2γ2
uγ

2
v(1− u·v

s2 )− (γ2
u + γ2

v)
(3.137)

Möbius coaddition is commutative, as expected from Theorem 3.4.

When the nonzero vectors u and v in the ball Vs of V are parallel in

V, u‖v, that is, u = λv for some λ ∈ R, Möbius addition reduces to the

binary operation

u⊕
M
v =

u + v

1 + 1
s2 ‖u‖‖v‖

, u‖v (3.138)

which is both commutative and associative. We should note that in the

special case when V is a one-dimensional vector space, Möbius addition

in (3.138) is a binary operation between real numbers. Accordingly, by

(3.138),

‖u‖⊕
M
‖v‖ =

‖u‖+ ‖v‖
1 + 1

s2 ‖u‖‖v‖
(3.139)

and, by (3.130),

γ‖u‖⊕
M
‖v‖ = γuγv

(

1 +
‖u‖‖v‖
s2

)

(3.140)
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for all u,v ∈ Vs. The restricted Möbius addition in (3.138) and (3.139)

is both commutative and associative. The one in (3.139) gives rise to the

Möbius gyrotriangle inequality in the following theorem.

Theorem 3.42 (The Möbius Gyrotriangle Inequality).

‖u⊕v‖ ≤ ‖u‖⊕‖v‖ (3.141)

for all u,v in a Möbius gyrogroup (Vs,⊕).

Proof. By (3.140) and (3.130), with⊕
M

= ⊕, and by the Cauchy-Schwarz

inequality [Marsden (1974)] we have

γ‖u‖⊕‖v‖ = γuγv

(

1 +
‖u‖‖v‖
s2

)

≥ γuγv
√

1 +
2

s2
u·v +

1

s4
‖u‖2‖c‖2

= γu⊕v

= γ‖u⊕v‖

(3.142)

for all u,v in the Möbius gyrogroup (Vs,⊕). But γx = γ‖x‖ is a monoton-

ically increasing function of ‖x‖, 0 ≤ ‖x‖ < s. Hence (3.142) implies

‖u⊕v‖ ≤ ‖u‖⊕‖v‖ (3.143)

for all u,v in any Möbius gyrogroup (Vs,⊕). �

3.6 Möbius gyrations

Möbius gyrations

gyr[u,v] : Vs → Vs (3.144)

are automorphisms of the Möbius gyrogroup (Vs,⊕M
),

gyr[u,v] ∈ Aut(Vs,⊕M
) (3.145)

given by the equation, Theorem 2.10(10),

gyr[u,v]w = 	
M

(u⊕
M
v)⊕

M
{u⊕

M
(v⊕

M
w)} (3.146)
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The gyration equation (3.146) can be manipulated (with the help of

computer algebra) into the equation

gyr[u,v]w = w + 2
Au +Bv

D
(3.147)

where

A = − 1

s4
u·w‖v‖2 +

1

s2
v·w +

2

s4
(u·v)(v·w)

B = − 1

s4
v·w‖u‖2 − 1

s2
u·w

D = 1 +
2

s2
u·v +

1

s4
‖u‖2‖v‖2

(3.148)

for all u,v,w ∈ Vs. Owing to Cauchy-Schwarz inequality [Marsden (1974),

p. 20], D > 0 in the ball Vs. Allowing w ∈ V in (3.148), gyrations gyr[u,v]

are extendible to linear maps of V for all u,v ∈ Vs.

In the special case when u and v are parallel in V, u‖v, we have Au +

Bv = 0 so that gyr[u,v] is trivial,

gyr[u,v]w = w, u‖v (3.149)

for all w ∈ V.

It follows from (3.147) that

gyr[v,u](gyr[u,v]w) = w (3.150)

for all u,v ∈ Vs, w ∈ V, so that gyrations are invertible linear maps of V,

the inverse of gyr[u,v] being gyr[v,u] for all u,v ∈ Vs.

Furthermore, it follows from (3.147) that Möbius gyrations of a Möbius

gyrogroup (Vs,⊕M
) preserve the inner product that the ball Vs inherits

from its real inner product space V, that is,

gyr[u,v]a·gyr[u,v]b = a·b (3.151)

for all u,v ∈ Vs and a,b ∈ V. Hence, in particular, gyrations preserve the

norm,

‖gyr[u,v]w‖ = ‖w‖ (3.152)

for all u,v ∈ Vs and w ∈ V.

Definition 3.43 (The Gyration Angle). Let x,y ∈ Vs ⊂ V be linearly

independent. The gyration angle ε = ∠gyr[x,y] of a gyration gyr[x,y] of
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a Möbius gyrogroup (Vs,⊕) is the rotation angle ε through which gyr[x,y]

rotates the plane {x,y}, the subspace of V spanned by x,y ∈ Vs, about its

origin.

We will now calculate the cosine of the gyration angle ε, Def. 3.43, of

any gyration gyr[x,y], x,y ∈ Vs=1, of the Möbius gyrogroup (Vs=1,⊕).

Let

z = c1x + c2y (3.153)

c21+c22 6= 0, be any nontrivial linear combination of two linearly independent

vectors x,y ∈ Vs ⊂ V (see [Hal74, Theorem 2, p. 17]). Then, it follows

straightforwardly from (3.147) – (3.148) and (3.153) that

cos ε =
z·gyr[x,y]z

‖z‖‖gyr[x,y]z‖

=
z·gyr[x,y]z

‖z‖2

= 1− 2
‖x‖2‖y‖2 − (x·y)2

1 + 2x·y + ‖x‖2‖y‖2

(3.154)

We note that the gyration angle ε in (3.154) is independent of the coeffi-

cients c1 and c2 of the linear combination (3.153) of z, as anticipated in

Def. 3.43. We also note that the gyrations gyr[x,y] are trivial or, equiva-

lently, ε = 0 when either x = 0 or y = 0, or when x,y ∈ Vs are parallel in

V.

In the special case when ‖x‖ = ‖y‖ and x and y are perpendicular,

x ⊥ y, (3.154) reduces to

cos ε =
1− ‖x‖4
1 + ‖x‖4 , x ⊥ y (3.155)

implying

‖x‖4 =
sin2 ε

(1 + cos ε)2
(3.156)

Hence, in this special case, any gyration angle ε can be generated by an

appropriate selection of x in (3.156), with one exception: ε 6= π. Indeed,

the exclusion of ε = π is anticipated by the Gyration Exclusion Theorem

3.36, p. 73.
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It follows from (3.154) that

1 + cos ε = 2
(1 + x·y)2

1 + 2x·y + ‖x‖2‖y‖2

1− cos ε = 2
‖x‖2‖y‖2 − (x·y)2

1 + 2x·y + ‖x‖2‖y‖2

(3.157)

for any x,y ∈ Vs. Hence, using the notation x·y = ‖x‖‖y‖ cos θ, we have

tan2 ε

2
=

1− cos ε

1 + cos ε

=
‖x‖2‖y‖2 − (x·y)2

(1 + x·y)2

=
‖x‖2‖y‖2 sin2 θ

(1 + ‖x‖‖y‖ cos θ)2

(3.158)

We have thus finally obtained an elegant identity for the gyration angle ε of

a gyration gyr[x,y] generated by vectors x,y ∈ Vs=1 in terms of the norms

of the generating vectors and their included angle θ,

tan
ε

2
= ± ‖x‖‖y‖ sin θ

1 + ‖x‖‖y‖ cos θ
(3.159)

Accordingly, the gyration angle ε of the gyration gyr[x,y] of a Möbius

gyrogroup (Vs,⊕), s > 0, is given by the equation

tan
ε

2
= ± ‖x‖s‖y‖s sin θ

1 + ‖x‖s‖y‖s cos θ
(3.160)

where ‖x‖s = ‖x‖/s, etc. Clearly, in the limit of large s, s → ∞, we have

ε = 0, as expected since in that limit the gyrations become trivial, and

their hyperbolic geometry reduces to Euclidean geometry. The ambiguous

sign in (3.159) – (3.160) will be determined uniquely, as the negative sign,

in Identity (3.164) of Sec. 3.7.

Rewriting (3.160) with the negative sign, suggested by the study in

Sec. 3.7, and noting that θ is the angle between x and y in V so that the
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angle between x and −y in V is π − θ, we have

tan 1
2∠gyr[x,y] = − ‖x‖s‖y‖s sin θ

1 + ‖x‖s‖y‖s cos θ

tan 1
2∠gyr[x,−y] = − ‖x‖s‖y‖s sin θ

1− ‖x‖s‖y‖s cos θ

(3.161)

An important gyrogeometric interpretation of the second identity in

(3.161) will be presented in Theorem 8.55, p. 317.

3.7 Three-Dimensional Möbius gyrations

The case of three space dimensions is of particular interest in physics. In

three dimensions the ambiguous sign in (3.159) – (3.160) can be determined

by replacing the dot (or, scalar) product · in (3.154), which is associated

with cos ε, by a cross (or, vector) product ×, which is associated with sin ε,

obtaining

z× gyr[x,y]z

‖z‖‖gyr[x,y]z‖ =
z× gyr[x,y]z

‖z‖2

= − 2(1 + x·y)

1 + 2x·y + ‖x‖2‖y‖2 x× y

(3.162)

for z in (3.153). We note that the extreme right-hand side of (3.162) is

independent of the coefficients c1 and c2 of the linear combination (3.153)

of z, as expected. Identity (3.162) shows that the oriented angle ε from z

to gyr[x,y]z and the oriented angle θ from x to y in the plane spanned by

x and y have opposite signs. Accordingly, it follows from (3.162) that

sin ε = − 2(1 + x·y)‖x‖‖y‖
1 + 2x·y + ‖x‖2‖y‖2 sin θ (3.163)

Hence, for a dimension independent theory, in any number of dimensions

the ambiguous sign in (3.159) – (3.160) is replaced by the negative sign,

obtaining

tan
ε

2
= − ‖x‖s‖y‖s sin θ

1 + ‖x‖s‖y‖s cos θ
(3.164)

where ε = ∠gyr[x,y] is the oriented gyration angle of the gyration gyr[x,y]

of the plane generated by x and y in a Möbius gyrogroup (Vs,⊕), and

where θ is the oriented angle from x to y, and where ‖x‖s = ‖x‖/s, etc.
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3.8 Einstein Gyrogroups

Attempts to measure the absolute velocity of the earth through the hy-

pothetical ether had failed. The most famous of these experiments is one

performed by Michelson and Morley in 1887 [Feynman and Sands (1964)].

It was 18 years later before the null results of these experiments were finally

explained by Einstein in terms of a new velocity addition law that bears

his name, which he introduced in his 1905 paper that founded the special

theory of relativity [Einstein (1905); Einstein (1998)].

Contrasting Newtonian velocities, which are vectors in the Euclidean

three-space R3, Einsteinian velocities must be relativistically admissible,

that is, their magnitude must not exceed the vacuum speed of light, which

is about 3×105 km·sec−1.

Let c be the vacuum speed of light, and let

R
3
c = {v ∈ R

3 : ‖v‖ < c} (3.165)

be the c-ball of all relativistically admissible velocities of material particles.

It is the open ball of radius c, centered at the origin of the Euclidean three-

space R3, consisting of all vectors v in R3 with magnitude ‖v‖ smaller than

c. Einstein addition ⊕
E

in the c-ball is given by the equation

u⊕
E
v =

1

1 + u·v
c2

{

u + v +
1

c2
γu

1 + γu
(u×(u×v))

}

(3.166)

for all u,v∈R3
c , where u·v is the inner product that the ball R3

c inherits

from its space R
3, and where γu is the gamma factor (3.131) in the c-ball.

Owing to the vector identity,

(x×y)×z = −(y·z)x + (x·z)y (3.167)

x,y, z∈R3, that holds in R3, Einstein addition (3.166) can also be written in

the form, [Sexl and Urbantke (2001), Eq. 2.9.2],[Møller (1952), p. 55],[Fock

(1964)], [Ungar (2001b)],

u⊕
E
v =

1

1 + u·v
c2

{

u +
1

γu
v +

1

c2
γu

1 + γu
(u·v)u

}

(3.168)

that remains valid in higher dimensions.

Einstein addition (3.168) of relativistically admissible velocities was in-

troduced by Einstein in his 1905 paper [Einstein (1998), p. 141] where the

magnitudes of the two sides of Einstein addition (3.168) are presented. One
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has to remember here that the Euclidean 3-vector algebra was not so widely

known in 1905 and, consequently, was not used by Einstein. Einstein calcu-

lated in [Einstein (1905)] the behavior of the velocity components parallel

and orthogonal to the relative velocity between inertial systems, which is

as close as one can get without vectors to the vectorial version (3.168).

Example 3.44 (The Components of Einstein Addition in R3
c).

Let us introduce a Cartesian coordinate system Σ with coordinates labeled

x, y and z into R3 so that each point of the ball R3
c is represented by

its coordinates (x, y, z)t (exponent t denotes transposition) relative to Σ,

satisfying the condition x2 +y2 +z2 < c2. Each point (x, y, z)t of the ball is

identified with the vector from the origin (0, 0, 0)t of Σ, which is the center

of the ball, to the point (x, y, z)t. Furthermore, let u,v,w∈R3
c be three

vectors in R3
c ⊂ R3 given by their components relative to Σ,

u =





u1

u2

u3



 , v =





v1
v2
v3



 , w =





w1

w2

w3



 (3.169)

where

w = u⊕
E
v (3.170)

The dot product of u and v is given by the equation

u·v = u1v1 + u2v2 + u3v3 (3.171)

and the squared norm ‖u‖2 = u·u =: u2 of u is given by the equation

‖u‖2 = u2
1 + u2

2 + u2
3 (3.172)

Hence, it follows from the coordinate independent vector representation

(3.168) of Einstein addition that the coordinate dependent Einstein addi-

tion (3.170) relative to the Cartesian coordinate system Σ takes the form





w1

w2

w3



 =
1

1 + u1v1+u2v2+u3v3

c2

×






[1 +

1

c2
γu

1 + γu
(u1v1 + u2v2 + u3v3)]





u1

u2

u3



+
1

γu





v1
v2
v3











(3.173)
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where

γu =
1

√

1− u2
1+u2

2+u2
3

c2

(3.174)

The x, y, and z components of Einstein addition (3.170) are w1, w2, and

w3, respectively, in (3.173). For two-dimensional illustrations of Einstein

addition (3.173) one may impose the condition u3 = v3 = 0, implying

w3 = 0.

In this book vector equations and identities are represented in a coordi-

nate free form, like Einstein addition in (3.168). These, however, must be

converted into a coordinate dependent form, like the components of Einstein

addition in (3.173), in numerical and graphical illustrations, as particularly

emphasized in Figs. 8.1 – 8.2, p. 262, and Figs. 13.3 – 13.4, p. 582.

In the Newtonian limit, c→∞, the ball R3
c of all relativistically admis-

sible velocities expands to the whole of its space R3, as we see from (3.165),

and Einstein addition ⊕
E

in R
3
c reduces to the ordinary vector addition +

in R
3, as we see from (3.168) and (3.131).

Suggestively, we extend Einstein addition of relativistically admissible

velocities by abstraction in the following definition of Einstein addition in

the ball.

Definition 3.45 (Einstein Addition in the Ball). Let V be a real

inner product space and let Vs be the s-ball of V,

Vs = {v ∈ V : ‖v‖ < s} (3.175)

where s>0 is an arbitrarily fixed constant. Einstein addition ⊕
E

is a binary

operation in Vs given by the equation

u⊕
E
v =

1

1 + u·v
s2

{

u +
1

γu
v +

1

s2
γu

1 + γu
(u·v)u

}

(3.176)

where γu is the gamma factor in Vs, (3.131), and where · and ‖·‖ are the

inner product and norm that the ball Vs inherits from its space V.

Like Möbius addition in the ball, one can show by computer algebra that

Einstein addition in the ball is a gyrocommutative gyrogroup operation,

giving rise to the Einstein ball gyrogroup (Vs,⊕E
).

Einstein addition satisfies the mutually equivalent gamma identities

γu⊕
E
v = γuγv

(

1 +
u·v
s2

)

(3.177)
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and

γu	
E
v = γuγv

(

1− u·v
s2

)

(3.178)

for all u,v ∈ Vs.

The map F
E

: Vs×Vs → R>0,

F
E

(u,v) =
γu⊕

E
v

γuγv
= 1 +

u·v
s2

(3.179)

is a kind of an inner product that will be extended by abstraction in (4.1).

It satisfies the Einstein cocycle functional equation

F
E

(u,v⊕
E
w)F

E
(v,w) = F

E
(v⊕

E
u,w)F

E
(u,v) (3.180)

normalized by the conditions

F
E

(u,0) = F
E

(0,v) = 1 (3.181)

Its classical counterpart, in which Einstein addition ⊕
E

is replaced by the

standard vector addition, proves useful in group theory [Ebanks and Ng

(1993)], and its use in gyrogroup theory is studied in [Ungar (2001b), Ch. 9]

and [Rózga (2000)].

Einstein addition obeys the gyrotriangle inequality, presented in the

following theorem.

Theorem 3.46 (The Einstein Gyrotriangle Inequality).

‖u⊕v‖ ≤ ‖u‖⊕‖v‖ (3.182)

for all u,v in an Einstein gyrogroup (Vs,⊕).

Proof. By (3.177), with ⊕
E

= ⊕, and by the Cauchy-Schwarz inequality
[Marsden (1974)], we have

γ‖u‖⊕‖v‖ = γuγv

(

1 +
‖u‖‖v‖
s2

)

≥ γuγv
(

1 +
u·v
s2

)

= γu⊕v

= γ‖u⊕v‖

(3.183)

for all u,v in the Einstein gyrogroup (Vs,⊕). But γx = γ‖x‖ is a mono-

tonically increasing function of ‖x‖, 0 ≤ ‖x‖ < s. Hence (3.183) implies

‖u⊕v‖ ≤ ‖u‖⊕‖v‖ (3.184)
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for all u,v in any Einstein gyrogroup (Vs,⊕). �

The gamma identity (3.178) signaled the emergence of hyperbolic ge-

ometry in special relativity when it was first studied by Sommerfeld [Som-

merfeld (1909)] and Varičak [Varičak (1908); Varičak (1910a)] in terms of

rapidities, a term coined by Robb [Robb (1914)]. The rapidity φv of a rel-

ativistically admissible velocity v is defined by the equation [Levy-Leblond

(1979)]

φv = tanh−1 ‖v‖
s

(3.185)

so that,

coshφv = γv

sinhφv = γv
‖v‖
s

(3.186)

In the years 1910–1914, the period which experienced a dramatic flow-

ering of creativity in the special theory of relativity, the Croatian physicist

and mathematician Vladimir Varičak (1865–1942), professor and rector of

Zagreb University, showed in [Varičak (1910a)], that this theory has a nat-

ural interpretation in the hyperbolic geometry of Bolyai and Lobachevsky
[Barrett (1998)] [Rosenfeld (1988)]. Indeed, written in terms of rapidities,

identity (3.178) takes the form

coshφu	v = coshφu coshφv − sinhφu sinhφv cosA (3.187)

where, according to J.F. Barrett [Barrett (2001)] and B.A. Rosenfeld
[Rosenfeld (1988), p. 272], the angle A has been interpreted by Sommerfeld
[Sommerfeld (1909)] and Varičak [Varičak (1912)] as a hyperbolic angle in

the relativistic “triangle of velocities” in the Beltrami-Klein ball model of

hyperbolic geometry.

In fact, according to Rosenfeld [Rosenfeld (1988), p. 272], although

Sommerfeld established the connections between Einstein velocity addi-

tion and the trigonometric formulas for hyperbolic functions, he was not

aware these formulas are formulas of the hyperbolic geometry of Bolyai and

Lobachevsky. This was shown by Varičak [Varičak (1912)] in 1912. Accord-

ing to Walter [Walter (1999b), pp. 110 – 111], Sommerfeld was surely aware

of the equivalence between (3.178) and (3.187), but could see no advan-

tage in employing the latter form. The first author to print an explicit
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recognition of the link between velocity composition and hyperbolic geom-

etry was Varičak [Varičak (1910a)], a priority that was granted to him by

Borel, as Walter notes in [Walter (1999b), p. 118]. The role of Constantin

Carathéodory [Georgiadou (2004)] in this approach to special relativity and

hyperbolic geometry is described by J.F. Barrett in [Barrett (2001)], em-

phasizing that (3.187) is the “cosine rule” in hyperbolic geometry [Rosenfeld

(1988), p. 272].

When the nonzero vectors u and v in the ball Vs of V are parallel in

V, u‖v, that is, u = λv for some λ ∈ R, Einstein addition reduces to the

Einstein addition of parallel velocities,

u⊕
E
v =

u + v

1 + 1
s2 ‖u‖‖v‖

, u‖v (3.188)

Hence, accordingly,

‖u‖⊕
E
‖v‖ =

‖u‖+ ‖v‖
1 + 1

s2 ‖u‖‖v‖
(3.189)

for all u,v∈Vs.

The restricted Einstein addition in (3.188) and (3.189) is both com-

mutative and associative. Accordingly, the restricted Einstein addition is a

group operation, as Einstein noted in [Einstein (1905)]; see [Einstein (1998),

p. 142]. In contrast, Einstein made no remark about group properties of

his addition of velocities that need not be parallel. Indeed, the general

Einstein addition is not a group operation but, rather, a gyrocommutative

gyrogroup operation, a structure that was discovered more than 80 years

later, in 1988 [Ungar (1988a)].

Interestingly, Einstein addition (3.188) of parallel vectors coincides with

Möbius addition (3.138) of parallel vectors.

Einstein gyrations

gyr[u,v] : Vs → Vs (3.190)

are automorphisms of the Einstein gyrogroup (Vs,⊕E
),

gyr[u,v] ∈ Aut(Vs,⊕E
) (3.191)

given by the equation, Theorem 2.10(10),

gyr[u,v]w = 	
E
(u⊕

E
v)⊕

E
{u⊕

E
(v⊕

E
w)} (3.192)
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They preserve the inner product that the ball Vs inherits from its real inner

product space V,

gyr[u,v]a·gyr[u,v]b = a·b (3.193)

for all a,b,u,v,w ∈ Vs. Hence, in particular, Einstein gyrations preserve

the norm that the ball Vs inherits from its real inner product space V so

that, by the gyrocommutative law,

‖u⊕
E
v‖ = ‖gyr[u,v](v⊕

E
u)‖ = ‖v⊕

E
u‖ (3.194)

3.9 Einstein Coaddition

Einstein gyrogroup cooperation (2.2) in an Einstein gyrogroup (Vs,⊕E
) is

given by Einstein coaddition

u �
E

v =
γu + γv

γ2
u + γ2

v + γuγv(1 + u·v
s2 )− 1

(γuu + γvv)

=
γu + γv

(γu + γv)2 − (γu	
E
v + 1)

(γuu + γvv)

= 2⊗
E

γuu + γvv

γu + γv

(3.195)

where the scalar multiplication by the factor 2 is defined by the equation

2⊗
E
v = v⊕

E
v. A more general definition of the scalar multiplication by

any real number will be studied in Chap. 6.

The following equivalent form of (3.195),

u �
E

v =
γuu + γvv

γu + γv −
γ	

E
u⊕

E
v
+1

γu+γv

(3.196)

will prove useful in its geometrically guided extension to more than two

summands in (10.66) – (10.67), p. 425.

Einstein coaddition is commutative, as expected from Theorem 3.4, sat-
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isfying the gamma identity

γu�
E
v =

γ2
u + γ2

v + γuγv(1 + u·v
s2 )− 1

γuγv(1− u·v
s2 ) + 1

=
(γu + γv)2

γu	
E
v + 1

− 1

(3.197)

Other interesting identities that Einstein addition possesses are

γu⊕
E
v(u⊕

E
v) =

γv + γu⊕
E
v

1 + γu
γuu + γvv (3.198)

and

γu�
E
v(u �

E
v) =

γu + γv
1 + γu	

E
v

(γuu + γvv) (3.199)

These identities are obtained from the algebra of Einstein addition by em-

ploying computer algebra (that is, a computer system for symbolic ma-

nipulation, like Mathematica or Maple; see an Exercise in Sec. 3.12). A

generalized form of Identity (3.199) will be verified in Theorem 10.8, p. 443.

We will see in Chap. 10 that, unlike Einstein addition, Einstein coaddi-

tion admits a gyroparallelogram addition law, Fig. 10.10, p. 424. The latter,

in turn, will be found to be covariant with respect to left gyrotranslations.

Accordingly, it will become evident that in order to capture analogies with

classical results, both Einstein addition and coaddition must be considered.

Einstein coaddition of two elements, u and v, of an Einstein gyrogroup

is symmetric in u and v, as we see from (3.195). To capture deeper analo-

gies one may wish to find an Einstein coaddition of three elements, u, v

and w, of an Einstein gyrogroup, which is symmetric in u, v and w, and

which admits a 3-dimensional gyroparallelepiped addition law. Indeed, the

extension to Einstein coaddition of any finite number, k, of elements, vi,

i = 1, . . . k, which is symmetric in vi and which admits a k-dimensional

gyroparallelepiped addition law, will be uncovered in (10.67), p. 425. The

3-dimensional case will be illustrated graphically in Fig. 10.13, p. 435.

3.10 PV Gyrogroups

Definition 3.47 (Proper Velocity (PV) Addition). Let (V,+, ·) be

a real inner product space with addition, +, and inner product, ·. The
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PV (Proper Velocity) gyrogroup (V,⊕
U
) is the real inner product space V

equipped with the PV addition ⊕
U
, given by

u⊕
U
v = u + v +

{
βu

1 + βu

u·v
s2

+
1− βv

βv

}

u

=

{
βu

1 + βu

u·v
s2

+
1

βv

}

u + v

(3.200)

where βv, called the beta factor, is given by the equation

βv =
1

√

1 +
‖v‖2
s2

(3.201)

Interestingly, the beta factor (3.201) and the gamma factor (3.131),

p. 79, are related by the elegant identity

βγvvγvv = 1 (3.202)

PV addition is the relativistic addition of proper velocities rather than

coordinate velocities as in Einstein addition [Ungar (2001b), p. 143]. It

can be shown by computer algebra that, as anticipated in Def. 3.47, PV

addition is a gyrocommutative gyrogroup operation, giving rise to the PV

gyrogroup (V,⊕
U

).

PV addition satisfies the beta identity

1

βu⊕
U
v

=
1

βu

1

βv

+
u·v
s2

(3.203)

or, equivalently,

βu⊕
U
v =

βuβv

1 + βuβv

u·v
s2

(3.204)

The map F
U

: V×V → R>0,

F
U

(u,v) =
βu⊕

U
v

βuβv

=
1

1 + βuβv

u·v
s2

(3.205)

satisfies the PV cocycle functional equation

F
U

(u,v⊕
U
w)F

U
(v,w) = F

U
(v⊕

U
u,w)F

U
(u,v) (3.206)
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normalized by the conditions

F
U

(u,0) = F
U

(0,v) = 1 (3.207)

Its classical counterpart, in which PV addition ⊕
U

is replaced by the stan-

dard vector addition, proves useful in group theory [Ebanks and Ng (1993)],

and its use in gyrogroup theory is studied in [Ungar (2001b), Ch. 9] and
[Rózga (2000)].

PV addition obeys the gyrotriangle inequality, presented in the following

theorem.

Theorem 3.48 (The PV Gyrotriangle Inequality).

‖u⊕v‖ ≤ ‖u‖⊕‖v‖ (3.208)

for all u,v in a PV gyrogroup (Vs,⊕).

Proof. By (3.203), with ⊕
E

= ⊕, and by the Cauchy-Schwarz inequality
[Marsden (1974)] we have

1

β‖u‖⊕‖v‖
=

1

βu

1

βv

+
‖u‖‖v‖
s2

≥ 1

βu

1

βv

+
u·v
s2

=
1

βu⊕v

=
1

β‖u⊕v‖

(3.209)

for all u,v in the PV gyrogroup (Vs,⊕). But 1/βx = 1/β‖x‖ is a monoton-

ically increasing function of 0 ≤ ‖x‖ <∞. Hence (3.209) implies

‖u⊕v‖ ≤ ‖u‖⊕‖v‖ (3.210)

for all u,v in any PV gyrogroup (Vs,⊕). �

The PV gyrogroup cooperation (2.2) is given by PV coaddition,

u �
U

v =
βu + βv

1 + βuβv(1− u·v
s2 )

(u + v) (3.211)
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satisfying the beta identity

1

β
u�

U
v

=

1

β2
u

+
1

β2
v

+
1

βu

1

βv

− (1− u·v
c2

)

1

βu

1

βv

+ 1− u·v
c2

(3.212)

or, equivalently,

βu�
U
v =

βuβv(1 + βuβv(1− u·v
s2 ))

βuβv(1− βuβv(1− u·v
s2 )) + β2

u + β2
v

(3.213)

PV coaddition is commutative, as expected from Theorem 3.4.

When the vectors u and v in V are parallel, u‖v, that is, u = λv for

some λ ∈ R, PV addition reduces to

u⊕
U
v =

1

βv

u +
1

βu

v, u‖v (3.214)

and, accordingly,

‖u‖⊕
U
‖v‖ =

1

βv

‖u‖+
1

βu

‖v‖ (3.215)

for all u,v∈V. The restricted PV addition in (3.214) and (3.215) is both

commutative and associative.

PV gyrations

gyr[u,v] : V→ V (3.216)

are automorphisms of the PV gyrogroup (V,⊕
U

),

gyr[u,v] ∈ Aut(V,⊕
U

) (3.217)

given by the equation, Theorem 2.10(10),

gyr[u,v]w = 	
U

(u⊕
U
v)⊕

U
{u⊕

U
(v⊕

U
w)} (3.218)

and they preserve the inner product in V,

gyr[u,v]a·gyr[u,v]b = a·b (3.219)

for all a,b,u,v,w ∈ V.

The gyration equation (3.218) can be manipulated (with the help of

computer algebra) into the equation

gyr[u,v]w = w +
Au +Bv

D
(3.220)
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where

A = −(1− β2
v)β2

u

u·w
s2

+ (1 + βu)(1 + βv)βuβv

v·w
s2

+ 2β2
uβ

2
v

(u·v)(v·w)

s4

B = −(1− β2
u)β2

v

v·w
s2
− (1 + βu)(1 + βv)βuβv

u·w
s2

D = (1 + βu)(1 + βv)(1 + βuβv

u·v
s2

+ βuβv)

(3.221)

By means of (3.204), the denominator D in (3.221) can be written as

D = (1 + βu)(1 + βv)(
βuβv

βu⊕
U
v

+ βuβv) (3.222)

demonstrating that D > 0.

3.11 Points and Vectors in a Real Inner Product Space

Elements of a real inner product space V = (V,+, ·), called points and

denoted by capital italic letters, A,B, P,Q, . . ., give rise to vectors, denoted

by bold roman lowercase letters u,v, . . .. ‘Vector’ means ‘carrier’ in Latin.

The most basic meaning is a relationship between two points, namely, the

displacement that would carry one into the other. Any two points P,Q∈V

give rise to a unique rooted vector v = PQ∈V, rooted at the point P . It

has a tail at the point P and a head at the point Q,

v = PQ = −P +Q (3.223)

The length of the rooted vector v = PQ is the distance between the points

P and Q, given by the equation

‖v‖ = |PQ| = ‖ − P +Q‖ (3.224)

The degenerate rooted vector PP is called the zero rooted vector. Any

two zero rooted vectors are equivalent. Two nonzero rooted vectors PQ

and RS are equivalent if PQSR is a parallelogram. A vector is defined to

be a collection of equivalent rooted vectors. Accordingly, two vectors are

equal if they have the same length and direction.

A point P∈V is identified with the rooted vector OP , O being the origin

of the space V. Hence, the algebra of vectors can be applied to points as

well.
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The vector v = −P+Q translates the point P into the pointQ according

to the equation

Q = v + P (3.225)

Vector addition in V is given by the composition of two successive transla-

tions of a point. Hence, if u = QR = −Q+ R then u + v translates P to

R according to the equation

R = u +Q

= u + (v + P )

= (u + v) + P

(3.226)

so that

u + v = (−P +Q) + (−Q+R) = −P +R = PR (3.227)

The elements of Möbius and Einstein gyrovector spaces in Secs. 3.5 and

3.8 are either points or vectors in the ball Vs of a real inner product space V.

They are, however, subjected to a binary operation different from the one

in their space V in order to keep the ball closed under its binary operation.

Hence, the vector algebra of the space V does not suit the algebra of its

ball Vs. Indeed, the adjustment of vector algebra to gyrocommutative

gyrogroups will be presented in Chap. 5 and applied to gyrovector spaces

in Chap. 6.

3.12 Exercises

(1) Identify the algebraic laws that allow the chains of equations (3.57)

and (3.58).

(2) Employing computer algebra (that is, a computer system for tech-

nical computing, like MATHEMATICA or MAPLE) use (3.147) to

verify (3.150) and (3.151).

(3) Employing computer algebra, verify Identities (3.195) – (3.199).

(4) Verify directly that the expression J in Theorem 3.18 and the ex-

pression J in Theorem 3.19 are identical.

(5) Verify the Identity in Theorem 3.18 by comparing two different

expansions of the expression a + {(b + c) + x} in a gyrocommu-

tative gyrogroup (G,+). Find a similar identity that is valid in

gyrogroups that need not be gyrocommutative.
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(6) Let (G,⊕) be a gyrocommutative gyrogroup. Show that each of

the composite gyrations J1, J2, and J3 of G,

J1 = gyr[a, b⊕x]gyr[b, x]gyr[x, b⊕a] (3.228)

J2 = gyr[gyr[a, b]x, a]gyr[a⊕gyr[a, b]x, b⊕x]gyr[b, x] (3.229)

J3 = gyr[a⊕b,	gyr[a, b� x]x]gyr[a, b� x]gyr[x,	b] (3.230)

a, b, x ∈ G, is independent of x. Use (3.228) to establish the identity

gyr[a,	b] = gyr[	a, b⊕a]gyr[b, a]gyr[a, b	a] (3.231)

Use (3.229) with x = 0 and x = a to establish the identity

(gyr[a, b])2 = gyr[gyr[a, b]a, a]gyr[a⊕gyr[a, b]a, b⊕a] (3.232)

Use (3.230) to establish the identity

(gyr[a, b])−1 = gyr[a,	gyr[a, b]b] (3.233)

(7) Let (G,⊕) be a gyrocommutative gyrogroup. Prove that the gy-

rogroup expression

J4 = gyr[c, x]{	(x⊕c)⊕ 1
2⊗[(x⊕a) � (x⊕b)]} (3.234)

a, b, c, x ∈ G, is independent of x.

(8) Show that the solution of the equation

(x⊕a) � (x⊕b) = p (3.235)

in a gyrocommutative gyrogroup (G,⊕) for the unknown x∈G and

any given a, b, p∈G is

x = 1
2⊗p� 1

2⊗(a� b) (3.236)

Hint: Use (3.234) with c = 0.

(9) Verify the following two associative-like laws in any gyrocommuta-

tive gyrogroup (G,⊕). For all a, b, c ∈ G,

(a� b)⊕c = a⊕gyr[a,	b](b⊕c) (3.237)

(2.156), and

a⊕(b� c) = (a⊕b) � gyr[a, b� c]c (3.238)
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Note that (3.237) gives rise to the right cancellation law (2.63),

while (3.238) gives rise to the cancellation-like law,

a⊕(	a� b) = gyr[a, b]b (3.239)

The latter also follows from the left cancellation law (2.62) and the

definition of the gyrogroup coaddition �.
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Chapter 4

Gyrogroup Extension

We show in this chapter that gyrogroups that are equipped with the so

called gyrofactor admit special extensions, giving rise to new gyrogroups

that admit the notion of inner product and norm, and possess transfor-

mation groups that keep their inner product and norm invariant. In gy-

rolanguage, these inner product and norm are called gyroinner product and

gyronorm.

To appreciate the usefulness of the gyrogroup extension that we study in

this chapter we may note that the gyrogroup extension of the Einstein rel-

ativistic gyrogroup (R3
c ,⊕E

) of all relativistically admissible velocities gives

rise to the gyrocommutative gyrogroup of “Lorentz boosts”. A Lorentz

boost, in turn, is a “Lorentz transformation without rotation” in the jar-

gon. The Lorentz transformation group of spacetime in special relativity

theory will turn out in Chap. 11 to be a gyrosemidirect product group of

the gyrogroup of Lorentz boosts and a group of space rotations.

4.1 Gyrogroup Extension

Definition 4.1 (Gyrofactors). Let ρ be a positive function, ρ : G →
R

>0, of a gyrogroup (G,⊕). The function ρ(v), v ∈ G, is called a gyrofactor

of the gyrogroup (G,⊕) if it satisfies the following three conditions:

(1) ρ is normalized, ρ(0) = 1, where 0 is the identity element of G.

(2) ρ is even, ρ(	v) = ρ(v) for all v ∈ G.

(3) ρ is gyroinvariant, that is, ρ(V v) = ρ(v) for all v ∈ G and all

V ∈Aut0(G,⊕). Here Aut0(G,⊕) is a gyroautomorphism group of

the gyrogroup (G,⊕), Def. 2.29.

101
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A gyrogroup (G,⊕) equipped with a gyrofactor ρ : G → R>0 is denoted by

(G,⊕, ρ). Accordingly, the automorphism group Aut0(G,⊕) of (G,⊕) =

(G,⊕, ρ), which is related to ρ by condition (3), may also be denoted by

Aut0(G,⊕, ρ) if one wishes to emphasize the presence of the gyrofactor ρ.

Definition 4.2 (Gyrogroup Extension by a Gyrofactor). Let

(G,⊕, ρ) be a gyrogroup with a gyrofactor ρ : G → R>0. The gyrogroup

R>0×G of pairs (s, u)t (exponent t denotes transposition), s ∈ R>0, u ∈ G,

with gyrogroup operation given by

(
s

u

)

·
(
t

v

)

=






ρ(u⊕v)

ρ(u)ρ(v)
st

u⊕v




 (4.1)

(s, u)t, (t, v)t∈R>0 × G, is said to be the gyrogroup extended from the gy-

rogroup (G,⊕, ρ), or the extended gyrogroup of (G,⊕, ρ), and is denoted

(R>0×G, · ;⊕, ρ).

The seemingly non-intuitive term ρ(u⊕v)/(ρ(u)ρ(v)) in (4.1) is the ab-

straction of (3.179), p. 89, to which it reduces in the special case when

ρ(v) = γv is the Lorentz gamma factor.

Interestingly, the composition law (4.1), written additively, arises in the

study of commutative groups, where ⊕ is a commutative group operation

rather than a gyrogroup operation; see, for instance, [Jessen, Karpf and

Thorup (1968)].

It is anticipated in Def. 4.2 that the groupoid (R>0×G, · ;⊕, ρ) forms a

gyrogroup. The following theorem states that this is, indeed, the case.

Theorem 4.3 (Gyrogroup Extension). Let (G,⊕, ρ) be a (gyrocom-

mutative) gyrogroup with a gyrofactor, and let E = (R>0× G, · ;⊕, ρ) be

the groupoid extended from the gyrogroup (G,⊕, ρ) according to Def. 4.2.

Then, the groupoid E forms a (gyrocommutative) gyrogroup.

Proof. Identity Element: The identity element of E is (1, 0)t, where 0 is

the identity element of (G,⊕).

Inverse: The inverse of (s, u)t in E is

(
s

u

)−1

=





ρ2(u)
s

	u



 (4.2)

where we use the notation ρ2(u) = (ρ(u))2.
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Gyroautomorphisms: If the gyrogroup extension E is a gyrogroup, as

anticipated in Def. 4.2, then its gyroautomorphisms are recovered by the

following chain of equations, which are numbered for subsequent derivation.

gyr

[(
s

u

)

,

(
t

v

)](
r

w

) (1)
︷︸︸︷
===

((
s

u

)

·
(
t

v

))−1

·
{(

s

u

)

·
((

t

v

)

·
(
r

w

))}

(2)
︷︸︸︷
===





ρ(u⊕v)
ρ(u)ρ(v)st

u⊕v





−1

·







(
s

u

)

·





ρ(v⊕w)
ρ(v)ρ(w) tr

v⊕w











(3)
︷︸︸︷
===




ρ2(u⊕v) ρ(u)ρ(v)

ρ(u⊕v)st

	(u⊕v)



·





ρ(u⊕(v⊕w))ρ(v⊕w)
ρ(u)ρ(v⊕w)ρ(v)ρ(w)str

u⊕(v⊕w)





(4)
︷︸︸︷
===





ρ(	(u⊕v)⊕{u⊕(v⊕w)})
ρ(	(u⊕v))ρ(u⊕(v⊕w)) ρ

2(u⊕v) ρ(u)ρ(v)
ρ(u⊕v)st

ρ(u⊕(v⊕w))ρ(v⊕w)
ρ(u)ρ(v⊕w)ρ(v)ρ(w)str

	(u⊕v)⊕{u⊕(v⊕w)}





(5)
︷︸︸︷
===




ρ(	(u⊕v)⊕{u⊕(v⊕w)}) r

ρ(w)

	(u⊕v)⊕{u⊕(v⊕w)}





(6)
︷︸︸︷
===




ρ(	(u⊕v)⊕{(u⊕v)⊕gyr[u, v]w)} r

ρ(w)

	(u⊕v)⊕{(u⊕v)⊕gyr[u, v]w}





(7)
︷︸︸︷
===




ρ(gyr[u, v]w) r

ρ(w)

gyr[u, v]w





(8)
︷︸︸︷
===

(
r

gyr[u, v]w

)

(4.3)

The derivation of the equalities in the chain of equations (4.3) follows:

(1) By the Gyrator Identity in Theorem 2.10 (10), p. 19.

(2) By the extended gyrogroup operation (4.1).

(3) Again, by the extended gyrogroup operation (4.1), and by (4.2).

(4) Again, by the extended gyrogroup operation (4.1).
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(5) By straightforward cancellations, noting Condition (2) in Def. 4.1.

(6) By the left gyroassociative law.

(7) By the left cancellation law.

(8) By Condition (3) in Def. 4.1.

Hence, if E is a gyrogroup, then its gyrations are induced by the gyra-

tions gyr[u, v], u, v∈G, of its underlying gyrogroup (G,⊕) according to the

following equation, (4.3),

gyr

[(
s

u

)

,

(
t

v

)](
r

w

)

=

(
r

gyr[u, v]w

)

(4.4)

We, therefore, adopt (4.4) as the definition of the gyrator gyr of E.

It follows from (4.4) that, indeed, the gyrations gyr[(s, u)t, (t, v)t] of

E in (4.4) obey the gyrogroup axioms that the gyrations gyr[u, v] of the

underlying gyrogroup (G,⊕) obey, so that if (G,⊕) is a (gyrocommutative)

gyrogroup then also E is a (gyrocommutative) gyrogroup. As an illustrative

example that demonstrates that E inherits gyrogroup properties of G, let

us verify the loop property for E. By (4.1) and (4.4), and by the loop

property of (G,⊕), we have

gyr

[(
s

u

)

·
(
t

v

)

,

(
t

v

)](
r

w

)

= gyr

[(
ρ(u⊕v)
ρ(u)ρ(v)st

u⊕v

)

,

(
t

v

)](
r

w

)

=

(
r

gyr[u⊕v, v]w

)

=

(
r

gyr[u, v]w

)

= gyr

[(
s

u

)

,

(
t

v

)](
r

w

)

(4.5)

�
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4.2 The Gyroinner Product, the Gyronorm, and the Gyro-

boost

The extended gyrogroup admits a gyroinner product and a gyronorm, the

definition of which follows.

Definition 4.4 (The Gyroinner Product and the Gyronorm). Let

E = (R>0×G, · ;⊕, ρ) be the gyrogroup extended from a gyrogroup (G,⊕, ρ)

with a gyrofactor. The inner product, < (s, u)t, (t, v)t >, of any two ele-

ments (s, u)t and (t, v)t of E is a nonnegative number given by the equation

〈(
s

u

)

,

(
t

v

)〉

=
ρ(u	v)

ρ(u)ρ(v)
st (4.6)

The squared norm of any element (t, v)t of E is, accordingly, defined by

the equation

∥
∥
∥
∥

(
t

v

)∥
∥
∥
∥

2

=

〈(
t

v

)

,

(
t

v

)〉

(4.7)

so that
∥
∥
∥
∥

(
t

v

)∥
∥
∥
∥

=
t

ρ(v)
(4.8)

for any element (t, v)t of E.

It follows from (4.8) that the elements (ρ(v), v)t of E, v∈G, are uni-

modular,

∥
∥
∥
∥

(
ρ(v)

v

)∥
∥
∥
∥

= 1 (4.9)

Definition 4.5 (Gyroboosts). A gyroboost is a unimodular element of

an extended gyrogroup E. Specifically, let E = (R>0× G, · ;⊕, ρ) be the

gyrogroup extended from the gyrogroup (G,⊕, ρ). Then the gyroboost B(v),

parametrized by v∈G, is the element

B(v) =

(
ρ(v)

v

)

(4.10)

of E.
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The identity gyroboost is B(0), where 0 is the identity element of G,

and the inverse of a gyroboost B(v) is the gyroboost

(B(v))−1 = B(	v) (4.11)

for all v∈(G,⊕).

The product of two gyroboosts in an extended gyrogroup E is, again, a

gyroboost in E given by gyroboost parameter gyroaddition,

B(u)·B(v) =

(
ρ(u)

u

)

·
(
ρ(v)

v

)

=

(
ρ(u⊕v)

u⊕v

)

= B(u⊕v) (4.12)

for all u, v∈ (G,⊕). Hence, the set of all gyroboosts B(v) in an extended

gyrogroup E = (R>0× G, · ;⊕, ρ) forms a gyrogroup which is isomorphic

(in the gyrogroup sense: two isomorphic gyrogroups are, algebraically, the

same gyrogroup) to the underlying parameter gyrogroup (G,⊕).

Gyroboosts act on their extended gyrogroup according to the following

definition.

Definition 4.6 (Gyroboost Application). Let (G,⊕, ρ) be a gy-

rogroup with a gyrofactor. The application

B(u) : E → E (4.13)

u ∈ G, of the gyroboost B(u) to elements (t, v)t of its extended gyrogroup

E = (R>0×G, · ;⊕, ρ) is given by the extended gyrogroup operation,

B(u)

(
t

v

)

=

(
ρ(u)

u

)

·
(
t

v

)

(4.14)

It follows from Defs. 4.6 and 4.2 that the gyroboost application to ele-

ments of its extended gyrogroup E is given by the equation

B(u)

(
t

v

)

=

(
ρ(u)

u

)

·
(
t

v

)

=

(ρ(u⊕v)
ρ(v) t

u⊕v

)

(4.15)

so that, in particular, we have the elegant identity

B(u)

(
ρ(v)

v

)

=

(
ρ(u⊕v)

u⊕v

)

(4.16)

Gyroboosts are important transformations of E since they keep the

gyroinner product in E invariant. In the context of Einstein’s special theory

of relativity these are nothing else but the Lorentz transformations without

rotation, known in the jargon as boosts, as we will see in Chap. 11.
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Theorem 4.7 Gyroboosts preserve the gyroinner product, that is,
〈

B(a)

(
s

u

)

, B(a)

(
t

v

)〉

=

〈(
s

u

)

,

(
t

v

)〉

=
ρ(u	v)

ρ(u)ρ(v)
st (4.17)

for all a, u, v∈G and s, t∈R>0.

Proof. By the gyroboost and the gyroinner product definition, by Theo-

rem 3.13, p. 57, and by the gyroinvariance of the gyrofactor ρ, we have the

following chain of equations, which are numbered for subsequent derivation.

〈

B(a)

(
s

u

)

, B(a)

(
t

v

)〉 (1)
︷︸︸︷
===

〈(
ρ(a)

a

)

·
(
s

u

)

,

(
ρ(a)

a

)

·
(
t

v

)〉

(2)
︷︸︸︷
===

〈(
ρ(a⊕u)

ρ(u) s

a⊕u

)

,

(
ρ(a⊕v)

ρ(v) t

a⊕v

)〉

(3)
︷︸︸︷
===

ρ((a⊕u)− (a⊕v))

ρ(a⊕u)ρ(a⊕v)

ρ(a⊕u)

ρ(u)

ρ(a⊕v)

ρ(v)
st

(4)
︷︸︸︷
===

ρ((a⊕u)− (a⊕v))

ρ(u)ρ(v)
st

(5)
︷︸︸︷
===

ρ(gyr[a, u](u	v))

ρ(u)ρ(v)
st

(6)
︷︸︸︷
===

ρ(u	v))

ρ(u)ρ(v)
st

(7)
︷︸︸︷
===

〈(
s

u

)

,

(
t

v

)〉

(4.18)

as desired.

The derivation of the equalities in the chain of equations (4.21) follows:

(1) By the Gyroboost Application Def. 4.6.

(2) By the extended gyrogroup operation (4.1).

(3) By the Gyroinner product Def. 4.4.

(4) By a cancellation.
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(5) By Theorem 3.13, p. 57,

(6) By Condition (3) in Def. 4.1.

(7) By the Gyroinner product Def. 4.4.

�

Since gyroboosts preserve the gyroinner product they, in particular,

preserve the gyronorm,

∥
∥
∥
∥
B(u)

(
t

v

)∥
∥
∥
∥

=

∥
∥
∥
∥

(
t

v

)∥
∥
∥
∥

=
t

ρ(v)
(4.19)

Example 4.8 A natural selection for the gyrofactor ρ(v) in the ex-

tended Einstein gyrogroup is the gamma factor, (3.131), ρ(v) = γv =

(1 − v2/c2)−1/2, which obeys the three conditions in Def. 4.1. If, in ad-

dition, one interpret v as velocity, t > 0 as time, and x = vt as space, then

the invariant norm (4.19) reduces to the familiar relativistic invariant

t

γv
= t

√

1− v2

c2
=

1

c

√

c2t2 − x2 (4.20)

of Einstein’s special theory of relativity. More about that will be studied

in this chapter and in Chaps. 10 and 11 on special relativity theory from

the analytic hyperbolic geometric point of view.

In general, gyroboosts of an extended gyrogroup do not form a group

since the application of two successive gyroboosts is not equivalent to a

single gyroboost but, rather, to a single gyroboost preceded, or followed,

by a gyration.

Accordingly, the following theorem presents the gyroboost composition

law, from which we find that it is owing to the presence of gyrations that

the composition of two gyroboosts is not a gyroboost.

Theorem 4.9 (Gyroboost Composition Law). The application of

two successive gyroboosts is equivalent to the application of a single gyro-

boost preceded by a gyration.

Proof. Applying successivelyB(v) and B(u) to an element (t, w)t ofE we

have the following chain of equations, which are numbered for subsequent
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derivation.

B(u)

{

B(v)

(
t

w

)} (1)
︷︸︸︷
===

(
ρ(u)

u

)

·
{(

ρ(v)

v

)

·
(
r

w

)}

(2)
︷︸︸︷
===

(
ρ(u)

u

)

·
(

ρ(v⊕w)
ρ(w) r

v⊕w

)

(3)
︷︸︸︷
===

(
ρ(u⊕(v⊕w))

ρ(w) r

u⊕(v⊕w)

)

(4)
︷︸︸︷
===

(ρ((u⊕v)⊕gyr[u,v]w))
ρ(gyr[u,v]w) r

(u⊕v)⊕gyr[u, v]w

)

(5)
︷︸︸︷
===

(
ρ(u⊕v)

u⊕v

)

·
(

r

gyr[u, v]w

)

(6)
︷︸︸︷
=== B(u⊕v)

(
r

gyr[u, v]w

)

(7)
︷︸︸︷
=== B(u⊕v)gyr

[(
s

u

)

,

(
t

v

)](
r

w

)

(4.21)

The derivation of the equalities in the chain of equations (4.21) follows:

(1) By the Gyroboost Application Def. 4.6.

(2) By the extended gyrogroup operation (4.1).

(3) Again, by the extended gyrogroup operation (4.1).

(4) By the left gyroassociative law and Condition (3) in Def. 4.1.

(5) By the extended gyrogroup operation (4.1).

(6) By the Gyroboost Def. 4.5.

(7) By the extended gyration definition in (4.4).

Hence, by (4.21), the application of the two successive gyroboosts B(v)

and B(u) is equivalent to the application of the single gyroboost B(u⊕v)

preceded by a gyration. �
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Suggestively, we use the notation

Gyr[u, v]

(
t

w

)

=

(
t

gyr[u, v]w

)

(4.22)

so that the result of the chain of equations (4.21) can be written as the

identity

B(u)B(v)

(
t

w

)

= B(u⊕v)Gyr[u, v]

(
t

w

)

(4.23)

Similarly, one can also establish the identity

B(u)B(v)

(
t

w

)

= Gyr[u, v]B(v⊕u)

(
t

w

)

(4.24)

see, for details, Lemma 4.15. Hence, two successive boosts are equivalent

to a single boost preceded, (4.23), or followed, (4.24), by a gyration.

The extended gyrogroup identities (4.23) and (4.24) are valid for any

element (t, w)t of their extended gyrogroup. Hence, they can be written as

the gyroboost identities in the following theorem.

Theorem 4.10 Let E = (R>0× G, · ;⊕, ρ) be the extended gyrogroup of

the gyrogroup (G,⊕, ρ) with the gyrofactor ρ, and let B(v) and Gyr[u, v],

u, v ∈ G, be its gyroboosts and gyrations. Then

B(u)B(v) = B(u⊕v)Gyr[u, v]

B(u)B(v) = Gyr[u, v]B(v⊕u)
(4.25)

Contrasting the general application of successive boosts, which involves

gyrations, a “symmetric” successive boost application is gyration free, that

is, it is equivalent to the application of a single boost. Three examples

that illustrate the general case are presented in the following three boost

identities.

B(u)B(u)

(
t

w

)

= B(2⊗u)

(
t

w

)

B(v)B(u)B(v)

(
t

w

)

= B(v⊕(u⊕v))

(
t

w

)

B(v)B(u)B(u)B(v)

(
t

w

)

= B(v⊕(u⊕(u⊕v)))

(
t

w

)

= B(2⊗(u⊕v))

(
t

w

)

(4.26)
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where 2⊗u = u⊕u. The last identity in (4.26) will be derived in Theorem

6.7, p. 156.

4.3 The Extended Automorphisms

Extended automorphisms of a gyrogroup automorphisms are automor-

phisms of the extended gyrogroup. In particular, the extended gyroau-

tomorphisms of a gyrogroup are the gyroautomorphism of the extended

gyrogroup. The definition of extended automorphisms thus follows.

Definition 4.11 (Extended Automorphisms). Let E = (R>0 ×
G, · ;⊕, ρ) be the extended gyrogroup of a gyrogroup (G,⊕, ρ), and let

Aut0(G,⊕, ρ) be any gyroautomorphism group of (G,⊕, ρ), Def. 4.1. For

any V ∈Aut0(G,⊕, ρ), E(V ) is the transformation of the extended gyrogroup

E given by the equation

E(V )

(
t

v

)

=

(
t

V v

)

(4.27)

t∈R,v∈G.

The transformation E(V ), V ∈Aut0(G,⊕), is called the gyroautomor-

phism extension of V .

Thus, for instance,

E(gyr[u, v]) = Gyr[u, v] (4.28)

or, equivalently,

E(gyr[u, v])

(
t

w

)

=

(
t

gyr[u, v]w

)

= Gyr[u, v]

(
t

w

)

(4.29)

for all (t, w)t in the extended gyrogroupE, as we see from (4.27) and (4.22).

The following lemma shows that an extended automorphism is an au-

tomorphism.

Lemma 4.12 Let E = (R>0×G, · ;⊕, ρ) be the gyrogroup extended from

a gyrogroup (G,⊕, ρ), and let E(V ) be the extension of an automorphism

V ∈ Aut0(G,⊕, ρ). Then E(V ) is an automorphism of E.

Proof. The map E(V ) is invertible, (E(V ))−1 = E(V −1), V −1 being

the inverse of V in Aut0(G,⊕, ρ). Moreover, E(V ) respects the binary

operation · in E,
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E(V )

{(
s

u

)

·
(
t

v

)}

= E(V )

( ρ(u⊕v)
ρ(u)ρ(v)st

u⊕v

)

=

( ρ(u⊕v)
ρ(u)ρ(v)st

V (u⊕v)

)

=

( ρ(V (u⊕v))
ρ(V u)ρ(V v)st

V (u⊕v)

)

=

( ρ(V u⊕V v)
ρ(V u)ρ(V v)st

V u⊕V v

)

=

(
s

V u

)

·
(
t

V v

)

= E(V )

(
s

u

)

·E(V )

(
t

v

)

(4.30)

Hence E(V ) is an automorphism of E.

Note the use of the gyrofactor Condition (3) of Def. 4.1 in (4.30). �

In particular, extended gyrations E(gyr[u, v]) of gyrations gyr[u, v] are

automorphisms of E and, hence, are called gyroautomorphisms of E. For

these we use the special notation (4.28).

The importance of the automorphisms E(V ) of E rests on the result

that they preserve the gyroinner product in E.

Theorem 4.13 Let (G,⊕, ρ) be a gyrogroup with a gyrofactor. The au-

tomorphisms E(V ), V ∈Aut0(G,⊕, ρ), of E preserve the gyroinner product

in E = (R>0×G, · ;⊕, ρ).

Proof. Since V is an automorphism of (G,⊕) and the gyrofactor ρ is

gyroinvariant, we have
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〈

E(V )

(
s

u

)

, E(V )

(
t

v

)〉

=

〈(
s

V u

)

,

(
t

V v

)〉

=
ρ(V u	V v)

ρ(V u)ρ(V v)
st

=
ρ(V (u	v))

ρ(V u)ρ(V v)
st

=
ρ(u	v)

ρ(u)ρ(v)
st

=

〈(
s

u

)

,

(
t

v

)〉

(4.31)

�

Lemma 4.14 Let E = (R>0×G, · ;⊕, ρ) be the gyrogroup extended from

a gyrogroup (G,⊕), and let E(V ) be the automorphism of E extended from

an automorphism V of (G,⊕). Then, any gyroboost B(v), v ∈ G, of E

“commutes” with the automorphism E(V ) according to the equation

E(V )B(v) = B(V v)E(V ) (4.32)

Proof. For any v∈(G,⊕), (t, w)t∈E, V ∈Aut0(G,⊕), we have

E(V )B(v)

(
t

w

)

= E(V )

( ρ(v⊕w)
ρ(v)ρ(w) t

v⊕w

)

=

( ρ(v⊕w)
ρ(v)ρ(w) t

V (v⊕w)

)

=

( ρ(V (v⊕w))
ρ(V v)ρ(V w) t

V (v⊕w)

)

=

( ρ(V v⊕V w)
ρ(V v)ρ(V w) t

V v⊕V w

)

= B(V v)

(
t

V w

)

= B(V v)E(V )

(
t

w

)

(4.33)
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thus implying (4.32). �

As an application of Lemma 4.14 we verify the following Lemma.

Lemma 4.15 Let E = (R>0× G, · ;⊕, ρ) be the gyrocommutative gy-

rogroup extended from a gyrocommutative gyrogroup (G,⊕, ρ), and let B(v)

be a boost of E. Then

Gyr[u, v]B(v⊕u) = B(u⊕v)Gyr[u, v] (4.34)

for all u, v ∈ G.

Proof. By Lemma 4.14 and by (4.28),

Gyr[u, v]B(v⊕u) = E(gyr[u, v])B(v⊕u)

= B(gyr[u, v](v⊕u))E(gyr[u, v])

= B(u⊕v)Gyr[u, v]

(4.35)

�

4.4 Gyrotransformation Groups

Motivated by the Lorentz transformation group of the special theory of

relativity, that we will study in Chap. 11, in the following definition we

define the gyrotransformation group of any given extended gyrogroup.

Definition 4.16 (Gyrotransformations). The gyrotransformation

L(v, V ) is a self-transformation of an extended gyrogroup, E = (R>0×
G, · ;⊕, ρ), parametrized by the gyrogroup parameter v ∈G and the auto-

morphism parameter V ∈Aut0(G,⊕), given by the equation

L(v, V )

(
t

w

)

= B(v)E(V )

(
t

w

)

(4.36)

for all (t, w)t∈E.

Accordingly, a gyrotransformation of an extended gyrogroup is a gyro-

boost B(v) preceded by an automorphism E(V ) of the extended gyrogroup.
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It follows from (4.36), (4.27), (4.15), and the gyroinvariance of the gy-

rofactor, Def. 4.1, that

L(v, V )

(
t

w

)

= B(v)E(V )

(
t

w

)

= B(v)

(
t

V w

)

=

(ρ(v⊕V w)
ρ(V w) t

v⊕V w

)

=

(ρ(v⊕V w)
ρ(w) t

v⊕V w

)

(4.37)

Theorem 4.17 Gyrotransformations keep the gyroinner product and the

gyronorm invariant.

Proof. The proof follows from Def. 4.16 and Theorems 4.7 and 4.13. �

The following Theorem was derived in 1988 [Ungar (1988a), Eq. (55)]

in the context of Einstein’s special theory of relativity.

Theorem 4.18 The set of all gyrotransformations of a given extended

gyrogroup E = (R>0× G, · ;⊕, ρ) form a group under gyrotransformation

composition, given by the gyrosemidirect product

L(u, U)L(v, V ) = L(u⊕Uv, gyr[u, Uv]UV ) (4.38)

for all u, v ∈ G and U, V ∈Aut0(G,⊕).

Proof. The identity gyrotransformation is L(0, I), where 0 and I are

the identity element and the identity automorphism of the underlying gy-

rogroup (G,⊕).

The inverse gyrotransformation is

L−1(v, V ) = L(	V −1v, V −1) (4.39)

so that gyrotransformations are bijective.
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Calculating the gyrotransformation composition, we have by (4.37)

L(u, U)L(v, V )

(
t

w

)

= L(u, U)

(ρ(v⊕V w)
ρ(w) t

v⊕V w

)

= B(u)

( ρ(v⊕V w)
ρ(w) t

Uv⊕UV w

)

=

(ρ(u⊕(Uv⊕UV w))
ρ(Uv⊕UV w)

ρ(v⊕V w)
ρ(w) t

u⊕(Uv⊕UV w)

)

=

(ρ(u⊕(Uv⊕UV w))
ρ(v⊕V w)

ρ(v⊕V w)
ρ(w) t

u⊕(Uv⊕UV w)

)

=

(ρ(u⊕(Uv⊕UV w))
ρ(w) t

u⊕(Uv⊕UV w)

)

=

( ρ((u⊕Uv)⊕gyr[u,Uv]UV w)
ρ(w) t

(u⊕Uv)⊕gyr[u, Uv]UV w

)

= L(u⊕Uv, gyr[u, Uv]UV )

(
t

w

)

(4.40)

for all (t, w)t ∈ E, thus verifying (4.38).

The composition law (4.38) of gyrotransformations is given in terms

of parameter composition where the latter, in turn, is recognized as a gy-

rosemidirect product, (2.88), p. 34. Hence, by Theorem 2.30, p. 35, the

set of all gyrotransformations of a given extended gyrogroup E forms a

gyrosemidirect product group. �

As explained in Sec. 4.5, we will find in Chap. 11 that the gyrotransfor-

mation group is, in fact, the abstract Lorentz transformation group in the

sense that if one realizes the abstract gyrogroup (G,⊕) by the Einstein gy-

rogroup (R3
c ,⊕E

), then (i) the resulting realization of the abstract Lorentz

transformation group gives the familiar Lorentz transformation group of



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Gyrogroup Extension 117

special relativity theory, and (ii) the resulting realization of the gyrofactor

of the abstract Lorentz group gives the familiar Lorentz gamma factor.

4.5 Einstein Gyrotransformation Groups

Let us realize (i) the abstract gyrogroup (G,⊕) by the Einstein gyrogroup

(Vs,⊕E
), and (ii) the gyrofactor ρ(v) by the gamma factor γv, (3.131),

p. 79. Then, Def. 4.16 and its resulting identity (4.37) give rise, by means

of Identity (3.177), to the Einstein gyrotransformation

Le(v, V )

(
t

w

)

=





γv⊕
E

V w

γ
V w

t

v⊕
E
Vw





=




(1 + v·V w

c2 )t

v⊕
E
Vw





(4.41)

for all (t,w)t∈R>0 × (Vs,⊕E
), where v∈Vs and V ∈Aut0(Vs,⊕E

).

The gyrotransformations Le(v, V ) of the gyrogroup

R
>0 × (Vs,⊕E

) (4.42)

extended from the Einstein gyrogroup (Vs,⊕E
) form a group with group

operation given by the gyrosemidirect product (4.38),

Le(u, U)Le(v, V ) = Le(u⊕
E
Uv, gyr[u, Uv]UV ) (4.43)

for all u,v∈Vs and U, V ∈Aut0(Vs,⊕E
) [Ungar (1988a), Eq. (55)].

In Chap. 11 we will see that in the special case when the ball Vs is

realized by the ball R3
c of the Euclidean 3-space R3, the Einstein gyrotrans-

formation group Le(v, V ) reduces to the familiar Lorentz group of special

relativity theory, parametrized by “coordinate velocities” v∈R3
c and “ori-

entations” V ∈SO(3).

4.6 PV (Proper Velocity) Gyrotransformation Groups

Let us realize (i) the abstract gyrogroup (G,⊕) by the PV gyrogroup

(V,⊕
U

), and (ii) the gyrofactor ρ(v) by the identity map ρ(v) = 1, v∈V.
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Then, Def. 4.16 and its resulting identity (4.37) give rise to the PV gyro-

transformation

Lu(v, V )

(
τ

w

)

=

(

τ

v⊕
U
Vw

)

(4.44)

for all (τ,w)t∈R
>0 × (V,⊕

U
), where v∈V and V ∈Aut0(V,⊕

U
).

The gyrotransformations Lu(v, V ) of the gyrogroup

R
>0 × (V,⊕

U
) (4.45)

extended from the PV gyrogroup (V,⊕
U

) form a group with group operation

given by the gyrosemidirect product (4.38),

Lu(u, U)Lu(v, V ) = Lu(u⊕
E
Uv, gyr[u, Uv]UV ) (4.46)

for all u,v∈V and U, V ∈Aut0(V,⊕
U

).

In Chap. 11 we will see that in the special case when the space V is

realized by the Euclidean 3-space R3, the PV gyrotransformation group

reduces to the novel “proper Lorentz group” of special relativity theory,

parametrized by “proper velocities” v∈R3 and “orientations” V ∈SO(3).

4.7 Galilei Transformation Groups

Let us realize (i) the abstract gyrogroup (G,⊕) by the group (V,+), and (ii)

the gyrofactor ρ(v) by the identity map ρ(v) = 1, v∈V. Then, definition

4.16 and its resulting identity (4.37) give rise to the gyrotransformation

Lg(v, V )

(
t

w

)

=

(
t

v + Vw

)

(4.47)

for all (t,w)t∈R>0 × (V,+), where v∈V and V ∈Aut0(V,+).

A group is a gyrogroup with trivial gyrations. Hence, the gyrotransfor-

mation (4.47) involves no gyrations. Accordingly, we call it a transforma-

tion rather than a gyrotransformation.

The transformations Lg(v, V ) of the group

R
>0 × (V,+) (4.48)

extended from the group (V,+) form a group with group operation given

by the semidirect product (4.38),

Lg(u, U)Lg(v, V ) = Lg(u + Uv, UV ) (4.49)
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for all u,v∈V and U, V ∈Aut0(V,⊕
U

). The semidirect product in (4.49) is,

in fact, a gyrosemidirect product with trivial gyrations.

In the special case when the space V is realized by the Euclidean 3-

space R3, the Galilei transformation group reduces to the familiar Galilei

transformation group of classical mechanics, parametrized by velocities v∈
R

3 and orientations V ∈SO(3).

4.8 From Gyroboosts to Boosts

Let Vs = (Vs,⊕, ρ) be a gyrogroup with a gyrofactor. There is a bijective

(one-to-one onto) correspondence

(
t

v

)

←→
(
t

vt

)

=

(
t

x

)

(4.50)

between elements (t,v)t of the extended gyrogroup E of the gyrogroup Vs,

E = (R>0× Vs, · ;⊕, ρ) (4.51)

and elements (t,x)t of the cone Ss of E,

Ss = {(t,x)t : t ∈ R
>0, x ∈ V, and v = x/t ∈ Vs} (4.52)

where v = x/t = x(1/t) is a scalar multiplication in the real inner product

space V of the ball Vs.

Identifying (t,v)t and (t,x = vt)t, and borrowing terms from Einstein’s

special theory of relativity, we call the former a velocity representation

and the latter a space representation of the same spacetime point. The

conversion of a spacetime point from one representation to the other is just

a matter of notation. Hence, for instance, the conversion of (4.6) – (4.9)

from velocity representation to space representation results in the following

equations,
〈(

s

y

)

,

(
t

x

)〉

=
ρ(u	v)

ρ(u)ρ(v)
st (4.53)

∥
∥
∥
∥

(
t

x

)∥
∥
∥
∥

2

=

〈(
t

x

)

,

(
t

x

)〉

(4.54)

∥
∥
∥
∥

(
t

x

)∥
∥
∥
∥

=
t

ρ(v)
(4.55)
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and
∥
∥
∥
∥

(
ρ(v)

vρ(v)

)∥
∥
∥
∥

= 1 (4.56)

where u = y/t and v = x/t, t > 0.

In the special case when the abstract gyrogroup (Vs,⊕, ρ(v)) is real-

ized by the Einstein gyrogroup (Rn
s ,⊕E

, γv), the norm (4.55) becomes the

familiar relativistic norm
∥
∥
∥
∥

(
t

x

)∥
∥
∥
∥

=
t

γv
= t
√

1− ‖v‖2/s2 =
√

t2 − ‖x‖2/s2 (4.57)

Owing to the bijective correspondence, (4.50), between velocity and

space representation of spacetime points, the gyroboost B(v), (4.15), of

the extended gyrogroup E gives rise to a boost, also denoted B(v), of the

cone Ss, according to the following definition.

Definition 4.19 Let Ss, (4.52), be the cone of E, (4.51). The application

B(u) : Ss → Ss (4.58)

of the boost B(u), u ∈ Vs, to elements of the cone Ss is given by the

equation

B(u)

(
t

x = vt

)

=





ρ(u⊕v)
ρ(v) t

(u⊕v) ρ(u⊕v)
ρ(v) t



 (4.59)

Clearly, the boost application in (4.59) corresponds bijectively, (4.50),

to its gyroboost application,

B(u) : E → E (4.60)

u ∈ Vs, given by the following equation, (4.15),

B(u)

(
t

v

)

=





ρ(u⊕v)
ρ(v) t

u⊕v



 (4.61)

The usefulness of boosts, as opposed to gyroboosts, rests on the re-

sult that Einstein boosts are linear, and that this linearity can be used to

introduce a linear structure into Einstein gyrogroups, as well as into its

isomorphic gyrogroups like Möbius and PV gyrogroups. Gyrogroup iso-

morphisms are presented in Table 6.1, p. 226, following the introduction of

scalar multiplication into gyrogroups of gyrovectors.
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4.9 The Lorentz Boost

Definition 4.19 of the abstract boost reduces to the Lorentz boost, which

Einstein employed in his 1905 special theory of relativity, when

(i) the abstract gyrogroup operation ⊕ in the ball Vs is realized by

Einstein addition ⊕
E

, (3.176), and

(ii) the abstract gyrofactor ρ(v) is realized by the gamma factor γv,

(3.131).

Accordingly, the Lorentz boost takes the form that we develop in the

following chain of equations, which are numbered for subsequent derivation.

B(u)

(
t

x = vt

) (1)
︷︸︸︷
===





ρ(u⊕v)
ρ(v) t

(u⊕v) ρ(u⊕v)
ρ(v) t





(2)
︷︸︸︷
===






γu⊕
E

v

γv
t

(u⊕
E
v)

γu⊕
E

v

γv
t






(3)
︷︸︸︷
===




γu(1 + u·v

s2 )t

(u⊕
E
v)γu(1 + u·v

s2 )t





(4)
︷︸︸︷
===





γu(t+ 1
s2 u·x)

γuut+ x + 1
s2

γ2
u

1+γu
(u·x)u





(4.62)

The derivation of the equalities in the chain of equations (4.62) follows:

(1) By Def. 4.19.

(2) Realizing the abstract gyrogroup operation ⊕ by Einstein addition ⊕
E

,

(3.176), and the abstract gyrofactor ρ(v) by the gamma factor γv,

(3.131), that is, ⊕ = ⊕
E

and ρ(v) = γv.

(3) Follows from (3.179).

(4) Follows by substituting u⊕
E
v from (3.176), and noting x = vt.

Formalizing the result in (4.62) we have the following



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

122 Analytic Hyperbolic Geometry

Definition 4.20 The Lorentz boost of spacetime points,

B(u) : R×Ss → R×Ss (4.63)

is given by the following equation, (4.62),

B(u)

(
t

x

)

=





γu(t+ 1
s2 u·x)

γuut+ x + 1
s2

γ2
u

1+γu
(u·x)u



 (4.64)

for all u∈Vs, t∈R and x∈Ss.

It follows from (4.64) that a Lorentz boost is linear,

B(u)

{

p1

(
t1
x1

)

+ p2

(
t2
x2

)}

= p1B(u)

(
t1
x1

)

+ p2B(u)

(
t2
x2

)

(4.65)

p1, p2∈R. Identity (4.65) holds whenever its involved spacetime points are

included in the cone Ss. Ambiguously, the symbol + in (4.64) and (4.65)

represents addition in the real line R, in the real inner product space V,

and in the Cartesian product space R×V.

Furthermore, it follows from the second equality in (4.62), with t = γv,

that the Lorentz boost satisfies the most elegant identity

B(u)

(
γv
γvv

)

=

(

γu⊕
E
v

γu⊕
E
v(u⊕

E
v)

)

(4.66)

for all u,v∈Vs, where Lorentz boosts are applied to unimodular spacetime

points.

Unimodular spacetime points (γv, γvv)t in R×R3
c , realized from (4.56),

are known in special relativity theory as “four-velocities”.

Remark 4.21 Identity (4.66) illustrates the passage in the special theory

of relativity from

(1) Einstein’s “three-velocities” v∈R3
c , which are gyrovectors according

to Def. 5.4, p. 133, as we will see in Chaps. 10 and 11, to

(2) Minkowski’s “four-velocities” (γv, γvv)t∈R×R3
c, which are known

in Minkowskian special relativity as “four-vectors”.
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4.10 The (p :q)-Gyromidpoint

The linearity of the Lorentz boost, (4.65), and its elegant property (4.66)

allow the notion of the gyromidpoint to be extended. For simplicity we re-

strict our attention to the special case when the abstract real inner product

space is realized by the Euclidean n-space, V = Rn, so that Vs = Rn
s .

To exploit the linearity of the Lorentz boost let us consider the linear

combination of two unimodular spacetime points

p

(
γa

γaa

)

+ q

(
γb

γbb

)

=

(
pγa + qγb

pγaa + qγbb

)

= t

(
γm

γmm

)

(4.67)

p, q ≥ 0, a,b ∈ Rn
s , where t ≥ 0 and m ∈ Rn

s are to be determined in (4.68)

and (4.70) below.

Comparing ratios between lower and upper entries in (4.67) we have

m = m(a,b; p, q) =
pγaa + qγbb

pγa + qγb
(4.68)

so that, by convexity, m ∈ R
n
s . The point m = m(a,b; p, q), 0 ≤ p, q ≤ 1,

is called the (p:q)-gyromidpoint of a and b in the Einstein gyrogroup Rn
s =

(Rn
s ,⊕E

). This term will be justified by Identity (4.83) below.

We will find that the special (p:q)-gyromidpoint with p = q coincides

with the gyromidpoint of Defs. 3.39, p. 75, and 6.32, p. 172, in an Einstein

gyrogroup. The (1:1)-gyromidpoint,

m(a,b; 1, 1) =
γaa + γbb

γa + γb
(4.69)

called the Einstein gyromidpoint, will be studied in Theorem 6.92, p. 230,

and will prove useful in Sec. 6.22.1, p. 229, in determining the gyrocentroid

of gyrotriangles and gyrotetrahedrons in Einstein gyrovector spaces.

Comparing upper entries in (4.67) we have

t =
pγa + qγb

γm
(4.70)

Applying the Lorentz boost B(w), w ∈ Rn
s , to (4.67) in two different

ways, it follows from (4.66) and the linearity of the Lorentz boost that on
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the one hand

B(w)

{

t

(
γm

γmm

)}

= B(w)

{

p

(
γa

γaa

)

+ q

(
γb

γbb

)}

= pB(w)

(
γa

γaa

)

+ qB(w)

(
γb

γbb

)

= p

(
γw⊕a

γw⊕a(w⊕a)

)

+ q

(
γw⊕b

γw⊕b(w⊕b)

)

=

(
pγw⊕a + qγw⊕b

pγw⊕a(w⊕a) + qγw⊕b(w⊕b)

)

(4.71)

and on the other hand

B(w)

{

t

(
γm

γmm

)}

= tB(w)

(
γm

γmm

)

= t

(
γw⊕m

γw⊕mw⊕m

)

=

(
tγw⊕m

tγw⊕mw⊕m

)

(4.72)

where ⊕ = ⊕
E

is Einstein addition in the ball Rn
s .

Comparing ratios between lower and upper entries of (4.71) and (4.72)

we have

w⊕m =
pγw⊕a(w⊕a) + qγw⊕b(w⊕b)

pγw⊕a + qγw⊕b

(4.73)

so that by (4.68) and (4.73),

w⊕m(a,b; p, q) = m(w⊕a,w⊕b; p, q) (4.74)

Identity (4.74) demonstrates that the structure of the (p : q)-

gyromidpoint m of a and b, as a function of points a and b, is not distorted
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by left gyrotranslations. Similarly, it is not distorted by rotations as ex-

plained below.

A rotation τ of the Euclidean n-space Rn about its origin is a linear

map of R
n that preserves the inner product in R

n, and is represented by

an n×n orthogonal matrix with determinant 1. The group of all rotations

of Rn about its origin, denoted SO(n), possesses the properties

τ(a + b) = τa + τb

τa·τb = a·b
(4.75)

for all a,b∈Rn
s and τ∈SO(n).

Owing to properties (4.75) we have

τ(a⊕
E
b) = τa⊕

E
τb (4.76)

for all a,b ∈ (Rn
s ,⊕E

) and τ∈SO(n). Hence, SO(n) is a gyroautomorphism

group, Def. 2.29, of the Einstein gyrogroup (Rn
s ,⊕E

),

SO(n) = Aut0(Rn
s ,⊕E

) (4.77)

It follows from properties (4.75) of τ ∈ Aut0(Rn
s ,⊕E

) = SO(n) that

τm(a,b; p, q) = m(τa, τb; p, q) (4.78)

for all a,b∈Rn
s and 0 ≤ p, q ≤ 1. Hence, by Def. 3.23 and Theorem 3.24,

the gyrosemidirect product group

R
n
s×Aut0(Rn

s ,⊕E
) = R

n
s×SO(n) (4.79)

is a group of motions of the Einstein gyrogroup (Rn
s ,⊕E

).

Having the group (4.79) of motions of the Einstein gyrogroup (Rn
s ,⊕E

),

Def. 3.23 and Theorem 3.24, and the variations (4.74) and (4.78) of the

(p : q)-gyromidpoint m(a,b; p, q) ∈ (Rn
s ,⊕E

) under these motions, it follows

from Def. 3.25 that the (p : q)-gyromidpoint m(a,b; p, q) is gyrocovariant.

Accordingly, by Def. 3.25 the triple {a,b,m(a,b; p, q)} of two points and

their (p :q)-gyromidpoint forms a gyrogroup object, for any a,b∈(Rn
s ,⊕E

)

and 0 ≤ p, q ≤ 1.

Comparing the top entries of (4.71) and (4.72) we have

t =
pγw⊕a + qγw⊕b

γw⊕m

(4.80)
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which generalizes the equation, (4.70),

t =
pγa + qγb

γm
(4.81)

and to which it reduces when w = 0. The pair of two equations for t, (4.80)

and (4.81), demonstrates that the positive scalar t = t(a,b; p, q)∈R>0 in

(4.80) and (4.81) is invariant under left gyrotranslations of a and b. Clearly,

it is also invariant under rotations τ ∈ SO(n) of a and b so that, being

invariant under the group of motions of its Einstein gyrogroup (Rn
s ,⊕E

), it

is a gyrogroup scalar field for any 0 ≤ p, q ≤ 1.

Substituting w = 	m in (4.73) we obtain the identity

pγ	m⊕a(	m⊕a) + qγ	m⊕b(	m⊕b) = 0 (4.82)

or, equivalently,

pγ	m⊕a(	m⊕a) = 	qγ	m⊕b(	m⊕b) (4.83)

Identity (4.83) illustrates the sense in which the point m = m(a,b; p, q)

is the (p : q)-gyromidpoint of the points a,b∈ (Rn
s ,⊕E

). It is further illus-

trated graphically in Fig. 11.1, p. 458, on the relativistic law of the lever in

the context of the Einstein gyrovector space.

The (p :q)-gyromidpoint is homogeneous in the sense that it depends on

the ratio p :q of the numbers p and q, as we see from (4.68). Since it is the

ratio p :q that is of interest, we call (p :q) the homogeneous gyrobarycentric

coordinates of m relative to the set A = {a,b}. Under the normalization

condition p + q = 1, the homogeneous gyrobarycentric coordinates (p : q)

of m relative to the set A are called gyrobarycentric coordinates, denoted

(p, q). Their classical counterpart, the notion of barycentric coordinates
[Yiu (2000)] (also known as trilinear coordinates [Weisstein (2003)]), was

first conceived by Möbius in 1827 [Mumford, Series and Wright (2002)].

When p = q the (p :q)-gyromidpoint of a and b will turn out in Theorem

6.92, p. 230, to be the so called Einstein gyromidpoint mab,

mab = m(a,b; p, p) =
γaa + γbb

γa + γb
(4.84)

illustrated graphically in Fig. 10.1, p. 410. The Einstein gyromidpoint

(4.84) will prove useful in the study of the gyrogeometric significance of

Einstein’s relativistic mass correction in Chap. 10. The relativistic mass

will, accordingly, emerge as gyromass, that is, mass that bears a gyrogeo-

metric fingerprint.
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4.11 The (p1 :p2 : . . . : pn)-Gyromidpoint

Let (γvk
, γvk

vk)t, where vk ∈ R
n
s , k = 1, . . . , h, be h unimodular spacetime

points, and let

h∑

k=1

pk

(
γvk

γvk
vk

)

= p

(
γm

γmm

)

(4.85)

mk ≥ 0, be a generic linear combination of these spacetime points, where

p ≥ 0 and m ∈ R
n
s are to be determined in (4.86) and (4.96) below.

Comparing ratios between lower and upper entries in (4.85) we have

m = m(v1, . . . ,vh; p1, . . . , ph) =

∑h
k=1 pkγvk

vk
∑h

k=1 pkγvk

(4.86)

so that m lies in the convex hull of the set of the points vk of Rn
s , k =

1, . . . , h. The convex hull of a set of points in an Einstein gyrogroup (Rn
s ,⊕)

is the smallest convex set in Rn that includes the points. Hence, m ∈ Rn
s

as desired, suggesting the following

Definition 4.22 Let vk ∈Rn
s , k = 1, . . . , h, be h points of the Einstein

gyrogroup (Rn
s ,⊕). The point m∈Rn

s ,

m = m(v1, . . . ,vh; p1, . . . , ph) =

∑h
k=1 pkγvk

vk
∑h

k=1 pkγvk

(4.87)

pk ≥ 0, is called the (p1 : p2 : . . . : ph)-gyromidpoint of the h points

v1, . . . ,vh. Furthermore, the homogeneous gyrobarycentric coordinates of

the point m relative to the set

A = {v1, . . . ,vh} (4.88)

of h points in R
n
s are (p1 :p2 : . . . : ph).

Under the normalization condition,

h∑

k=1

pk = 1 (4.89)

the homogeneous gyrobarycentric coordinates (p1 :p2 : . . . :ph) of m relative

to the set A are called gyrobarycentric coordinates, denoted (p1, p2, . . . , ph).
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Applying the Lorentz boost B(w), w ∈Rn
s , to (4.85) in two different

ways, it follows from (4.66) and from the linearity of the Lorentz boost

that, on the one hand

B(w)

{

p

(
γm

γmm

)}

=

h∑

k=1

pkB(w)

(
γvk

γvk
vk

)

=

h∑

k=1

pk

(
γw⊕vk

γw⊕vk
(w⊕vk)

)

=





∑h
k=1 pkγw⊕vk

∑h
k=1 pkγw⊕vk

(w⊕vk)





(4.90)

and on the other hand,

B(w)

{

p

(
γm

γmm

)}

= pB(w)

(
γm

γmm

)

=

(
pγw⊕m

pγw⊕m(w⊕m)

)
(4.91)

Comparing ratios between lower and upper entries of (4.90) and (4.91)

we have

w⊕m =

∑h
k=1 pkγw⊕vk

(w⊕vk)
∑h

k=1 pkγw⊕vk

(4.92)

so that, by (4.86) and (4.92),

w⊕m(v1, . . . ,vh; p1, . . . , ph)

= m(w⊕v1, . . . ,w⊕vh; p1, . . . , ph)
(4.93)

Identity (4.93) demonstrates that the structure of the (p1 :p2 : . . . :ph)-

gyromidpoint m, as a function of the points vk ∈ Rn
s , k = 1, . . . , h, is not

distorted by a left gyrotranslation of the points by any w ∈ Rn
s .

Similarly, the structure is not distorted by rotations τ ∈ SO(n) of Rn
s

in the sense that

τm(v1, . . . ,vh; p1, . . . , ph) = m(τv1, . . . , τvh; p1, . . . , ph) (4.94)
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for all τ ∈ SO(n).

Hence, by (4.93) and (4.94), the (p1 : p2 : . . . : ph)-gyromidpoint m =

m(v1, . . . ,vh; p1, . . . , ph)∈Rn
s is gyrocovariant, being covariant under the

group of the gyrogroup motions, Rn
s ×SO(n), of the Einstein gyrogroup

(Rn
s ,⊕). Accordingly, by Def. 3.25 the set {v1, . . . ,vh,m} of any h points,

v1, . . . ,vh, in the Einstein gyrogroup (Rn
s ,⊕) along with their (p1 :p2 : . . . :

ph)-gyromidpoint m form a gyrogroup object.

Comparing the top entries of (4.90) and (4.91) we have

p =

∑h
k=1 pkγw⊕vk

γw⊕m

(4.95)

But, we also have from (4.85)

p =

∑h
k=1 pkγvk

γm
(4.96)

implying that the positive scalar

p = p(v1, . . . ,vh; p1, . . . , ph)

= p(w⊕v1, . . . ,w⊕vh; p1, . . . , ph)
(4.97)

in (4.95) and (4.96) is invariant under any left gyrotranslation of the points

vk ∈ Rn
s , k = 1, . . . , h. Clearly, it is also invariant under any rotation

τ ∈ SO(n) of its generating points vk . Hence, being invariant under the

group of the gyrogroup motions, Rn
s ×SO(n), of the Einstein gyrogroup

(Rn
s ,⊕),

p = p(v1, . . . ,vh; p1, . . . , ph) (4.98)

is a gyrogroup scalar field for any arbitrarily fixed gyrobarycentric coordi-

nates (p1, p2, . . . , ph).

Theorem 4.23 Let vk ∈Rn
s , k = 1, . . . , h, be h points of the Einstein

gyrogroup (Rn
s ,⊕), and let m be their (p1 :p2 : . . . :ph)-gyromidpoint, that

is by Def. 4.22,

m =

∑h
k=1 pkγvk

vk
∑h

k=1 pkγvk

(4.99)

pk ≥ 0. Then

γm =

∑h
k=1 pkγvk

∑h
k=1 pkγ	m⊕vk

(4.100)
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and, moreover,

γw⊕m =

∑h
k=1 pkγw⊕vk

∑h
k=1 pkγ	m⊕vk

(4.101)

Proof. Noting that γ0 = 1, (4.95) with w = 	m reduces to the identity

p =

h∑

k=1

pkγ	m⊕vk
(4.102)

so that (4.100) follows from (4.96) and (4.102).

It follows from (4.92), (4.99) and (4.100) that

γw⊕m =

∑h
k=1 pkγw⊕vk

∑h
k=1 pkγ	(w⊕m)⊕(w⊕vk)

(4.103)

Owing to the Gyrotranslation Theorem 3.13 and the invariance of the

gamma factor under gyrations, we have

γ	(w⊕m)⊕(w⊕vk) = γgyr[w,m](	m⊕vk)

= γ	m⊕vk

(4.104)

Hence, (4.101) follows from (4.103) and (4.104). �
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Chapter 5

Gyrovectors and Cogyrovectors

Vectors in a vector space form equivalence classes, where two vectors are

equivalent if they are parallel and possess equal lengths. Gyrovectors, in

contrast, do not admit parallelism. Yet, they do form analogous equivalence

classes even at the primitive level of gyrocommutative gyrogroups where,

in general, the concepts of length and parallelism do not exist. In the more

advanced level of gyrovector spaces, gyrovectors will be found fully analo-

gous to vectors, where they regulate algebraically the hyperbolic geometry

of Bolyai and Lobachevsky just as vectors regulate algebraically Euclidean

geometry.

5.1 Equivalence Classes

The definition of gyrovectors and cogyrovectors in gyrocommutative gy-

rogroups will be presented in Secs. 5.2 and 5.7 in terms of equivalence

classes of pairs of points.

Definition 5.1 (Equivalence Relations and Classes). A (binary)

relation on a nonempty set S is a subset R of S×S, written as a ∼ b if

(a, b) ∈ R. A relation ∼ on a set S is

(1) Reflexive if a ∼ a for all a ∈ S.

(2) Symmetric if a ∼ b implies b ∼ a for all a, b ∈ S.

(3) Transitive if a ∼ b and b ∼ c implies a ∼ c for all a, b, c ∈ S.

A relation is an equivalence relation if it is reflexive, symmetric and tran-

sitive.

An equivalence relation ∼ on a set S gives rise to equivalence classes.

The equivalence class of a ∈ S is the subset {x ∈ S : x ∼ a} of S of all the

131
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elements x ∈ S which are related to a by the relation ∼.

Two equivalence classes in a set S with an equivalence relation ∼ are

either equal or disjoint, and the union of all the equivalence classes in S

equals S. Accordingly, we say that the equivalence classes of a set with an

equivalence relation form a partition of S.

5.2 Gyrovectors

Elements of a gyrocommutative gyrogroup are called points and are denoted

by A, B, C, etc. In particular, the identity element is called the origin,

denoted O.

Definition 5.2 (Rooted Gyrovectors). A rooted gyrovector PQ in a

gyrocommutative gyrogroup (G,⊕) is an ordered pair of points P,Q ∈ G.

The rooted gyrovector PQ is rooted at the point P . The points P and Q

of the rooted gyrovector PQ are called, respectively, the tail and the head

of the rooted gyrovector. The value in G of the rooted gyrovector PQ is

	P⊕Q. Accordingly, we write

v = PQ = 	P⊕Q (5.1)

and call v = 	P⊕Q the rooted gyrovector, rooted at P , with tail P and

head Q in G. The rooted gyrovector PQ is nonzero if P 6= Q.

Furthermore, any point A ∈ G is identified with the rooted gyrovector

OA with head A, rooted at the origin O.

Definition 5.3 (Rooted Gyrovector Equivalence). Let

PQ = 	P⊕Q

P ′Q′ = 	P ′⊕Q′

be two rooted gyrovectors in a gyrocommutative gyrogroup (G,⊕), with re-

spective tails P and P ′ and respective heads Q and Q′. The two rooted

gyrovectors are equivalent,

	P ′⊕Q′
∼ 	P⊕Q

if they have the same value in G, that is, if

	P ′⊕Q′ = 	P⊕Q
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The relation ∼ in Def. 5.3 is given in terms of an equality so that,

being reflexive, symmetric, and transitive, it is an equivalence relation.

The resulting equivalence classes are called gyrovectors. Formalizing, we

thus have the following definition of gyrovectors.

Definition 5.4 (Gyrovectors). Let (G,⊕) be a gyrocommutative gy-

rogroup with its rooted gyrovector equivalence relation. The resulting equiv-

alence classes are called gyrovectors. The equivalence class of all rooted

gyrovectors that are equivalent to a given rooted gyrovector PQ = 	P⊕Q
is the gyrovector denoted by any element of its class, for instance, PQ =

	P⊕Q. Any point A ∈ G is identified with the gyrovector OA. In order

to contrast with rooted gyrovectors, gyrovectors are also called free gyrovec-

tors.

5.3 Gyrovector Translation

The following theorem and definition allow rooted gyrovector equivalence

to be expressed in terms of rooted gyrovector translation.

Theorem 5.5 Let

PQ = 	P⊕Q

P ′Q′ = 	P ′⊕Q′
(5.2)

be two rooted gyrovectors in a gyrocommutative gyrogroup (G,⊕). They are

equivalent, that is,

	P⊕Q = 	P ′⊕Q′ (5.3)

if and only if there exists a gyrovector t ∈ G such that

P ′ = gyr[P, t](t⊕P )

Q′ = gyr[P, t](t⊕Q)
(5.4)

Furthermore, the gyrovector t is unique, given by the equation

t = 	P⊕P ′ (5.5)

Proof. By the Gyrotranslation Theorem 3.13 we have

	(t⊕P )⊕(t⊕Q) = gyr[t, P ](	P⊕Q) (5.6)
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or equivalently, by gyroautomorphism inversion,

	P⊕Q = gyr[P, t]{	(t⊕P )⊕(t⊕Q)} (5.7)

for any P,Q, t ∈ G.

Assuming (5.4), we have by (5.7) and (5.4)

	P⊕Q = gyr[P, t]{	(t⊕P )⊕(t⊕Q)}

= 	gyr[P, t](t⊕P )⊕gyr[P, t](t⊕Q)

= 	P ′⊕Q′

(5.8)

thus verifying (5.3).

Conversely, assuming (5.3) we let

t = 	P⊕P ′ (5.9)

so that by a left cancellation and by the gyrocommutative law we have

P ′ = P⊕t

= gyr[P, t](t⊕P )
(5.10)

thus recovering the first equation in (5.4). Using the notation gP,t =

gyr[P, t] when convenient we have, by (5.3) with a left cancellation, (5.10),

the right gyroassociative law, (2.74), and a left cancellation,

Q′ = P ′⊕(	P⊕Q)

= gyr[P, t](t⊕P )⊕(	P⊕Q)

= (gP,tt⊕gP,tP )⊕(	P⊕Q)

= gP,tt⊕{gP,tP⊕gyr[gP,tP, gP,tt](	P⊕Q)}
= gP,tt⊕{gP,tP⊕gP,t(	P⊕Q)}
= gP,tt⊕{gP,tP⊕(	gP,tP⊕gP,tQ)}
= gP,tt⊕gP,tQ

= gP,t(t⊕Q)

(5.11)

thus verifying the second equation in (5.4), as desired.
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Finally, the gyrovector t ∈ G is uniquely determined by P and P ′ as we

see from the first equation in (5.4) and the gyrocommutative law,

	P⊕P ′ = 	P⊕gyr[P, t](t⊕P )

= 	P⊕(P⊕t)

= t

(5.12)

�

Theorem 5.5 suggests the following definition of gyrovector translation

in gyrocommutative gyrogroups.

Definition 5.6 (Gyrovector Translation). A gyrovector translation

Tt by a gyrovector t ∈ G of a rooted gyrovector PQ = 	P⊕Q, with tail P

and head Q, in a gyrocommutative gyrogroup (G,⊕) is the rooted gyrovector

TtPQ = P ′Q′ = 	P ′⊕Q′, with tail P ′ and head Q′, given by

P ′ = gyr[P, t](t⊕P )

Q′ = gyr[P, t](t⊕Q)
(5.13)

The rooted gyrovector 	P ′⊕Q′ is said to be the t gyrovector translation, or

the gyrovector translation by t, of the rooted gyrovector 	P⊕Q.

We may note that the two equations in (5.13) are not symmetric in

P and Q since they share a Thomas gyration that depends on P but is

independent of Q. Moreover, owing to the gyrocommutativity of ⊕, the

first equation in (5.13) can be written as

P ′ = P⊕t (5.14)

Clearly, a gyrovector translation by the zero gyrovector 0∈G is trivial

since (5.13) reduces to

P ′ = gyr[P,0](0⊕P ) = P

Q′ = gyr[P,0](0⊕Q) = Q
(5.15)

Definition 5.6 allows Theorem 5.5 to be reformulated, obtaining the

following theorem.

Theorem 5.7 Two rooted gyrovectors

PQ = 	P⊕Q

P ′Q′ = 	P ′⊕Q′
(5.16)
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in a gyrocommutative gyrogroup (G,⊕) are equivalent, that is,

	P⊕Q = 	P ′⊕Q′ (5.17)

if and only if gyrovector P ′Q′ is a gyrovector translation of gyrovector PQ.

Furthermore, if P ′Q′ is a gyrovector translation of PQ then it is a gyrovec-

tor translation of PQ by

t = 	P⊕P ′ (5.18)

Theorem 5.8 (Gyrovector Translation of Head and Tail). Let

P,Q, P ′ and Q′ be any four points of a gyrocommutative gyrogroup (G,⊕).

(1) The gyrovector translation of the rooted gyrovector PQ = 	P⊕Q
into the rooted gyrovector P ′X = 	P ′⊕X with a given tail P ′,
determines the head X of P ′X,

X = P ′⊕(	P⊕Q) (5.19)

so that

P ′X = 	P ′⊕{P ′⊕(	P⊕Q)} (5.20)

(2) The gyrovector translation of the rooted gyrovector PQ = 	P⊕Q
into the rooted gyrovector Y Q′ = 	Y⊕Q′, with a given head Q′,
determines the tail Y of Y Q′,

Y = (P	Q) �Q′ (5.21)

so that

Y Q′ = 	{(P	Q) �Q′}⊕Q′ (5.22)

Proof. (1) P ′X is a gyrovector translation of PQ. Hence, by Theorem

5.7, PQ and P ′X are equivalent gyrovectors. Hence, by Def. 5.3 we have,

	P⊕Q = 	P ′⊕X (5.23)

from which (5.19) follows by a left cancellation. (2) Y Q′ is a gyrovector

translation of PQ. Hence, by Theorem 5.7, PQ and Y Q′ are equivalent

gyrovectors. Hence, by Def. 5.3 we have,

	P⊕Q = 	Y⊕Q′ (5.24)
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from which (5.21) follows by a right cancellation (First Right Cancellation

Law in Table 2.1, p. 31) along with the Gyroautomorphic Inverse Theorem

3.2 and the Cogyroautomorphic Inverse Theorem 2.38. �

5.4 Gyrovector Translation Composition

Let P ′′Q′′ be the gyrovector translation of a rooted gyrovector P ′Q′ by t2

where P ′Q′, in turn, is the Gyrovector translation of a rooted gyrovector

PQ by t1 in a gyrocommutative gyrogroup (G,⊕). Then, by Def. 5.6,

P ′′ = gyr[P ′, t2](t2⊕P ′) = P ′⊕t2

P ′ = gyr[P, t1](t1⊕P ) = P⊕t1

(5.25)

so that

P ′′ = P ′⊕t2

= (P⊕t1)⊕t2

= P⊕(t1⊕gyr[t1, P ]t2)

(5.26)

Moreover, by Theorem 5.7 the rooted gyrovector P ′′Q′′ is equivalent

to the rooted gyrovector P ′Q′ and the latter, in turn, is equivalent to the

rooted gyrovector PQ. Hence, P ′′Q′′ is equivalent to PQ, so that, by

Theorem 5.5, P ′′Q′′ is a gyrovector translation of PQ by some unique

t12 ∈ G,

P ′′ = P⊕t12 (5.27)

Comparing (5.27) and (5.26), we see that t12 is given by the equation

t12 = t1⊕gyr[t1, P ]t2 (5.28)

Expressing the rooted gyrovector P ′Q′ in terms of the rooted gyrovector

PQ we have, by Theorem 5.5 and the gyrocommutative law,

P ′ = P⊕t1

Q′ = gyr[P, t1](t1⊕Q)
(5.29)
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Similarly, expressing the rooted gyrovector P ′′Q′′ in terms of the rooted

gyrovector P ′Q′ we have, by Theorem 5.5 and the gyrocommutative law,

P ′′ = P ′⊕t2

Q′′ = gyr[P ′, t2](t2⊕Q′)
(5.30)

Finally, expressing the rooted gyrovector P ′′Q′′ in terms of the rooted

gyrovector PQ we have, by Theorem 5.5 and the gyrocommutative law,

P ′′ = P⊕t12

Q′′ = gyr[P, t12](t12⊕Q)
(5.31)

Substituting (5.28) in (5.31) we have

P ′′ = P⊕(t1⊕gyr[t1, P ]t2)

Q′′ = gyr[P, t1⊕gyr[t1, P ]t2]{(t1⊕gyr[t1, P ]t2)⊕Q}
(5.32)

Substituting (5.29) in the second equation in (5.30) we have

Q′′ = gyr[P⊕t1, t2]{t2⊕gyr[P, t1](t1⊕Q)} (5.33)

From (5.33) and the second equation in (5.32) for Q′′ we have the iden-

tity

gyr[P, t1⊕gyr[t1, P ]t2]{(t1⊕gyr[t1, P ]t2)⊕Q}

=gyr[P⊕t1, t2]{t2⊕gyr[P, t1](t1⊕Q)}
(5.34)

for all P,Q, t1, t2 ∈ G.

Thus, in our way to uncover the composition law (5.31) of gyrovector

translation we obtained the new gyrocommutative gyrogroup identity (5.34)

as an unintended and unforeseen by-product. Interestingly, the new identity

(5.34) reduces to (3.26) when P = O.

The composite gyrovector translation (5.31) is trivial when t12 = 0,

that is, when t2 = 	gyr[P, t1]t1, as we see from (5.28). Hence, the in-

verse gyrovector translation of a gyrovector translation by t is a gyrovector

translation by 	gyr[P, t]t.

The equivalence relation between rooted gyrovectors in Def. 5.3 is ex-

pressed in Theorem 5.5 in terms of the gyrovector translation. Gyrovector

translation, accordingly, gives rise to an equivalence relation. Indeed, the

gyrovector translation relation is an equivalence relation, being reflexive,

symmetric, and transitive:
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(1) Reflexivity: Any rooted gyrovector PQ is the 0 gyrovector trans-

lation of itself,

T0PQ = PQ (5.35)

(2) Symmetry: If

(i) a rooted gyrovector PQ is the t gyrovector translation of a

rooted gyrovector P ′Q′,

TtPQ = P ′Q′ (5.36)

then

(ii) the rooted gyrovector P ′Q′ is the inverse gyrovector transla-

tion, T−1
t , of the rooted gyrovector PQ, where

T−1
t = T	gyr[P,t]t (5.37)

that is,

T	gyr[P,t]tP
′Q′ = PQ (5.38)

(3) Transitivity: If

(i) a rooted gyrovector P ′Q′ is the gyrovector translation of a

rooted gyrovector PQ by t1,

Tt1PQ = P ′Q′ (5.39)

and

(ii) a rooted gyrovector P ′′Q′′ is the gyrovector translation of the

rooted gyrovector P ′Q′ by t2,

Tt2P
′Q′ = P ′′Q′′ (5.40)

then

(iii) the rooted gyrovector P ′′Q′′ is the gyrovector translation of

the rooted gyrovector PQ by the composite gyrovector trans-

lation t12 where, (5.28),

t12 = t1⊕gyr[t1, P ]t2 (5.41)

that is,

Tt1⊕gyr[t1,P ]t2PQ = P ′′Q′′ (5.42)
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5.5 Points and Gyrovectors

Let (G,⊕) be a gyrocommutative gyrogroup. The elements of G, points,

give rise to gyrovectors by Def. 5.4. Points and gyrovectors in G are related

to each other by the following properties.

1. To any two points A and B in G there corresponds a unique gy-

rovector v in G, given by the equation, (5.1),

v = 	A⊕B (5.43)

Hence, any point B of G can be viewed as a gyrovector in G with

head at the point and tail at the origin O,

B = 	O⊕B (5.44)

2. To any point A and any gyrovector v in G there corresponds a

unique point B satisfying (5.43), that is, by a left cancellation,

Table 2.1, p. 31,

B = A⊕v (5.45)

Hence, the gyrovector v can be viewed as a translation (called a

right gyrotranslation) of point A into point B. Let u be a right

gyrotranslation of point B into point C. Then, the composition

of two successive right gyrotranslations of point A into point C is,

again, a right gyrotranslation,

C = (A⊕v)⊕u

= A⊕(v⊕gyr[v, A]u)
(5.46)

The resulting composite right gyrotranslation (5.46) of A into C,

however, is corrected by a gyration that depends on the right gy-

rotranslated point A. Indeed, while gyrovectors share remarkable

analogies with vectors, they are not vectors.

3. To any point B and any gyrovector v in G there corresponds a

unique point A satisfying (5.43), that is, by a right cancellation, Ta-

ble 2.1, p. 31, and the cogyroautomorphic inverse property (2.137),

A = 	v �B (5.47)

4. For any three points A,B,C in G, (2.20), p. 23,

(	A⊕B)⊕gyr[	A,B](	B⊕C) = 	A⊕C (5.48)
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5.6 The Gyroparallelogram Addition Law

Definition 5.9 (The Gyroparallelogram Addition Law of Two

Rooted Gyrovectors with a Common Tail). Let A,B,C be any three

points of a gyrocommutative gyrogroup (G,⊕), and let D
A,B,C

∈G be a fourth

point, satisfying the gyroparallelogram condition, (3.17) p. 53,

D
A,B,C

= (B � C)	A (5.49)

Then, the gyroparallelogram gyrovector addition of the two rooted gyrovec-

tors 	A⊕B and 	A⊕C with the common tail A is given by the rooted

gyrovector 	A⊕D
A,B,C

, also with tail A.

Clearly, the four points A,B,C,D
A,B,C

in Def. 5.9 are viewed, by anal-

ogy with Euclidean vectors in Euclidean geometry, as the four vertices of

an abstract gyroparallelogram ABD
A,B,C

C in an abstract gyrocommuta-

tive gyrogroup (G,⊕). An illustration of the abstract by concrete examples

is shown graphically, for instance, in Figs. 8.25 and 8.26, p. 322.

Fortunately, there is no need to invent a new symbol to denote the

gyroparallelogram gyrovector addition of two gyrovectors in Def. 5.9, since

such a symbol turns out in the following theorem to be the familiar symbol

� that denotes a gyrogroup cooperation.

Theorem 5.10 (The Gyroparallelogram Addition Law of Two

Rooted Gyrovectors with a Common Tail). Let 	A⊕B and 	A⊕C
be any two rooted gyrovectors with a common tail A in a gyrocommutative

gyrogroup (G,⊕), and let D
A,B,C

∈G be the point given by the gyroparal-

lelogram condition (5.49). Then, the gyroparallelogram gyrovector addition

of the two rooted gyrovectors 	A⊕B and 	A⊕C, which is 	A⊕D
A,B,C

by

Def. 5.9, is given by the equation

(	A⊕B) � (	A⊕C) = 	A⊕D
A,B,C

(5.50)

Proof. By Def. 5.9, the gyroparallelogram gyrovector addition of the two

rooted gyrovectors 	A⊕B and 	A⊕C is given by 	A⊕D
A,B,C

. Hence, we

have to show that 	A⊕D
A,B,C

satisfies (5.50). Indeed, by (3.66), p. 64, with

x = −A and with renaming (b, c)→ (B,C), and by the gyroparallelogram

condition (5.49), we have

(	A⊕B) � (	A⊕C) = 	A⊕{(B⊕C)	A} = 	A⊕D
A,B,C

(5.51)

as desired. �
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It follows from Theorem 5.10 that the gyroparallelogram gyrovector

addition of the two rooted gyrovectors 	A⊕B and 	A⊕C rooted at the

common tail A is again a rooted gyrovector, 	A⊕D
A,B,C

, rooted at the

same tail A. Furthermore, it is commutative, by Theorem 3.4, p. 52.

Guided by analogies with Euclidean vectors, we naturally would like to

liberate the rooted gyrovectors in Def. 5.9 from their roots in order to obtain

free gyrovectors. Suggestively, we therefore adopt the following definition.

Definition 5.11 (The Gyroparallelogram Addition Law of Two

Gyrovectors). Let 	A1⊕B1 and 	A2⊕B2 be any two rooted gyrovectors

in a gyrocommutative gyrogroup (G,⊕), that need not have a common tail,

and let X ∈ G be any point. Let us gyrovector translate the gyrovectors

	A1⊕B1 and 	A2⊕B2 into the gyrovectors 	X⊕B′
1 and 	X⊕B′

2, respec-

tively. The resulting two gyrovectors have the common tail X, and their

gyroparallelogram gyrovector addition is the one already given by Def. 5.9.

In Def. 5.11 we liberate rooted gyrovectors from their specified distinct

tails by gyrovector translating them to an arbitrarily selected common tail

X , allowing Def. 5.9 to be invoked. Naturally, it is anticipated in Def. 5.11

that the selection of the common tail X has no effect on a gyrovector that

results from the gyroparallelogram gyrovector addition of two gyrovectors.

In the next theorem we will see that this is, indeed, the case.

Theorem 5.12 Let 	A1⊕B1 and 	A2⊕B2 be any two gyrovectors in a

gyrocommutative gyrogroup (G,⊕). Then, their gyroparallelogram gyrovec-

tor addition in G, given by Def. 5.11, is the gyrovector

(	A1⊕B1) � (	A2⊕B2) (5.52)

Proof. Following Def. 5.11 of the gyroparallelogram gyrovector addition

of two gyrovectors, let us gyrovector translate the two gyrovectors	A1⊕B1

and 	A2⊕B2 into respective two gyrovectors that possess a common, ar-

bitrarily selected, tail X in (G,⊕).

The resulting two gyrovectors, which are respectively, by Theorem

5.8(1),

	X⊕{X⊕(	A1⊕B1)} and 	X⊕{X⊕(	A2⊕B2)} (5.53)

indeed possess the common tail X . Accordingly, by Theorem 5.10 and by

the gyroparallelogram condition (5.49), their gyroparallelogram gyrovector
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addition is given by each side of the following chain of equations,

(	X⊕{X⊕(	A1⊕B1)}) � (	X⊕{X⊕(	A2⊕B2)})

= 	X⊕D
X,X⊕(	A1⊕B1),X⊕(	A2⊕B2)

= 	X⊕{[{X⊕(	A1⊕B1)}� {X⊕(	A2⊕B2)}]	X}

(5.54)

The extreme left-hand side of (5.54) is independent of X by left cancel-

lations, and the extreme right-hand side of (5.54) is independent of X by

(3.68), p. 64.

Hence, as anticipated in Def. 5.11, the gyroparallelogram gyrovector

addition in (5.54) is independent of X . In particular, we may select X = O,

thus reducing (5.54) to an equivalent identity,

(	A1⊕B1) � (	A2⊕B2) = D
O,	A1⊕B1,	A2⊕B2

(5.55)

the right-hand side of which is the desired expression (5.52). The left-hand

side of (5.55) is just an equivalent way to write its right-hand side, as we

see from the gyroparallelogram condition (5.49). �

5.7 Cogyrovectors

As in Sec. 5.2, elements of a gyrocommutative gyrogroup are called points

and, in particular, the identity element is called the identity point, denoted

O.

Definition 5.13 (Rooted Cogyrovectors). A rooted cogyrovector PQ

in a gyrocommutative gyrogroup (G,⊕) is an ordered pair of points P,Q ∈
G. The rooted cogyrovector PQ is rooted at the point P . The points P and

Q of the rooted cogyrovector PQ are called, respectively, the tail and the

head of the rooted cogyrovector. The value in G of the rooted cogyrovector

PQ is �P �Q. Accordingly, we write (see Theorem 3.4)

PQ = �P �Q = Q� P (5.56)

and call PQ = �P � Q the rooted cogyrovector, rooted at P , with tail P

and head Q in G.

Furthermore, any point A ∈ G is identified with the rooted cogyrovector

OA with head A, rooted at the origin O of G.
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Definition 5.14 (Rooted Cogyrovector Equivalence). Let

PQ = �P �Q

P ′Q′ = �P ′ �Q′
(5.57)

be two rooted cogyrovectors in a gyrocommutative gyrogroup (G,⊕), with

respective tails P and P ′ and respective heads Q and Q′. The two rooted

cogyrovectors are equivalent,

Q′ � P ′
∼ Q� P (5.58)

if they have the same value in G, that is, if

Q′ � P ′ = Q� P (5.59)

Since the relation ∼ in Def. 5.14 is given in terms of an equality, it

is clearly reflexive, symmetric, and transitive. Hence, it is an equivalence

relation. As such, it gives rise to equivalence classes called cogyrovectors.

Formalizing, we thus have the following definition.

Definition 5.15 (Cogyrovectors). Let (G,⊕) be a gyrocommutative

gyrogroup with its rooted cogyrovector equivalence relation. The resulting

equivalence classes are called cogyrovectors. The equivalence class of all

rooted cogyrovectors that are equivalent to a given rooted cogyrovector PQ =

�P �Q = Q�P is the cogyrovector denoted by any element of its class, for

instance, PQ = �P�Q. Any point A ∈ G is identified with the cogyrovector

OA. In order to contrast with rooted cogyrovectors, cogyrovectors are also

called free cogyrovectors.

5.8 Cogyrovector Translation

The following theorem and definition allow rooted cogyrovector equivalence

to be expressed in terms of cogyrovector translation.

Theorem 5.16 Let

PQ = Q� P

P ′Q′ = Q′ � P ′
(5.60)
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be two rooted cogyrovectors in a gyrocommutative gyrogroup (G,⊕). They

are equivalent, that is,

Q� P = Q′ � P ′ (5.61)

if and only if there exists a gyrovector t ∈ G such that

P ′ = P⊕t

Q′ = Q⊕gyr[Q,P ]t
(5.62)

Furthermore, the gyrovector t is unique, given by the equation

t = 	P⊕P ′ (5.63)

Proof. Equation (5.61) can be written as

�P �Q = �P ′ �Q′ (5.64)

since the gyrogroup cooperation � is commutative by Theorem 3.4. This

equation, in turn, can be written in terms of the gyrogroup operation ⊕,

Def. 2.9,

	P⊕gyr[P,Q]Q = 	P ′⊕gyr[P ′, Q′]Q′ (5.65)

Hence, by Theorem 5.5 there exists a unique gyrovector t ∈ G such that

P ′ = gyr[P, t](t⊕P )

gyr[P ′, Q′]Q′ = gyr[P, t](t⊕gyr[P,Q]Q)
(5.66)

The first equation in (5.66) implies, by the gyrocommutative law,

P ′ = P⊕t (5.67)

so that, by a left cancellation, the unique gyrovector t is given by (5.63)

and, hence, the first equation in (5.62) is satisfied.

By (5.64) with a right cancellation, and by employing the commutativity

of the gyrogroup cooperation, Theorem 2.41, and a left cancellation, we

have

Q′ = (�P �Q)⊕P ′

= (Q� P )⊕(P⊕t)

= Q⊕gyr[Q,P ]{	P⊕(P⊕t)}

= Q⊕gyr[Q,P ]t

(5.68)
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so that also the second equation in (5.62) is satisfied. Thus, (5.61) implies

(5.62).

Conversely, assuming that there exists a gyrovector t ∈ G satisfying

(5.62) we have, by a left cancellation and Theorem 2.41,

Q′ = Q⊕gyr[Q,P ]t

= Q⊕gyr[Q,P ]{	P⊕(P⊕t)}

= (Q� P )⊕(P⊕t)

= (Q� P )⊕P ′

(5.69)

so that, by a right cancellation,

Q′ � P ′ = Q� P (5.70)

thus verifying (5.61) as desired. �

Theorem 5.16 suggests the following definition of cogyrovector transla-

tion in gyrocommutative gyrogroups.

Definition 5.17 (Cogyrovector Translation). A cogyrovector trans-

lation St by a gyrovector t∈G of a rooted cogyrovector PQ = �P �Q, with

tail P and head Q, in a gyrocommutative gyrogroup (G,⊕) is the rooted

cogyrovector StPQ = P ′Q′ = �P ′ �Q′, with tail P ′ and head Q′, given by

P ′ = P⊕t

Q′ = Q⊕gyr[Q,P ]t
(5.71)

The rooted cogyrovector �P ′�Q′ is said to be the t cogyrovector translation,

or the cogyrovector translation by the gyrovector t, of the rooted cogyrovector

�P �Q.

Clearly, a cogyrovector translation by the zero gyrovector 0∈G is trivial

since (5.71) reduces to

P ′ = P⊕0 = P

Q′ = Q⊕gyr[Q,P ]0 = Q
(5.72)

Definition 5.17 allows Theorem 5.16 to be reformulated, obtaining the

following theorem.
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Theorem 5.18 Two rooted cogyrovectors

PQ = Q� P

P ′Q′ = Q′ � P ′
(5.73)

in a gyrocommutative gyrogroup (G,⊕) are equivalent if and only if rooted

cogyrovector P ′Q′ is a cogyrovector translation of rooted cogyrovector PQ.

Furthermore, if PQ is a cogyrovector translation of P ′Q′, then it is a co-

gyrovector translation of P ′Q′ by the gyrovector

t = 	P⊕P ′ (5.74)

Theorem 5.19 (Cogyrovector Translation of Head and Tail). Let

P,Q, P ′ and Q′ be any four points of a gyrocommutative gyrogroup (G,⊕).

(1) The cogyrovector translation of the rooted cogyrovector PQ = �P�

Q into the rooted cogyrovector P ′X = �P ′ � X with a given tail

P ′, determines the head X of P ′X,

X = (Q� P )⊕P ′ (5.75)

so that

P ′X = �P ′ � {(Q� P )⊕P ′} = {(Q� P )⊕P ′}� P ′ (5.76)

(2) The cogyrovector translation of the rooted cogyrovector PQ = �P�

Q into the rooted cogyrovector Y Q′ = �Y �Q′, with a given head

Q′, determines the tail Y of Y Q′,

Y = (P �Q)⊕Q′ (5.77)

so that

Y Q′ = �{(P �Q)⊕Q′}�Q′ (5.78)

Proof. (1) P ′X is a cogyrovector translation of PQ. Hence, by Theorem

5.18, PQ and P ′X are equivalent cogyrovectors. Hence, by Def. 5.14 we

have,

�P �Q = �P ′ �X (5.79)

from which (5.75) follows by a right cancellation, noting that the cogyro-

operation � is commutative by Theorem 3.4. (2) Y Q′ is a cogyrovector
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translation of PQ. Hence, by Theorem 5.18, PQ and Y Q′ are equivalent

cogyrovectors. Hence, by Def. 5.14 we have,

�P �Q = �Y �Q′ (5.80)

from which (5.77) follows by a right cancellation (Second Right Cancel-

lation Law in Table 2.1, p. 31) along with the Gyroautomorphic Inverse

Theorem 3.2 and the Cogyroautomorphic Inverse Theorem 2.38, noting

that the cogyrooperation � is commutative. �

5.9 Cogyrovector Translation Composition

Let P ′′Q′′ be the cogyrovector translation of rooted cogyrovector P ′Q′ by

a gyrovector t2 where P ′Q′, in turn, is the cogyrovector translation of

rooted cogyrovectorPQ by a gyrovector t1 in a gyrocommutative gyrogroup

(G,⊕). Then, by Def. 5.17,

P ′ = P⊕t1

P ′′ = P ′⊕t2

(5.81)

so that

P ′′ = P ′⊕t2

= (P⊕t1)⊕t2

= P⊕(t1⊕gyr[t1, P ]t2)

(5.82)

Moreover, by Theorem 5.18 the rooted cogyrovector P ′′Q′′ is equivalent

to the rooted cogyrovector P ′Q′ and the latter, in turn, is equivalent to the

rooted cogyrovector PQ. Hence, P ′′Q′′ is equivalent to PQ, so that, by

Theorem 5.18, P ′′Q′′ is a cogyrovector translation of PQ by some unique

gyrovector t12 ∈ G,

P ′′ = P⊕t12 (5.83)

Comparing (5.83) and (5.82), we see that t12 is given by the equation

t12 = t1⊕gyr[t1, P ]t2 (5.84)
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Expressing the rooted cogyrovector P ′Q′ in terms of the rooted cogy-

rovector PQ we have, by Theorem 5.16,

P ′ = P⊕t1

Q′ = Q⊕gyr[Q,P ]t1

(5.85)

Similarly, expressing the rooted cogyrovector P ′′Q′′ in terms of the

rooted cogyrovector P ′Q′ we have, by Theorem 5.16,

P ′′ = P ′⊕t2

Q′′ = Q′⊕gyr[Q′, P ′]t2

(5.86)

Finally, expressing the rooted cogyrovector P ′′Q′′ in terms of the rooted

cogyrovector PQ we have, by Theorem 5.16,

P ′′ = P⊕t12

Q′′ = Q⊕gyr[Q,P ]t12

(5.87)

Substituting (5.84) in (5.87) we have

P ′′ = P⊕(t1⊕gyr[t1, P ]t2)

Q′′ = Q⊕gyr[Q,P ]{t1⊕gyr[t1, P ]t2}

= Q⊕{gyr[Q,P ]t1⊕gyr[Q,P ]gyr[t1, P ]t2}

= {Q⊕gyr[Q,P ]t1}⊕gyr[Q, gyr[Q,P ]t1]gyr[Q,P ]gyr[t1, P ]t2

(5.88)

noting that gyr[P,Q] respects the gyrogroup operation, and employing the

left gyroassociative law.

Substituting (5.85) in the second equation in (5.86) we have

Q′′ = {Q⊕gyr[Q,P ]t1}⊕gyr[Q⊕gyr[Q,P ]t1, P⊕t1]t2 (5.89)

Comparing (5.89) with the second equation in (5.88) we have, by a left

cancellation,

gyr[Q, gyr[Q,P ]t1]gyr[Q,P ]gyr[t1, P ]t2 = gyr[Q⊕gyr[Q,P ]t1, P⊕t1]t2

(5.90)

for all P,Q, t1, t2 ∈ G. Renaming t1 = R, and omitting t2 on both sides of

(5.90) we uncover the gyroautomorphism identity

gyr[Q, gyr[Q,P ]R]gyr[Q,P ]gyr[R,P ] = gyr[Q⊕gyr[Q,P ]R,P⊕R] (5.91)
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for all P,Q,R ∈ G in a gyrocommutative gyrogroup (G,⊕).

Thus, in our way to uncover the composition law (5.87) of cogyrovector

translation we obtained the new gyroautomorphism identity (5.91) as an

unintended and unforeseen by-product. Interestingly, when P = O (Q = O)

the new identity (5.91) reduces to the left (right) loop property, and when

P = −Q it reduces to (3.40).

The composite cogyrovector translation (5.87) is trivial when t12 = O,

that is, when t2 = 	gyr[P, t1]t1, as we see from (5.84). Hence, the inverse

cogyrovector translation of cogyrovector translation by t is a cogyrovector

translation by 	gyr[P, t]t.

The equivalence relation between rooted cogyrovectors in Def. 5.14 is

expressed in Theorem 5.16 in terms of the cogyrovector translation. The

cogyrovector translation relation is, accordingly, an equivalence relation.

Indeed, it is reflexive, symmetric, and transitive:

(1) Reflexivity: Any rooted cogyrovector PQ is the 0 cogyrovector

translation of itself,

S0PQ = PQ (5.92)

(2) Symmetry: If

(i) a rooted cogyrovector PQ is the t cogyrovector translation of

a rooted cogyrovector P ′Q′,

StPQ = P ′Q′ (5.93)

then

(ii) the rooted cogyrovector P ′Q′ is the inverse cogyrovector

translation, S−1
t , of the rooted cogyrovector PQ, where

S−1
t = S	gyr[P,t]t (5.94)

that is,

S	gyr[P,t]tP
′Q′ = PQ (5.95)

(3) Transitivity: If

(i) a rooted cogyrovector P ′Q′ is the cogyrovector translation of

a rooted cogyrovector PQ by t1,

St1PQ = P ′Q′ (5.96)

and
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(ii) a rooted cogyrovector P ′′Q′′ is the cogyrovector translation of

the rooted cogyrovector P ′Q′ by t2,

St2P
′Q′ = P ′′Q′′ (5.97)

then

(iii) the rooted cogyrovector P ′′Q′′ is the cogyrovector translation

of the rooted cogyrovector PQ by the composite cogyrovector

translation t12 where, (5.84),

t12 = t1⊕gyr[t1, P ]t2 (5.98)

that is,

St1⊕gyr[t1,P ]t2PQ = P ′′Q′′ (5.99)

5.10 Points and Cogyrovectors

Let (G,⊕) be a gyrocommutative gyrogroup. Elements of G, points, give

rise to cogyrovectors. Points and cogyrovectors in G are related to each

other by the following properties.

1. To any two points A and B in G there corresponds a unique gy-

rovector v in G, given by the equation, (5.56),

v = �A�B (5.100)

Hence, any point B of G can be viewed as a cogyrovector in G with

head at the point and tail at the origin O,

B = �O �B (5.101)

2. To any point A and any gyrovector v in G there corresponds a

unique point B satisfying (5.100), that is (by right cancellation,

Table 2.1, noting that �A�B = B �A),

B = v⊕A (5.102)

3. To any point B and any gyrovector v in G there corresponds a

unique point A satisfying (5.100), that is, by a right cancellation,
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Table 2.1, p. 31, and the gyroautomorphic inverse property (3.1),

p. 51,

A = 	v⊕B (5.103)

4. For any three points A,B,C in G, (3.42),

(�A�B)⊕(�B � C) = �A� gyr[�A�B,�B � C]C (5.104)

5.11 Exercises

(1) Show that the composite gyroautomorphism J of a gyrocommuta-

tive gyrogroup (G,⊕),

J = gyr[P,Q]gyr[gyr[Q,P ]R,Q]gyr[Q⊕gyr[Q,P ]R,P⊕R]

(5.105)

is a gyroautomorphism, and is independent of Q, for all P,Q,R∈G
(Hint: Note (5.91)). Use the result to uncover several gyroauto-

morphism identities (for instance, set Q = O in J to recover (5.91);

or set Q = 	P to recover the special case (3.40) of (3.34)).

(2) Show that Identity (5.104) can be written as

(�A�B) � g(�B � C) = �A� gC (5.106)

where

g = gyr[�A�B,�B � C] (5.107)

and conclude that the identity

(�A�B) � (�B � C) = �A� C (5.108)

holds in the special case when

gyr[�A�B,�B � C] = I (5.109)

What does the condition (5.109) mean for the points A,B,C?



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Chapter 6

Gyrovector Spaces

Some gyrocommutative gyrogroups admit scalar multiplication, turning

themselves into gyrovector spaces. The latter, in turn, are analogous to

vector spaces just as gyrogroups are analogous to groups. Indeed, gyrovec-

tor spaces provide the setting for hyperbolic geometry just as vector spaces

provide the setting for Euclidean geometry.

The elements of a gyrovector space are called points. Any two points of

a gyrovector space give rise to a gyrovector. Points give rise to geodesics

and cogeodesics that share analogies with Euclidean geodesics, the straight

lines.

6.1 Definition and First Gyrovector Space Theorems

Definition 6.1 (Real Inner Product Vector Spaces). A real inner

product vector space (V,+, ·) (vector space, in short) is a real vector space

together with a map

V×V→ R, (u,v) 7→ u·v (6.1)

called a real inner product, satisfying the following properties for all

u,v,w ∈ V and r ∈ R:

(1) v·v ≥ 0, with equality if, and only if, v = 0.

(2) u·v = v·u
(3) (u + v)·w = u·w + v·w
(4) (ru)·v = r(u·v)

The norm ‖v‖ of v ∈ V is given by the equation ‖v‖2 = v·v.

153
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Note that the properties of vector spaces imply (i) the Cauchy-Schwarz

inequality

|u·v| ≤ ‖u‖‖v‖ (6.2)

for all u,v ∈ V; and (ii) the positive definiteness of the inner product,

according to which u·v = 0 for all u∈V implies v = 0 [Marsden (1974)].

Definition 6.2 (Real Inner Product Gyrovector Spaces). A real

inner product gyrovector space (G,⊕,⊗) (gyrovector space, in short) is a

gyrocommutative gyrogroup (G,⊕) that obeys the following axioms:

(1) G is a subset of a real inner product vector space V called the carrier

of G, G ⊂ V, from which it inherits its inner product, ·, and norm,

‖·‖, which are invariant under gyroautomorphisms, that is,

(V0) gyr[u,v]a·gyr[u,v]b = a·b Inner Product Gyroinvariance

for all points a,b,u,v ∈ G.

(2) G admits a scalar multiplication, ⊗, possessing the following prop-

erties. For all real numbers r, r1, r2 ∈ R and all points a ∈ G:

(V1) 1⊗a = a Identity Scalar Multiplication

(V2) (r
1

+ r
2
)⊗a = r

1
⊗a⊕r

2
⊗a Scalar Distributive Law

(V3) (r
1
r
2
)⊗a = r

1
⊗(r

2
⊗a) Scalar Associative Law

(V4)
|r|⊗a

‖r⊗a‖ =
a

‖a‖ , a 6= 0, r 6= 0 Scaling Property

(V5) gyr[u,v](r⊗a) = r⊗gyr[u,v]a Gyroautomorphism Property

(V6) gyr[r
1
⊗v, r

2
⊗v] = I Identity Gyroautomorphism.

(3) Real, one-dimensional vector space structure (‖G‖,⊕,⊗) for the

set ‖G‖ of one-dimensional “vectors” (see, for instance, [Carchidi

(1988)])

(VV) ‖G‖ = {±‖a‖ : a ∈ G} ⊂ R Vector Space

with vector addition ⊕ and scalar multiplication ⊗, such that for

all r ∈ R and a,b ∈ G,

(V7) ‖r⊗a‖ = |r|⊗‖a‖ Homogeneity Property

(V8) ‖a⊕b‖ ≤ ‖a‖⊕‖b‖ Gyrotriangle Inequality.
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Remark 6.3 One can readily verify that (−1)⊗a = 	a, and ‖	a‖ = ‖a‖.
We use the notation a⊗r = r⊗a. Our ambiguous use of ⊕ and ⊗, Def. 6.2,

as interrelated operations in the gyrovector space (G,⊕,⊗) and in its as-

sociated vector space (‖G‖,⊕,⊗) should raise no confusion, since the sets

in which these operations operate are always clear from the text. These

operations in the former (gyrovector space (G,⊕,⊗)) are nonassociative-

nondistributive gyrovector space operations, and in the latter (vector space

(‖G‖,⊕,⊗)) are associative-distributive vector space operations. Addition-

ally, the gyro-addition ⊕ is gyrocommutative in the former and commutative

in the latter. Note that in the vector space (‖G‖,⊕,⊗) gyrations are trivial

so that � = ⊕ in ‖G‖.
While the operations ⊕ and ⊗ have distinct interpretations in the gy-

rovector space G and in the vector space ‖G‖, they are related to one an-

other by the gyrovector space axioms (V 7) and (V 8). The analogies that

conventions about the ambiguous use of ⊕ and ⊗ in G and ‖G‖ share with

similar vector space conventions are obvious. In vector spaces we use the

same notation, +, for the addition operation between vectors and between

their magnitudes, and same notation for the scalar multiplication between

two scalars and between a scalar and a vector.

Owing to the scalar distributive law, the condition for 1⊗a in (V 1) is

equivalent to the condition

n⊗a = a⊕ . . . ⊕a (gyroadding a n times) (6.3)

and

a⊗(−t) = 	a⊗t (6.4)

Clearly, in the special case when all the gyrations of a gyrovector space

are trivial, the gyrovector space reduces to a vector space.

In general, gyroaddition does not distribute with scalar multiplication,

r⊗(a⊕b) 6= r⊗a⊕r⊗b (6.5)

However, gyrovector spaces possess a weak distributive law, called the

monodistributive law, presented in the following theorem.

Theorem 6.4 (The Monodistributive Law). A gyrovector space

(G,⊕,⊗) possesses the monodistributive law

r⊗(r
1
⊗a⊕r

2
⊗a) = r⊗(r

1
⊗a)⊕r⊗(r

2
⊗a) (6.6)
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Proof. The proof follows from (V 2) and (V 3),

r⊗(r1⊗a⊕r2⊗a) = r⊗{(r1 + r2)⊗a}
= (r(r1 + r2))⊗a

= (rr1 + rr2)⊗a

= (rr1)⊗a⊕(rr1)⊗a

= r⊗(r1⊗a)⊕r⊗(r1⊗a)

(6.7)

�

Definition 6.5 (Gyrovector Space Automorphisms). An automor-

phism τ of a gyrovector space (G,⊕,⊗), τ ∈ Aut(G,⊕,⊗), is a bijective

self-map of G

τ : G → G (6.8)

which preserves its structure, that is, (i) binary operation, (ii) scalar mul-

tiplication, and (iii) inner product,

τ(a⊕b) = τa⊕τb
τ(r⊗a) = r⊗τa
τa · τb = a · b

(6.9)

The automorphisms of the gyrovector space (G,⊕,⊗) form a group de-

noted Aut(G,⊕,⊗), with group operation given by automorphism composi-

tion.

Clearly, gyroautomorphisms are special automorphisms.

Definition 6.6 (Motions of Gyrovector Spaces). The motions of

a gyrovector space (G,⊕,⊗) are all its left gyrotranslations Lx, x ∈ G,

Def. 2.25, p. 32, and its automorphisms τ ∈ Aut(G,⊕,⊗), Def. 6.5.

Scalar multiplication in a gyrovector space does not distribute with the

gyrovector space operation. Hence, the Two-Sum Identity in the following

theorem proves useful.

Theorem 6.7 (The Two-Sum Identity). Let (G,⊕,⊗) be a gyrovec-

tor space. Then

2⊗(a⊕b) = a⊕(2⊗b⊕a)

= a � (a⊕2⊗b)
(6.10)

for any a,b ∈ G.
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Proof. Employing the right gyroassociative law, the identity gyr[b,b] =

I , the left gyroassociative law, and the gyrocommutative law we have the

following chain of equation that results in the desired identity,

a⊕(2⊗b⊕a) = a⊕((b⊕b)⊕a)

= a⊕(b⊕(b⊕gyr[b,b]a))

= a⊕(b⊕(b⊕a))

= (a⊕b)⊕gyr[a,b](b⊕a)

= (a⊕b)⊕(a⊕b)

= 2⊗(a⊕b)

(6.11)

The second equality in the theorem follows from the first one and The-

orem 3.12, p. 57. �

A gyrovector space is a gyrometric space with a gyrodistance function

that obeys the gyrotriangle inequality.

Definition 6.8 (The Gyrodistance Function). Let G = (G,⊕,⊗)

be a gyrovector space. Its gyrometric is given by the gyrodistance function

d⊕(a,b) : G×G→ R≥0,

d⊕(a,b) = ‖	a⊕b‖ = ‖b	a‖ (6.12)

where d⊕(a,b) is the gyrodistance of a to b.

By Def. 6.2, gyroautomorphisms preserve the inner product. Hence,

they are isometries, that is, they preserve the norm as well. The identity

‖	a⊕b‖ = ‖b	a‖ in Def. 6.8 thus follows from the gyrocommutative law,

‖	a⊕b‖ = ‖gyr[	a,b](b	a)‖
= ‖b	a‖

(6.13)

Theorem 6.9 (The Gyrotriangle Inequality). The gyrometric of a

gyrovector space (G,⊕,⊗) satisfies the gyrotriangle inequality

‖	a⊕c‖ ≤ ‖	a⊕b‖⊕‖	b⊕c‖ (6.14)

Proof. By Theorem 2.15, p. 23, we have,

	a⊕c = (	a⊕b)⊕gyr[	a,b](	b⊕c) (6.15)
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Hence, by the gyrotriangle inequality (V 8) in Def. 6.2 we have

‖	a⊕c‖ = ‖(	a⊕b)⊕gyr[	a,b](	b⊕c)‖
≤ ‖	a⊕b‖⊕‖gyr[	a,b](	b⊕c)‖
= ‖	a⊕b‖⊕‖	b⊕c‖

(6.16)

�

The basic properties of the gyrodistance function d⊕ are

(i) d⊕(a,b) ≥ 0

(ii) d⊕(a,b) = 0 if and only if a = b.

(iii) d⊕(a,b) = d⊕(b, a)

(iv) d⊕(a, c) ≤ d⊕(a,b)⊕d⊕(b, c) (gyrotriangle inequality),

a,b, c ∈ G.

Curves on which the gyrotriangle inequality reduces to an equality,

called geodesics or gyrolines, will be identified in Theorem 6.48, p. 184.

In addition of being gyrometric, a gyrovector space is cogyrometric with

a cogyrodistance function that obeys the cogyrotriangle inequality.

Definition 6.10 (Cogyrodistance). Let G = (G,⊕,⊗) be a gyrovector

space. Its cogyrometric is given by the cogyrodistance function d�(a,b) :

G×G→ R≥0,

d�(a,b) = ‖b � a‖ (6.17)

Theorem 6.11 (The Cogyrotriangle Inequality). The cogyrometric

of a gyrovector space (G,⊕,⊗) satisfies the cogyrotriangle inequality

‖a � gyr[a � b,b � c]c‖ ≤ ‖a � b‖� ‖b � c‖ (6.18)

or, equivalently,

‖� a � gyr[a � b,b � c]c‖ ≤ ‖� a � b‖� ‖� b � c‖ (6.19)

Proof. By (3.42) and by the gyrotriangle inequality (V 8) we have

‖a � gyr[a � b,b � c]c‖ = ‖(a � b)⊕(b � c)‖
≤ ‖a � b‖⊕‖b � c‖
= ‖a � b‖� ‖b � c‖

(6.20)

thus verifying (6.18). The equivalence between (6.18) and (6.19) follows

from the Cogyroautomorphic Inverse Theorem 2.38, p. 43, implying ‖a �

b‖ = ‖� a � b‖ etc. �
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Note that the cogyrotriangle inequality (6.18) has the form of the gyro-

triangle inequality (6.14) except that one of its terms is gyro-corrected.

The basic properties of the cogyrodistance function d� are

(i) d�(a,b) ≥ 0

(ii) d�(a,b) = 0 if and only if a = b.

(iii) d�(a,b) = d�(b, a)

(iv) d�(a, gyr[a � b,b � c]c) ≤ d�(a,b) � d�(b, c) (cogyrotriangle

inequality),

a,b, c ∈ G.

Curves on which the cogyrotriangle inequality reduces to an equality,

called cogyrolines, will be identified in Theorems 6.77 and 6.78.

Theorem 6.12 The gyrodistance is invariant under automorphisms and

left gyrotranslations.

Proof. By Def. 6.5, automorphisms τ ∈ Aut(G,⊕,⊗) preserve the inner

product. As such they preserve the norm and, hence, the gyrodistance,

‖τb	τa‖ = ‖τ(b	a)‖
= ‖b	a‖

(6.21)

for all u,v, a,b in a gyrovector space (G,⊕,⊗). Hence, the gyrodistance is

invariant under automorphisms.

Let a,b,x ∈ G be any three points in a gyrovector space (G,⊕,⊗), and

let the points a and b be left gyrotranslated by x into a′ and b′ respectively,

a′ = x⊕a

b′ = x⊕b
(6.22)

Then, by the Gyrotranslation Theorem 3.13, p. 57, we have

b′	a′ = (x⊕b)	(x⊕a)

= gyr[x,b](b	a)
(6.23)

so that

‖b′	a′‖ = ‖gyr[x,b](b	a)‖
= ‖b	a‖

(6.24)

Hence, the gyrodistance is invariant under left gyrotranslations. �

Like gyrodistance, cogyrodistance is invariant under automorphisms.

Theorem 6.13 The cogyrodistance is invariant under automorphisms.
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Proof. By (2.76), p. 33, with a = a, b = 	b, and τ ∈ Aut(G,⊕,⊗), we

have

τ(a � b) = τa � τb (6.25)

Hence,

‖τa � τb‖ = ‖τ(a � b)‖
= ‖a � b‖

(6.26)

for all u,v, a,b∈(G,⊕,⊗), and all τ∈Aut(G,⊕,⊗). �

Unlike gyrodistance, cogyrodistance is not invariant under left gyro-

translations. It is also not invariant under right gyrotranslation. However,

it is invariant under appropriately gyrated right gyrotranslations, as we will

see in the following Theorem 6.14 and in Theorem 6.76, p. 199.

Theorem 6.14 The cogyrodistance in a gyrovector space (G,⊕,⊗) is in-

variant under appropriately gyrated right gyrotranslations,

a � b = (a⊕gyr[a,b]x) � (b⊕x) (6.27)

for all a,b,x ∈ G.

Proof. This theorem is just a reformulation of Identity (2.66), p. 31, in

Theorem 2.23 in terms of a right gyrotranslation. �

Theorem 6.14 seemingly attributes asymmetry to a and b in (6.27).

Following the discovery of the cogyroline gyration transitive law in Theorem

6.63, p. 192, Theorem 6.14 will be generalized in Theorem 6.76, p. 199,

where the seemingly lost symmetry in a and b will appear.

6.2 Solving a System of Two Equations in a Gyrovector

Space

Theorem 6.15 Let (G,⊕,⊗) be a gyrovector space, and let a, b ∈ G be

any two elements of G. The unique solution of the system of two equations

x⊕y = a

	x⊕y = b
(6.28)
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for the unknowns x and y is

x = 1
2⊗(a� b)

y = 1
2⊗(a� b)⊕b

(6.29)

Proof. Solving the first equation in (6.28) for y, we have by Theorem

2.22

y = x⊕b (6.30)

Eliminating y between (6.30) and the first equation in (6.28), we have

a = x⊕(x⊕b) = (2⊗x)⊕b

so that, by Theorem 2.22, 2⊗x = a� b, implying

x = 1
2⊗(a� b) (6.31)

It then follows from (6.30) and (6.31) that

y = 1
2⊗(a� b)⊕b (6.32)

Hence if (6.28) possesses a solution it must be the unique one given by

(6.29). The latter is, indeed, a solution of the former since (i) by the left

gyroassociative law

x⊕y = 1
2⊗(a� b)⊕{ 1

2⊗(a� b)⊕b}

= { 1
2⊗(a� b)⊕1

2⊗(a� b)}⊕b

= 2⊗1
2⊗(a� b)⊕b

= (a� b)⊕b

= a

(6.33)

and since (ii) by a left cancellation

	x⊕y = 	 1
2⊗(a� b)⊕{ 1

2⊗(a� b)⊕b} = b (6.34)

�

Interchanging a and b in the system (6.28) keeps x invariant and reverses

the sign of y. Hence, it follows from Theorem 6.15 that x in (6.29) is

antisymmetric in a and b,

1
2⊗(a� b) = − 1

2⊗(b� a) (6.35)
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and that y in (6.29) is symmetric in a and b,

1
2⊗(a� b)⊕b = 1

2⊗(b� a)⊕a (6.36)

Indeed, (6.35) also follows from Theorems 3.4 and 2.38.

As an application of Theorem 6.15 we substitute x⊕y and 	x⊕y from

(6.28) and y from the second equation of (6.29) in (3.53), p. 61, with a and

b replaced by x and y, obtaining the identity

gyr[b, a] = gyr[b, 1
2⊗(a� b)⊕b]gyr[ 1

2⊗(a� b)⊕b, a]

= gyr[b,ms
ab]gyr[ms

ab, a]
(6.37)

where

ms
ab = 1

2⊗(a� b)⊕b (6.38)

is the so called cogyromidpoint of a and b, Def. 6.73, p. 198, satisfying the

midpoint symmetry conditionms
ab = ms

ba. It shares duality symmetries with

the gyromidpoint that will be defined in Def. 6.32, p. 172. Interestingly,

Identity (6.37) is a special case of the cogyroline gyration transitive law in

Theorem 6.63, p. 192.

We may note that y in (6.29) can be written as

y = 1
2⊗(a� b)⊕b

= 1
2⊗gyr[ 12⊗(a� b), 1

2⊗(b⊕a)](b⊕a)
(6.39)

We may also note the nice related identity

a⊕ 1
2⊗(	a� b) = 1

2⊗(a⊕b) (6.40)

This identity, in turn, may be compared with the semi dual identity

a⊕ 1
2⊗(	a⊕b) = 1

2⊗(a� b) (6.41)

As an application of the Identity Automorphism (V 8) in Def. 6.2 of

gyrovector spaces, we prove the following

Theorem 6.16 Let (G,⊕,⊗) be a gyrovector space. Then

gyr[(r + s)⊗a, b] = gyr[r⊗a, s⊗a⊕b]gyr[s⊗a, b] (6.42)

for all r, s ∈ R and a, b ∈ G.
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Proof. Expanding (r + s)⊗a⊕(b⊕x) in G in two different ways we have

(r + s)⊗a⊕(b⊕x) = (r⊗a⊕s⊗a)⊕(b⊕x)

= r⊗a⊕{s⊗a⊕(b⊕x)}
= r⊗a⊕{(s⊗a⊕b)⊕gyr[s⊗a, b]x}

(6.43)

and

(r + s)⊗a⊕(b⊕x) = {(r + s)⊗a⊕b}⊕gyr[(r + s)⊗a, b]x
= {(r⊗a⊕s⊗a)⊕b}⊕gyr[(r + s)⊗a, b]x
= {r⊗a⊕(s⊗a⊕gyr[s⊗a, r⊗a]b)}⊕gyr[(r + s)⊗a, b]x
= {r⊗a⊕(s⊗a⊕b)}⊕gyr[(r + s)⊗a, b]x

= r⊗a⊕{(s⊗a⊕b)⊕gyr[s⊗a⊕b, r⊗a]gyr[(r + s)⊗a, b]x}
(6.44)

for all r, s ∈ R and a, b, x ∈ G.

Comparing the extreme right hand sides of (6.43) and (6.44) we have

by two successive left cancellations,

gyr[s⊗a⊕b, r⊗a]gyr[(r + s)⊗a, b] = gyr[s⊗a, b] (6.45)

which is equivalent to the gyration identity in the theorem. �

6.3 Gyrolines and Cogyrolines

Let G = (G,+, ·) be a vector space, and let a,b∈G. The set of all points

S(t) = a + bt in G with t∈R forms a Euclidean line represented by the

expression a + bt. Similarly, let G = (G,⊕,⊗) be a gyrovector space, and

let a,b∈G. The set of all points S1(t) = a⊕b⊗t in G with t∈R forms a

hyperbolic line, called a gyroline, and the set of all points S2(t) = b⊗t⊕a

in G with t∈R forms a hyperbolic dual line, called a cogyroline. They are

represented, respectively, by the expressions a⊕b⊗t and b⊗t⊕a. We thus

have the following interesting observation.

(i) The two Euclidean line expressions

a + bt The Euclidean Line

bt+ a The Euclidean Line
(6.46)
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a,b ∈ G, t ∈ R, in analytic Euclidean geometry represent the same

line, and they are regulated by the (associative) algebra of vector

spaces (G,+, ·). In full analogy,

(ii) the two hyperbolic line expressions

a⊕b⊗t Gyroline, The Hyperbolic Line

b⊗t⊕a Cogyroline, The Hyperbolic Dual Line
(6.47)

t ∈ R, in analytic hyperbolic geometry represent distinct lines, and

they are regulated by the (nonassociative) algebra of gyrovector

spaces (G,⊕,⊗).

In order to emphasize that the Euclidean line is uniquely determined

by any two distinct points that it contains, one replaces the expressions in

(6.46) by the expressions

a + (−a + b)t The Euclidean Line

(b− a)t+ a The Euclidean Line
(6.48)

calling each of them the line representation by the two points, a and b,

that it contains.

The first line in (6.48) is the unique Euclidean line that passes through

the points a and b. Considering the line parameter t∈R as “time”, the line

passes through the point a at time t = 0, and owing to a left cancellation,

it passes through the point b at time t = 1.

Similarly, the second line in (6.48) is the unique Euclidean line that

passes through the points a and b. It passes through the point a at time

t = 0, and owing to a right cancellation, it passes through the point b

at time t = 1. In vector spaces, of course, left cancellations and right

cancellations coincide.

In full analogy with (6.48), in order to emphasize that the hyperbolic

lines, gyrolines, are uniquely determined by any two distinct points that

they contain, one replaces the expressions in (6.47) by

a⊕(	a⊕b)⊗t Gyroline, The Hyperbolic Line

(b � a)⊗t⊕a Cogyroline, The Hyperbolic Dual Line
(6.49)

calling them, respectively, the gyroline and the cogyroline representation

by the two points, a and b, that each of them contains.

The gyroline in (6.49) is the unique gyroline that passes through the

points a and b. It passes through the point a at time t = 0, and owing to

a left cancellation, it passes through the point b at time t = 1.
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Similarly, the cogyroline in (6.49) is the unique cogyroline that passes

through the points a and b. It passes through the point a at time t = 0, and

owing to a right cancellation, it passes through the point b at time t = 1.

Unlike left cancellations and right cancellations in vector spaces, where they

coincide, left cancellations and right cancellations in gyrovector spaces are

distinct, forcing us to employ the cooperation �, rather than the operation

⊕, in the second expression of (6.49). It is the presence of the cooperation

in the second expression in (6.49) that allows a right cancellation, (2.63),

p. 30, when t = 1. Hence, the replacement of 	a⊕b in the first equation

in (6.49) by b � a = �a � b in the second equation in (6.49) is a matter of

necessity rather than choice.

Definition 6.17 (Origin-Intercept Gyrolines and Cogyrolines). A

gyroline (cogyroline) that passes through the origin of its gyrovector space

is called an origin-intercept gyroline (cogyroline).

Theorem 6.18 An origin-intercept gyroline (cogyroline) is a cogyroline

(gyroline).

Proof. Let

L = a⊕b⊗t (6.50)

a,b ∈ G, t ∈ R, be an origin-intercept gyroline in a gyrovector space

(G,⊕,⊗). Then, there exists t0∈R such that

a⊕b⊗t0 = 0 (6.51)

so that

a = 	b⊗t0 (6.52)

and hence,

L = a⊕b⊗t
= 	b⊗t0⊕b⊗t
= b⊗(−t0 + t)

= b⊗s
= b⊗s⊕0

(6.53)

s∈R. The gyroline L is recognized in (6.53) as a cogyroline.

Similarly, let

Lc = b⊗t⊕a (6.54)
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a,b ∈G, t ∈R, be an origin-intercept cogyroline in the gyrovector space

(G,⊕,⊗). Then, there exists t0∈R such that

b⊗t0⊕a = 0 (6.55)

so that

a = 	b⊗t0 (6.56)

and hence,

Lc = b⊗t⊕a

= b⊗t	b⊗t0
= b⊗(t− t0)

= b⊗s
= 0⊕b⊗s

(6.57)

s∈R. The cogyroline Lc is recognized in (6.57) as a gyroline. �

The definition of the gyroline and its associated cogyroline in (6.48) will

be presented formally in Secs. 6.4 and 6.9.

6.4 Gyrolines

Definition 6.19 (Gyrolines, Gyrosegments). Let a,b be any two

distinct points in a gyrovector space (G,⊕,⊗). The gyroline in G that

passes through the points a and b is the set of all points

L
g

= a⊕(	a⊕b)⊗t (6.58)

in G with t ∈ R. The gyrovector space expression in (6.58) is called the

representation of the gyroline L
g

in terms of the two points a and b that it

contains.

A gyroline segment (or, a gyrosegment) ab with endpoints a and b is

the set of all points in (6.58) with 0 ≤ t ≤ 1. The gyrolength |ab| of the

gyrosegment ab is the gyrodistance between a and b,

|ab| = d⊕(a,b) = ‖	a⊕b‖ (6.59)

Two gyrosegments are congruent if they have the same gyrolength.
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Considering the real parameter t as “time”, the gyroline (6.58) passes

through the point a at time t = 0 and, owing to the left cancellation law,

it passes thought the point b at time t = 1.

It is anticipated in Def. 6.19 that the gyroline is uniquely represented

by any two given points that it contains. The following theorem shows that

this is indeed the case.

Theorem 6.20 Two gyrolines that share two distinct points are coinci-

dent.

Proof. Let

a⊕(	a⊕b)⊗t (6.60)

be a gyroline that contains two given distinct points p1 and p2 in a gy-

rovector space (G,⊕,⊗). Then, there exist real numbers t1, t2 ∈ R, t1 6= t2,

such that

p1 = a⊕(	a⊕b)⊗t1
p2 = a⊕(	a⊕b)⊗t2

(6.61)

A gyroline containing the points p1 and p2 has the form

p1⊕(	p1⊕p2)⊗t (6.62)

which, by means of (6.61) is reducible to (6.60) with a reparametrization.

Indeed, by (6.61), the Gyrotranslation Theorem 3.13, scalar distributivity

and associativity, and left gyroassociativity, we have

p1⊕(	p1⊕p2)⊗t
= [a⊕(	a⊕b)⊗t1]⊕{	[a⊕(	a⊕b)⊗t1]⊕[a⊕(	a⊕b)⊗t2]}⊗t
= [a⊕(	a⊕b)⊗t1]⊕gyr[a, (	a⊕b)⊗t1]{	(	a⊕b)⊗t1⊕(	a⊕b)⊗t2}⊗t
= [a⊕(	a⊕b)⊗t1]⊕gyr[a, (	a⊕b)⊗t1]{(	a⊕b)⊗(−t1 + t2)}⊗t
= [a⊕(	a⊕b)⊗t1]⊕gyr[a, (	a⊕b)⊗t1](	a⊕b)⊗((−t1 + t2)t)

= a⊕{(	a⊕b)⊗t1⊕(	a⊕b)⊗((−t1 + t2)t)}
= a⊕(	a⊕b)⊗(t1 + (−t1 + t2)t)

(6.63)

thus obtaining the gyroline (6.60) with a reparametrization. It is a

reparametrization in which the original gyroline parameter t is replaced

by the new gyroline parameter t1 + (−t1 + t2)t, t2 − t1 6= 0.
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Hence, any gyroline (6.60) that contains the two distinct points p1 and

p2 coincides with the gyroline (6.62). �

Theorem 6.21 A left gyrotranslation of a gyroline is, again, a gyroline.

Proof. Let

L = a⊕(	a⊕b)⊗t (6.64)

be a gyroline L represented by its two points a and b in a gyrovector space

(G,⊕,⊗). The left gyrotranslation, x⊕L of the gyroline L is given by the

equation

x⊕L = x⊕{a⊕(	a⊕b)⊗t} (6.65)

which can be recast in the form of a gyroline by employing the left gyroas-

sociative law, Axiom (V 5) of gyrovector spaces, and Theorem 3.13,

x⊕L = x⊕{a⊕(	a⊕b)⊗t}
= (x⊕a)⊕gyr[x, a]{(	a⊕b)⊗t}
= (x⊕a)⊕{gyr[x, a](	a⊕b)}⊗t
= (x⊕a)⊕{	(x⊕a)⊕(x⊕b)}⊗t

(6.66)

thus obtaining a gyroline representation, (6.47), (6.49), for the left gyro-

translated gyroline, x⊕L. �

Definition 6.22 (Gyrocollinearity). Three points, a1, a2, a3, in a gy-

rovector space (G,⊕,⊗) are gyrocollinear if they lie on the same gyroline,

that is, there exist a,b ∈ G such that

ak = a⊕(	a⊕b)⊗tk (6.67)

for some tk ∈ R, k = 1, 2, 3. Similarly, n points in G, n > 3, are gyro-

collinear if any three of these points are gyrocollinear.

Remark 6.23 We should note here that we will use the similar term

“cogyroline” for a “dual gyroline”, Hence, to avoid a conflict with the term

“cogyroline” we use here the term “gyrocollinear” rather than the seemingly

more appropriate term “cogyrolinear”.

Definition 6.24 (Betweenness). A point a2 lies between the points

a1 and a3 in a gyrovector space (G,⊕,⊗) (i) if the points a1, a2, a3 are
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gyrocollinear, that is, they are related by the equations

ak = a⊕(	a⊕b)⊗tk (6.68)

k = 1, 2, 3, for some a,b ∈ G, a 6= b, and some tk ∈ R, and (ii) if, in

addition, either t1 < t2 < t3 or t3 < t2 < t1.

Lemma 6.25 Three distinct points, a1, a2 and a3 in a gyrovector space

(G,⊕,⊗) are gyrocollinear if and only if any one of these points, say a2,

can be expressed in terms of the two other points by the equation

a2 = a1⊕(	a1⊕a3)⊗t (6.69)

for some t ∈ R.

Proof. If the points a1, a2, a3 are gyrocollinear, then there exist points

a,b ∈ G and distinct real number tk such that

ak = a⊕(	a⊕b)⊗tk (6.70)

k = 1, 2, 3.

Let

t =
t2 − t1
t3 − t1

(6.71)

Then, by the Gyrotranslation Theorem 3.13, the scalar distributive and

associative law, and gyroassociativity, we have the chain of equations

a1⊕(	a1⊕a3)⊗t
= [a⊕(	a⊕b)⊗t1]⊕{	[a⊕(	a⊕b)⊗t1]⊕[a⊕(	a⊕b)⊗t3]}⊗t
= [a⊕(	a⊕b)⊗t1]⊕gyr[a, (	a⊕b)⊗t1]{	(	a⊕b)⊗t1⊕(	a⊕b)⊗t3}⊗t
= [a⊕(	a⊕b)⊗t1]⊕gyr[a, (	a⊕b)⊗t1](	a⊕b)⊗((−t1 + t3)t)

= a⊕{(	a⊕b)⊗t1⊕(	a⊕b)⊗((−t1 + t3)t)}
= a⊕(	a⊕b)⊗(t1 + (−t1 + t3)t)

= a⊕(	a⊕b)⊗t2
= a2

(6.72)

thus verifying (6.69).

Conversely, if (6.69) holds then the three points a1, a2 and a3 are gyro-

collinear, the point a2 lying on the gyroline passing through the other two

points, a1 and a3. �
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Lemma 6.26 A point a2 lies between the points a1 and a3 in a gyrovector

space (G,⊕,⊗) if and only if

a2 = a1⊕(	a1⊕a3)⊗t (6.73)

for some 0 < t < 1.

Proof. If a2 lies between a1 and a3, the points a1, a2, a3 are gyrocollinear

by Def. 6.24, and there exist distinct points a,b ∈ G and real numbers tk
such that

ak = a⊕(	a⊕b)⊗tk (6.74)

k = 1, 2, 3 and either t1 < t2 < t3 or t3 < t2 < t1.

Let

t =
t2 − t1
t3 − t1

(6.75)

Then 0 < t < 1 and following the chain of equations (6.72), we derive the

desired identity

a1⊕(	a1⊕a3)⊗t = a2 (6.76)

thus verifying (6.73) for 0 < t < 1.

Conversely, if (6.73) holds then, by Def. 6.24 with t1 = 0, t2 = t and

t3 = 1, a2 lies between a1 and a3. �

Lemma 6.27 The two equations

b = a⊕(	a⊕c)⊗t (6.77)

and

b = c⊕(	c⊕a)⊗(1− t) (6.78)

are equivalent for the parameter t ∈ R and all points a,b, c in a gyrovector

space (G,⊕,⊗).

Proof. Let us assume the validity of (6.77). Then, by the scalar dis-

tributive law, gyroassociativity, left cancellation and (2.135), gyrocommu-

tativity, and the gyroautomorphic inverse property we have the chain of
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equations

c⊕(	c⊕a)⊗(1− t) = c⊕{(	c⊕a)	(	c⊕a)⊗t}
= {c⊕(	c⊕a)}	gyr[c,	c⊕a](	c⊕a)⊗t
= a	gyr[a,	c](	c⊕a)⊗t
= a	(a	c)⊗t
= a⊕(	a⊕c)⊗t

(6.79)

as desired. �

Lemma 6.27 suggests the following

Definition 6.28 (Directed Gyrolines). Let

L = a⊕b⊗t (6.80)

be a gyroline with a parameter t ∈ R in a gyrovector space (G,⊕,⊗), and

let p1 and p2 be two distinct points on L,

p1 = a⊕b⊗t1
p2 = a⊕b⊗t2

(6.81)

a,b∈G, t1, t2∈R. The gyroline L is directed from p1 to p2 if t1 < t2.

As an example, the gyroline in (6.77) has the gyroline parameter t and it

is directed from a (where t = 0) to c (where t = 1). Similarly, the gyroline

in (6.78) has the gyroline parameter s = 1 − t, and it is directed from c

(where s = 0) to a (where s = 1).

The next lemma relates gyrocollinearity to gyrations. A similar result

for cogyrocollinearity will be presented in Lemma 6.62.

Lemma 6.29 If the three points a,b, c in a gyrovector space (G,⊕,⊗)

are gyrocollinear then

gyr[a,	b]gyr[b,	c] = gyr[a,	c] (6.82)

Proof. By Lemma 6.25 and a left cancellation

	a⊕b = (	a⊕c)⊗t (6.83)

for some t ∈ R. By Identity (3.34), the gyroautomorphic inverse property,

Eq. (6.83), and Axiom (V 6) of gyrovector spaces, we have the chain of



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

172 Analytic Hyperbolic Geometry

equations

gyr[a,	b]gyr[b,	c]gyr[c,	a] = gyr[	a⊕b,	(	a⊕c)]

= gyr[(	a⊕c)⊗t,	(	a⊕c)]

= I

(6.84)

from which we obtain (6.82) by gyroautomorphism inversion. �

The converse of Lemma 6.29 is not valid, a counterexample being vector

spaces. Any vector space is a gyrovector space in which all the gyrations are

trivial. Hence, Identity (6.82) holds in vector spaces for any three points

a,b and c while not every three points of a vector space are collinear.

The obvious extension of Lemma 6.29 to any number of gyrocollinear

points results in the following theorem.

Theorem 6.30 (The Gyroline Gyration Transitive Law).

Let {a1, · · · , an} be a set of n gyrocollinear points in a gyrovector space

(G,⊕,⊗). Then

gyr[a1,	a2]gyr[a2,	a3] · · · gyr[an−1,	an] = gyr[a1,	an] (6.85)

Proof. By Lemma 6.29, Identity (6.85) of the theorem holds for n = 3.

Let us assume, by induction, that Identity (6.85) is valid for some n = k ≥
3. Then, Identity (6.85) is valid for n = k + 1 as well,

gyr[a1,	a2] . . . gyr[ak−1,	ak]gyr[ak,	ak+1]

= gyr[a1,	ak ]gyr[ak,	ak+1]

= gyr[a1,	ak+1]

(6.86)

Hence, Identity (6.85) is valid for all n ≥ 3. �

Remark 6.31 Gyrocollinearity is sufficient but not necessary for the va-

lidity of (6.85), a counterexample being Theorem 3.6.

6.5 Gyromidpoints

The value t = 1/2 in Lemma 6.27 gives rise to a special point where the

two parameters of the gyroline b, t and (1 − t) coincide. It suggests the

following

Definition 6.32 (Gyromidpoints, II). The gyromidpoint pm
ac of any

two distinct points a and c in a gyrovector space (G,⊕,⊗) is given by the
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equation

pm
ac = a⊕(	a⊕c)⊗ 1

2 (6.87)

In Theorem 6.34 below we will find that Defs. 3.39 and 6.32 of the

gyromidpoint are equivalent.

Theorem 6.33 Let a and c be any two points of a gyrovector space

(G,⊕,⊗). Then pm
ac satisfies the midpoint symmetry condition

pm
ac = pm

ca (6.88)

as well as the midpoint distance condition

‖a	pm
ac‖ = ‖c	pm

ac‖ (6.89)

Proof. By Lemma 6.27, with t = 1/2, the two equations

b = a⊕(	a⊕c)⊗ 1
2 = pm

ac

b = c⊕(	c⊕a)⊗ 1
2 = pm

ca

(6.90)

are equivalent, thus verifying (6.88).

It follows from (6.90) by left cancellations and the gyrocommutative law

that

	a⊕pm
ac = (	a⊕c)⊗ 1

2

	c⊕pm
ca = (	c⊕a)⊗ 1

2 = 	gyr[	c, a](	a⊕c)⊗ 1
2

(6.91)

implying

‖	a⊕pm
ac‖ = ‖	a⊕c‖⊗ 1

2

‖	c⊕pm
ca‖ = ‖	a⊕c‖⊗ 1

2

(6.92)

thus verifying (6.89). �

Clearly, Identities (6.88) and (6.89) justify calling pm
ac the gyromidpoint

of the points a and c in Def. 6.32.

Theorem 6.34 The gyromidpoint of points a and b can be written as

pm
ab = 1

2⊗(a � b) (6.93)

called the Gyromidpoint Identity, so that

‖pm
ab‖ = 1

2⊗‖a � b‖ (6.94)
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Proof. By Def. 6.32, the Two-Sum Identity in Theorem 6.7, the scalar

associative law, left gyroassociativity, a left cancellation and Theorem 2.37,

we have

2⊗pm
ab = 2⊗{a⊕ 1

2⊗(	a⊕b)}
= a⊕{(	a⊕b)⊕a}
= {a⊕(	a⊕b)}⊕gyr[a,	a⊕b]a

= b⊕gyr[b,	a]a

= b � a

= a � b

(6.95)

implying

pm
ab = 1

2⊗(a � b) (6.96)

�

Since, by Theorem 3.4, the gyrogroup cooperation � in a gyrocommu-

tative gyrogroup is commutative, we have

pm
ab = pm

ba (6.97)

as expected from Theorem 6.33.

The gyromidpoint in (6.96) shares an obvious analogy with its clas-

sical counterpart. We thus see again that in order to capture analogies

with classical results, both gyrogroup operations and cooperations must be

employed.

Theorem 6.34 shows that, in the context of gyrogroups, Defs. 6.32 and

3.39 are equivalent.

An interesting related duality symmetry is uncovered in the following

Theorem 6.35 Let a and b be any two points of a gyrovector space

(G,⊕,⊗). Then,

a⊕ 1
2 (	a⊕b) = 1

2⊗(a � b)

a⊕ 1
2 (�a � b) = 1

2⊗(a⊕b)
(6.98)

Proof. The first identity in (6.98) is the result of Theorem 6.34. The

proof of the second identity in (6.98) follows.
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By the Two-Sum Identity in Theorem 6.7, the scalar associative law,

the commutativity of the cooperation and a right cancellation we have

2⊗(a⊕ 1
2⊗(�a � b)) = a⊕{(�a � b)⊕a}

= a⊕{(b � a)⊕a}
= a⊕b

(6.99)

�

6.6 Gyrocovariance

Definition 6.36 (Gyrocovariance, Gyrovector Space Objects). A

map

T : Gn → G (6.100)

from n copies, Gn, of a gyrovector space G = (G,⊕,⊗) into the gyrovector

space G is a rule which assigns to each set of n points a1, . . . , an ∈ G a new

point T (a1, . . . , an) ∈ G, called the image of the points a1, . . . , an. The map

T is gyrocovariant (with respect to the motions of the gyrovector space) if its

image co-varies (that is, varies together) with its preimage points a1, . . . , an

under the gyrovector space motions, that is, if

τT (a1, . . . , an) = T (τa1, . . . , τan)

x⊕T (a1, . . . , an) = T (x⊕a1, . . . ,x⊕an)
(6.101)

for all τ ∈ Aut(G,⊕,⊗) and all x ∈ G.

Furthermore, let Tk: Gn → G, k = 1, . . . ,m, be m gyrocovariant maps.

The set of n+m elements

S = {a1, . . . , an, T1(a1, . . . , an), . . . , Tm(a1, . . . , an)} (6.102)

in G is called a gyrovector space object in G.

Theorem 6.37 The gyromidpoint map T : G2 → G that takes two points

of a gyrovector space (G,⊕,⊗) into their gyromidpoint,

T (a,b) = 1
2⊗(a � b) (6.103)

is gyrocovariant.
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Proof. Let a and b be any two points of a gyrovector space (G,⊕,⊗).

We have to establish the identities

τ{ 1
2⊗(a � b)} = 1

2⊗(τa � τb)

x⊕ 1
2⊗(a � b) = 1

2⊗{(x⊕a) � (x⊕b)}
(6.104)

for all τ ∈ Aut(G,⊕,⊗) and all x ∈ G.

The first identity in (6.104) follows immediately from Def. 6.5, p. 156,

of a gyrovector space automorphism and from (2.76), p. 33. To verify the

second identity in (6.104) we note that

2⊗{x⊕ 1
2⊗(a � b)} = x⊕{(a � b)}⊕x}

= (x⊕a) � (x⊕b)
(6.105)

by the Two-Sum Identity in Theorem 6.7, p. 156, and Identity (3.66), p. 64.

Gyromultiplying the extreme sides of (6.105) by 1
2 gives the second identity

in (6.104),

1
2⊗{(x⊕a) � (x⊕b)} = 1

2⊗[2⊗{x⊕ 1
2⊗(a � b)}]

= ( 1
22)⊗{x⊕1

2⊗(a � b)}
= x⊕ 1

2⊗(a � b)

(6.106)

�

It follows from Def. 6.36 and Theorem 6.37 that the set {a, 1
2 (a�b),b}

of any two points and their gyromidpoint in a gyrovector space (G,⊕,⊗)

is a gyrovector space object in G. As such, it can be moved in G by the

motions of G without destroying its internal structure as a set of two points

with their gyromidpoint.

Theorem 6.38 The points of any gyroline

a⊕(	a⊕b)⊗t (6.107)

a,b ∈ G, t ∈ R, in a gyrovector space (G,⊕,⊗) form a gyrovector space

object.

Proof. We have to show that

τ{a⊕(	a⊕b)⊗t} = τa⊕(	τa⊕τb)⊗t (6.108)

and

x⊕{a⊕(	a⊕b)⊗t} = (x⊕a)⊕{(	(x⊕a)⊕(x⊕b)}⊗t (6.109)

for all automorphisms τ ∈ Aut(G,⊕,⊗), and all a,b,x ∈ G, and t ∈ R.
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Identity (6.108) follows straightforwardly from the definition of gyrovec-

tor space automorphisms in Def. 6.5, p. 156. Identity (6.109) follows from

the chain of equations

(x⊕a)⊕{	(x⊕a)⊕(x⊕b)}⊗t = (x⊕a)⊕{gyr[x, a](	a⊕b)}⊗t
= (x⊕a)⊕gyr[x, a][(	a⊕b)⊗t]
= x⊕{a⊕gyr[a,x]gyr[x, a][(	a⊕b)⊗t]}
= x⊕{a⊕(	a⊕b)⊗t}

(6.110)

in which we employ Theorem 3.13, p. 57, Axiom (V 5) of gyrovector spaces,

the right gyroassociative law, and gyration inversion (see Theorem 6.21,

p. 168). �

6.7 Gyroparallelograms

Theorem 6.39 Let (G,⊕,⊗) be a gyrovector space and let T :G3 → G

be a map given by the equation

T (a,b, c) = (b � c)	a (6.111)

Then the map T is gyrocovariant.

Proof. We have to verify the identities

τ{(b � c)	a} = (τb � τc)	τa
x⊕{(b � c)	a} = {(x⊕b) � (x⊕c)}	(x⊕a)

(6.112)

for all τ ∈ Aut(G,⊕,⊗) and all x ∈ G.

Any gyrovector space automorphism τ of a gyrovector space (G,⊕,⊗),

τ ∈ Aut(G,⊕,⊗) is, in particular, an automorphism of the corresponding

gyrogroup, τ ∈ Aut(G,⊕). Hence, by Theorem 2.28, τ is an automorphism

of the groupoid (G,�) as well, τ ∈ Aut(G,�). Hence, τ satisfies the first

identity in (6.112). The validity of the second identity in (6.112) follows

from Theorem 3.20, p. 62. �

It follows from Theorem 6.39 that the ordered set of four points

S = {a,b,d = (b � c)	a, c} (6.113)



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

178 Analytic Hyperbolic Geometry

in a gyrovector space (G,⊕,⊗) is a gyrovector space object, so that it can

be moved by the motions of its gyrovector space while keeping its internal

structure intact.

The next theorem will enable us to recognize the gyrovector space object

S in (6.113) as the gyroparallelogram, the analog of the Euclidean parallel-

ogram in vector spaces.

Theorem 6.40 Let a,b and c be any three points of a gyrovector space

(G,⊕,⊗) and let d = (b�c)	a. Then, the gyromidpoint pm
a,d of the points

a and d coincides with the gyromidpoint pm
b,c of the points b and c.

Proof. By Theorem 6.34 and a right cancellation we have

2⊗pm
b,c = b � c

2⊗pm
a,d = a � d = d � a = {(b � c)	a}� a = b � c

(6.114)

so that pm
b,c = pm

a,d. �

By Theorems 6.39 and 6.40, the ordered set of four points

S = {a,b,d = (b � c)	a, c} (6.115)

in a gyrovector space (G,⊕,⊗) forms an object of four points that, in

turn, form two pairs, (a,d) and (b, c), that share their gyromidpoints. By

analogy with vector spaces, we recognize the ordered set S in (6.115) as the

four vertices of a gyroparallelogram, ordered clockwise or counterclockwise,

the two gyrodiagonals ad and bc of which intersect at their gyromidpoints.

Hence, Theorems 6.39 and 6.40 suggest the following

Definition 6.41 (Gyroparallelograms). Let a,b and c be any three

points in a gyrovector space (G,⊕,⊗). Then, the four points a,b, c,d in

G are the vertices of the gyroparallelogram abdc, ordered either clockwise

of counterclockwise, Fig. 8.23, p. 321, if they satisfy the gyroparallelogram

condition, (3.17), p. 53,

d = (b � c)	a (6.116)

The gyroparallelogram is degenerate if the three points a,b and c are

gyrocollinear.

If the gyroparallelogram abdc is non-degenerate, then the two vertices

in each of the pairs (a,d) and (b, c) are said to be opposite to one another.

The gyrosegments of adjacent vertices, ab, bd, dc and ca are the sides

of the gyroparallelogram. The gyrosegments ad and bc that link opposite
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vertices of the non-degenerate gyroparallelogram abdc are the gyrodiagonals

of the gyroparallelogram.

The gyrocenter of the gyroparallelogram abdc is the gyromidpoint of

each of its two gyrodiagonals (see Theorem 6.42 below).

In what seemingly sounds like a contradiction in terms we have ex-

tended in Def. 6.41 the Euclidean parallelogram into hyperbolic geometry

where the parallel postulate is denied. The resulting gyroparallelogram

shares remarkable analogies with its Euclidean counterpart, giving rise to

the gyroparallelogram gyrovector addition law, which is fully analogous

to the common parallelogram vector addition law in Euclidean geometry,

Figs. 8.25 – 8.26, p. 322. A gyroparallelogram in the Möbius (Einstein)

gyrovector plane, that is, in the Poincaré (Beltrami-Klein) disc model of

hyperbolic geometry, is presented in Fig. 8.23, p. 321 (in Fig. 10.7, p. 419).

Theorem 6.42 (Gyroparallelogram Symmetries). Every vertex

of the gyroparallelogram abdc satisfies the gyroparallelogram condition,

(6.116), that is,

a = (b � c)	d

b = (a � d)	c

c = (a � d)	b

d = (b � c)	a

(6.117)

Furthermore, the two gyrodiagonals of the gyroparallelogram are concurrent,

the concurrency point being the gyromidpoint of each of the two gyrodiago-

nals.

Proof. The last equation in (6.117) is valid by Def. 6.41 of the gyropar-

allelogram. By the right cancellation law this equation is equivalent to the

equation

a � d = b � c (6.118)

Since the coaddition � is commutative in gyrovector spaces, Eq. (6.118) is

equivalent to each of the equations in (6.117) by the right cancellation law,

thus verifying the first part of the theorem.

Equation (6.118) implies

1
2⊗(a � d) = 1

2⊗(b � c) (6.119)
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By Theorem 6.34, the left (right) hand side of (6.119) is the gyromidpoint

of the gyrodiagonal ad (bc). Hence, the gyromidpoints of the two gyrodi-

agonals of the gyroparallelogram coincide, thus verifying the second part of

the theorem. �

Theorem 6.43 (The Gyroparallelogram (Addition) Law). Let

abdc be a gyroparallelogram in a gyrovector space (G,⊕,⊗). Then

(	a⊕b) � (	a⊕c) = 	a⊕d (6.120)

Proof. By (3.66) and (6.116) we have

(	a⊕b) � (	a⊕c) = 	a⊕{(b � c)	a}
= 	a⊕d

(6.121)

�

The gyroparallelogram law in the Möbius (Einstein) gyrovector plane,

that is, in the Poincaré (Beltrami-Klein) disc model of hyperbolic geometry,

is presented graphically in Figs. 8.25 and 8.26, p. 322, and in Fig. 8.30,

p. 335 (in Figs. 10.7 and 10.10, pp. 419 and 424).

The gyroparallelogram law (6.120) of gyrovector addition is analogous

to the parallelogram law of vector addition in Euclidean geometry, and is

given by the coaddition law of gyrovectors. Remarkably, in order to capture

this analogy we must employ both the gyrocommutative operation ⊕ and

the commutative cooperation � of gyrovector spaces.

Theorem 6.44 If the gyroparallelogram abdc in a gyrovector space

(G,⊕,⊗) is degenerate, then its four vertices are gyrocollinear.

Proof. By Def. 6.41 the vertices a,b, c of the gyroparallelogram abdc

are gyrocollinear. Hence, the vertices a,b, c lie on the gyroline

a⊕(	a⊕b)⊗t (6.122)

In order to show that also the vertex d,

d = (a � b)	c (6.123)

lies on the gyroline (6.122), we represent the point c by the value tc ∈ R of

its gyroline parameter, t, on the gyroline (6.122),

c = a⊕(	a⊕b)⊗tc (6.124)

Then, employing various gyrogroup identities, we have the following chain

of equations, where we use the notation ga,−b = gyr[a,	b] and g−b,a =
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gyr[	b, a]. Equalities in the chain of equations are numbered for subsequent

explanation.

d === (a � b)	c

(1)
︷︸︸︷
=== (a⊕ga,−bb)⊕{	a	(	a⊕b)⊗tc}
(2)
︷︸︸︷
=== {(a⊕ga,−bb)	a}	gyr[a⊕ga,−bb,	a](	a⊕b)⊗tc
(3)
︷︸︸︷
=== gyr[a, ga,−bb]ga,−bb	gyr[a, ga,−bb]ga,−b(b	a)⊗tc
(4)
︷︸︸︷
=== gyr[a, ga,−bb]ga,−b{b	(b	a)⊗tc}
(5)
︷︸︸︷
=== g−b,aga,−b{b	(b	a)⊗tc}
(6)
︷︸︸︷
=== b⊕(	b⊕a)⊗tc
(7)
︷︸︸︷
=== a⊕(	a⊕b)⊗(1− tc)

(6.125)

so that, as expected, the point d lies on the gyroline that contains the

points a,b and c, that is, the gyroline (6.122). The proof of the theorem

is thus complete.

The derivation of the equalities in the chain of equations (6.125) follows.

(1) Follows from the Gyrogroup Cooperation Def. 2.9, and from (6.124).

(2) Follows from the left gyroassociative law.

(3) Follows by employing (3.28), (2.135) and the gyrocommutative law.

(4) Follows from the automorphism property of gyroautomorphisms.

(5) Follows from the nested gyroautomorphism identity (2.128).

(6) Follows by gyroautomorphism inversion, (2.127).

(7) Follows from Lemma 6.27.

It follows from (6.125) that d lies on the gyroline (6.122), as desired.�

Theorem 6.45 If the gyroparallelogram abdc in a gyrovector space

(G,⊕,⊗) is degenerate, then its gyroparallelogram addition, (6.120), re-

duces to gyroaddition, that is, the coaddition � in the gyroparallelogram

addition law reduces to the gyrovector space addition ⊕.
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Proof. By the coaddition definition in Def. 2.9, p. 18, we have

(	a⊕b) � (	a⊕c) = (	a⊕b)⊕gyr[	a⊕b,	(	a⊕c)](	a⊕c) (6.126)

But, it follows from (6.124) that

	a⊕c = (	a⊕b)⊗tc (6.127)

Hence, by (6.127) and by Property (V 6) of gyrovector spaces we have

gyr[	a⊕b,	(	a⊕c)] = gyr[	a⊕b,	(	a⊕b)⊗tc]

= I
(6.128)

so that the gyration in (6.126) is trivial, obtaining

(	a⊕b) � (	a⊕c) = (	a⊕b)⊕(	a⊕c) (6.129)

as desired. �

In the next theorem we will uncover the relationship between opposite

sides of the gyroparallelogram.

Theorem 6.46 Opposite (or, opposing) sides of a gyroparallelogram

abdc in a gyrovector space (G,⊕,⊗) form gyrovectors which are equal mod-

ulo gyrations (see Figs. 8.27, p. 325, and 10.6, p. 418, for illustration), that

is,

	c⊕d = gyr[c,	b]gyr[b,	a](	a⊕b) = gyr[c,	b](b	a)

	b⊕d = gyr[b,	c]gyr[c,	a](	a⊕c) = gyr[b,	c](c	a)
(6.130)

and, equivalently,

	c⊕d = 	gyr[c,	b](	b⊕a)

	c⊕a = 	gyr[c,	b](	b⊕d)
(6.131)

Accordingly, two opposite sides of a gyroparallelogram are congruent,

having equal gyrolengths,

‖	a⊕b‖ = ‖	c⊕d‖

‖	a⊕c‖ = ‖	b⊕d‖
(6.132)

Proof. By Theorem 2.15 we have

	a⊕d = (	a⊕c)⊕gyr[	a, c](	c⊕d) (6.133)
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and by Theorem 6.43, noting the definition of the gyrogroup cooperation,

we have

	a⊕d = (	a⊕c) � (	a⊕b)

= (	a⊕c)⊕gyr[	a⊕c, a	b](	a⊕b)
(6.134)

Comparing (6.133) and (6.134), and employing a right cancellation we have

gyr[	a⊕c, a	b](	a⊕b) = gyr[	a, c](	c⊕d) (6.135)

Identity (6.135), p. 183, can be written, in terms of Identity (3.34), p. 57,

as

gyr[a,	c]gyr[c,	b]gyr[b,	a](	a⊕b) = gyr[	a, c](	c⊕d) (6.136)

which is reducible to the first identity in (6.130) by eliminating gyr[a,	c]

on both sides of (6.136). Similarly, interchanging b and c, one can verify

the second identity in (6.130).

The equivalence between (6.130) and (6.131) follows from the gyroau-

tomorphic inverse property and a gyration inversion.

Finally, (6.132) follows from (6.130) since gyrations preserve the gy-

rolength. �

Theorem 6.47 (The Gyroparallelogram Gyration Transitive

Law). Let abdc be a gyroparallelogram in a gyrovector space (G,⊕,⊗).

Then

gyr[a,	b]gyr[b,	c]gyr[c,	d] = gyr[a,	d] (6.137)

Proof. The proof follows immediately from the gyroparallelogram con-

dition (6.116) and Theorem 3.6, p. 53. �

Following the introduction of the gyroangle in Chap. 8 we will uncover

other analogies that the gyroparallelogram shares with its vector space

counterpart, the parallelogram.

6.8 Gyrogeodesics

The following theorem gives a condition that reduces the gyrotriangle in-

equality (6.14) to an equality, enabling us to interpret gyrolines as gyro-

geodesics.
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Theorem 6.48 (The Gyrotriangle Equality). If a point b lies be-

tween two points a and c in a gyrovector space (G,⊕,⊗) then

‖	a⊕c‖ = ‖	a⊕b‖⊕‖	b⊕c‖ (6.138)

Proof. If b lies between a and c then, by Lemma 6.26,

b = a⊕(	a⊕c)⊗t (6.139)

for some 0 < t < 1, and hence, by Lemma 6.27

b = c⊕(	c⊕a)⊗(1− t) (6.140)

Hence, by left cancellations, we have

	a⊕b = (	a⊕c)⊗t
	c⊕b = (	c⊕a)⊗(1− t)

(6.141)

Taking magnitudes, noting the homogeneity property (V 7), (6.141) gives

‖	a⊕b‖ = ‖	a⊕c‖⊗t
‖	b⊕c‖ = ‖	a⊕c‖⊗(1− t)

(6.142)

so that, by the scalar distributive law (V 2),

‖	a⊕b‖⊕‖	b⊕c‖ = ‖	a⊕c‖⊗{t+ (1− t)}
= ‖	a⊕c‖

(6.143)

�

Remark 6.49 Comparing Theorem 6.48 with Theorem 6.9 we see that

point b between two given points a and c in a gyrovector space (G,⊕,⊗) (i)

turn the gyrotriangle inequality into an equality, and hence (ii) minimize

the gyrodistance gyrosum ‖	a⊕b‖⊕‖	b⊕c‖.

Definition 6.50 (Gyrodistance Along Gyropolygonal Paths). Let

P (a0, . . . , an) be a gyropolygonal path from a point a0 to a point an in a

gyrovector space (G,⊕,⊗), Def. 2.17. The gyrodistance dP (a0,...,an) between

the points a0 and an along the gyropolygonal path P (a0, . . . , an) is given by

the equation

dP (a0,...,an) =
n∑

⊕ , k=1

‖	ak−1⊕ak‖ (6.144)
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In Def. 6.50 we use the notation

n∑

⊕ , k=1

‖	ak−1⊕ak‖ = ‖	a0⊕a1‖⊕ . . . ⊕‖	an−1⊕an‖ (6.145)

noting that unlike the gyrooperation ⊕ between elements of G, which is

gyrocommutative and gyroassociative, the gyrooperation ⊕ between norms

of elements of G is commutative and associative, Remark 6.3.

By the gyrotriangle inequality (6.14) we have the inequality

‖	a0⊕an‖ ≤
n∑

⊕ , k=1

‖	ak−1⊕ak‖ (6.146)

for the vertices of any gyropolygonal path P (a0, . . . , an) that joins the

points a0 and an in a gyrovector space (G,⊕,⊗).

The gyropolygonal path inequality (6.146) reduces to an equality when

(i) the vertices of the gyropolygonal path P (a0, . . . , an) lie on the gyro-

line that passes through the points a0 and an and when (ii) the vertices

a0, . . . , an are ordered on the gyroline by the increasing, or decreasing, order

of their gyroline parameter t ∈ R. Formally, we thus have the following

Theorem 6.51 Let (G,⊕,⊗) be a gyrovector space, and let P (a0, . . . , an)

be a gyropolygonal path joining the points a0 and an in G. If (i) the vertices

a0, . . . , an of the gyropolygonal path lie on the gyroline passing through the

points a0 and an and if (ii) they are ordered on the gyroline by the increas-

ing, or decreasing, order of their gyroline parameter, then the gyropolygonal

path inequality (6.146) reduces to the equality

‖	a0⊕an‖ =

n∑

⊕ , k=1

‖	ak−1⊕ak‖ (6.147)

Proof. Let

a⊕(	a⊕b)⊗t (6.148)

be the gyroline passing through the points a0, . . . , an which, in turn, cor-

respond to the gyroline parameter t in increasing order, that is,

ak = a⊕(	a⊕b)⊗tk (6.149)

k = 0, . . . , n, and

t0 ≤ t1 ≤ . . . tn−1 ≤ tn (6.150)
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For n = 1 the equality in (6.147) clearly holds. Let us assume, by induction,

that (6.147) is valid for n = i. Then,

i+1∑

⊕ , k=1

‖	ak−1⊕ak‖ =
i∑

⊕ , k=1

‖	ak−1⊕ak‖⊕‖	ai⊕ai+1‖

= ‖	a0⊕ai‖⊕‖	ai⊕ai+1‖
= ‖	a0⊕ai+1‖

(6.151)

so that (6.147) holds for n = i+ 1 as well.

The second equality in (6.151) follows from the induction assumption.

To verify the third equality in (6.151) we note that the points a0, ai, and

ai+1 are given by

a0 = a⊕(	a⊕b)⊗t0
ai = a⊕(	a⊕b)⊗ti

ai+1 = a⊕(	a⊕b)⊗ti+1

(6.152)

with gyroline parameters satisfying

t0 ≤ ti ≤ ti+1 (6.153)

so that the point ai lies between the points a0, and ai+1. Hence, the third

equality in (6.151) follows from the gyrotriangle equality in Theorem 6.48.

Hence, by induction, (6.147) is valid for all n ≥ 1.

The proof of the theorem for the case when the gyroline parameters in

(6.150) are in decreasing order is similar. �

Remark 6.52 (Gyrogeodesics). It follows from Theorem 6.51 that

gyrolines minimize gyropolygonal path distances, turning an inequality,

(6.146), into an equality, (6.147). Accordingly, we say that gyrolines are gy-

rogeodesics. The concept of gyrogeodesics coincides with that of geodesics.

Accordingly, in our concrete examples of gyrovector spaces, gyrogeodesics

will turn out to be identical with standard geodesics. This, however, is not

the case with cogyrogeodesics for a reason that is of interest on its own right,

as we will see in the sequel.

6.9 Cogyrolines

Following the discussion leading to Def. 6.19 of the gyroline, we now present

the definition of the cogyroline.
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Definition 6.53 (Cogyrolines, Cogyrosegments). Let a,b be any

two distinct points in a gyrovector space (G,⊕,⊗). The cogyroline in G

that passes through the points a and b is the set of all points

L
c

= (b � a)⊗t⊕a (6.154)

t ∈ R. The gyrovector space expression in (6.154) is called the representa-

tion of the cogyroline L
c

in terms of the two points a and b that it contains.

A cogyroline segment (or, a cogyrosegment) ab with endpoints a and b

is the set of all points in (6.154) with 0 ≤ t ≤ 1. The cogyrolength |ab|c of

the cogyrosegment ab is the cogyrodistance d�(a,b) = ‖b � a‖ between a

and b,

|ab|c = d�(a,b) = ‖b � a‖ (6.155)

Two cogyrosegments are congruent if they have the same cogyrolength.

Considering the real parameter t as “time”, the cogyroline (6.154) passes

through the point a at time t = 0 and, owing to the right cancellation law,

it passes thought the point b at time t = 1.

It is anticipated in Def. 6.53 that the cogyroline is uniquely represented

by any two given points that it contains. The following theorem shows that

this is indeed the case.

Theorem 6.54 Two cogyrolines that share two distinct points are coin-

cident.

Proof. Let

(b � a)⊗t⊕a (6.156)

be a cogyroline that contains the two distinct points p1 and p2. Then,

there exist real numbers t1, t2 ∈ R, t1 6= t2, such that

p1 = (b � a)⊗t1⊕a

p2 = (b � a)⊗t2⊕a
(6.157)

A cogyroline containing the points p1 and p2 has the form

(p2 � p1)⊗t⊕p1 (6.158)

which, by means of (6.157) is reducible to (6.156) with a reparametrization.

Indeed, by (6.157), Identity (2.68) of the Cogyrotranslation Theorem 2.23,
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p. 31, scalar distributivity and associativity, and left gyroassociativity with

Axiom (V 6) of gyrovector spaces, we have

(p2 � p1)⊗t⊕p1

= {[(b � a)⊗t2⊕a] � [(b � a)⊗t1⊕a]}⊗t⊕[(b � a)⊗t1⊕a]

= {(b � a)⊗t2	(b � a)⊗t1}⊗t⊕[(b � a)⊗t1⊕a]

= {(b � a)⊗(t2 − t1)}⊗t⊕[(b � a)⊗t1⊕a]

= (b � a)⊗((t2 − t1)t)⊕[(b � a)⊗t1⊕a]

= {(b � a)⊗((t2 − t1)t)⊕(b � a)⊗t1}⊕a

= (b � a)⊗((t2 − t1)t+ t1)⊕a

(6.159)

We obtain in (6.159) a reparametrization of the cogyroline (6.156) in which

the original cogyroline parameter t is replaced by the new cogyroline pa-

rameter (t2 − t1)t+ t1, where t2 − t1 6= 0.

Hence, any cogyroline (6.156) that contains the two points p1 and p2 is

identical with the cogyroline (6.158). �

Definition 6.55 (Cogyrocollinearity). Three points in a gyrovector

space (G,⊕,⊗) are cogyrocollinear if they lie on the same cogyroline, that

is, there exist a,b ∈ G such that

ak = (b � a)⊗tk⊕a (6.160)

for some tk ∈ R, k = 1, 2, 3. Similarly, n points in G, n > 3, are cogyro-

collinear if any three of these points are cogyrocollinear.

Definition 6.56 (Cobetweenness). A point a2 lies cobetween the

points a1 and a3 in G if the points a1, a2, a3 are cogyrocollinear, that is,

they are related by the equations

ak = (b � a)⊗tk⊕a (6.161)

k = 1, 2, 3, for some a,b ∈ G, a 6= b, and some tk ∈ R, such that either

t1 < t2 < t3 or t3 < t2 < t1.

Lemma 6.57 Three points, a1, a2 and a3 in a gyrovector space (G,⊕,⊗)

are cogyrocollinear if and only if one of these points, say a2, can be expressed

in terms of the two other points by the equation

a2 = (a3 � a1)⊗t⊕a1 (6.162)

for some t ∈ R.



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Gyrovector Spaces 189

Proof. Since the points a1, a2, a3 are cogyrocollinear there exist two dis-

tinct points a,b ∈ G and real number tk such that

ak = (b � a)⊗tk⊕a (6.163)

k = 1, 2, 3.

Let

t =
t2 − t1
t3 − t1

(6.164)

Then, by Identity (2.68) of the Cogyrotranslation Theorem 2.23, and the

scalar distributive law we have

(a3 � a1)⊗t⊕a1

= {[(b � a)⊗t3⊕a] � [(b � a)⊗t1⊕a]}⊗t⊕[(b � a)⊗t1⊕a]

= {(b � a)⊗t3 � (b � a)⊗t1}⊗t⊕[(b � a)⊗t1⊕a]

= {(b � a)⊗t3	(b � a)⊗t1}⊗t⊕[(b � a)⊗t1⊕a]

= (b � a)⊗((t3 − t1)t+ t1)⊕a

= (b � a)⊗t2⊕a

= a2

(6.165)

thus verifying (6.162).

Conversely, if (6.162) holds then the three points are cogyrocollinear,

the point a2 lying on the cogyroline passing through the two other points,

a1 and a3. �

Lemma 6.58 A point a2 lies cobetween the points a1 and a3 in a gy-

rovector space (G,⊕,⊗) if and only if

a2 = (a3 � a1)⊗t⊕a1 (6.166)

for some 0 < t < 1.

Proof. If a2 lies cobetween a1 and a3, the points a1, a2, a3 are cogyro-

collinear. Hence, there exist distinct points a,b ∈ G and real number tk
such that

ak = (b � a)⊗tk⊕a (6.167)

k = 1, 2, 3, and either t1 < t2 < t3 or t3 < t2 < t1. Let

t =
t2 − t1
t3 − t1

(6.168)
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Then 0 < t < 1 and, as in the chain of equations (6.165), we derive the

desired identity

(a3 � a1)⊗t⊕a1 = a2 (6.169)

thus verifying (6.166)

Conversely, if (6.166) holds then, by Def. 6.56 with t1 = 0, t2 = t and

t3 = 1, a2 lies cobetween a1 and a3. �

Lemma 6.59 The two equations

b = (c � a)⊗t⊕a (6.170)

and

b = (a � c)⊗(1− t)⊕c (6.171)

are equivalent for the parameter t ∈ R and all points a,b, c in a gyrovector

space (G,⊕,⊗).

Proof. Let us assume the validity of (6.170). Then, by the scalar dis-

tributive law, (3.27), a right cancellation, and Axiom (V 6) of gyrovector

spaces we have the chain of equations

(a � c)⊗(1− t)⊕c = {(a � c)	(a � c)⊗t}⊕c

= gyr[	(a � c)⊗t, a � c]{	(a � c)⊗t⊕((a � c)⊕c)}
= (	(a � c)⊗t⊕a

= (c � a)⊗t⊕a

= b

(6.172)

thus implying (6.171). Note that the gyration in (6.172) is trivial by Axiom

(V 6) of gyrovector spaces. Similarly, (6.171) implies (6.170). �

Lemma 6.59 suggests the following

Definition 6.60 (Directed Cogyrolines). Let

L = b⊗t⊕a (6.173)

be a cogyroline with a parameter t ∈ R in a gyrovector space (G,⊕,⊗), and

let p1 and p2 be two distinct points on L,

p1 = b⊗t1⊕a

p2 = b⊗t2⊕a
(6.174)
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a,b∈G, t1, t2∈R. The cogyroline L is directed from p1 to p2 if t1 < t2.

As an example, the cogyroline (6.170) has the cogyroline parameter t,

and it is directed from a (where t = 0) to c (where t = 1). Similarly, the

cogyroline (6.171) has the cogyroline parameter s = 1− t, and it is directed

from c (where s = 0) to a (where s = 1).

Lemma 6.61 If the three points a,b, c in a gyrovector space (G,⊕,⊗)

are cogyrocollinear, then

gyr[b � c, a � b] = I (6.175)

Proof. By Lemma 6.57

a = (c � b)⊗t⊕b (6.176)

for some t ∈ R. Hence, by a right cancellation and the commutativity of

the gyrogroup cooperation, Theorem 3.4, p. 52, we have

a � b = (c � b)⊗t = (b � c)⊗(−t) (6.177)

for some t ∈ R. The latter, in turn, implies

gyr[b � c, a � b] = gyr[b � c, (b � c)⊗(−t)] (6.178)

But, the right hand side of (6.178) is the identity automorphism by Axiom

(V 6) of gyrovector spaces, thus verifying (6.175). �

The next Lemma relates cogyrocollinearity to gyrations. A similar result

for gyrocollinearity is found in Lemma 6.29.

Lemma 6.62 If the three points a,b, c in a gyrovector space (G,⊕,⊗)

are cogyrocollinear, then

gyr[a,b]gyr[b, c] = gyr[a, c] (6.179)

Proof. By Lemma 6.61 we have

gyr[b � c, a � b] = I (6.180)

so that the condition of Theorem 3.31 is satisfied. Hence, by Theorem 3.31

we have

gyr[a,b]gyr[b, c]gyr[c, a] = I (6.181)

Identity (6.179) follows from (6.181) by gyroautomorphism inversion. �
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The obvious extension of Lemma 6.62 to any number of cogyrocollinear

points results in the following

Theorem 6.63 (The Cogyroline Gyration Transitive Law). Let

{a1, · · · , an} be a set of n cogyrocollinear points in a gyrovector space

(G,⊕,⊗). Then

gyr[a1, a2]gyr[a2, a3] · · · gyr[an−1, an] = gyr[a1, an] (6.182)

Proof. By Lemma 6.62, Identity (6.182) of the theorem holds for n = 3.

Let us assume, by induction, that Identity (6.182) is valid for some k ≥ 3.

Then, Identity (6.182) is valid for k + 1 as well,

gyr[a1, a2] . . . gyr[ak−1, ak]gyr[ak, ak+1]

= gyr[a1, ak]gyr[ak , ak+1]

= gyr[a1, ak+1]

(6.183)

Hence, Identity (6.182) is valid for all n ≥ 3. �

The duality symmetry that the gyroline and cogyroline gyration tran-

sitive law share in Theorems 6.30 and 6.63 is just a new manifestation of

the gyration duality symmetry already observed in Theorem 2.14, p. 22.

Definition 6.64 (Parallelism between Cogyrolines). The two cogy-

rolines

Lc
ab = (b � a)⊗t⊕a

Lc
a′b′ = (b′ � a′)⊗t⊕a′ (6.184)

in a gyrovector space (G,⊕,⊗) are parallel, in symbols Lc
ab‖La′b′ , if the

two points

b � a

b′ � a′ (6.185)

in G are related by the equation

b′ � a′ = λ⊗(b � a) (6.186)

for some real number λ ∈ R.

In the following theorem we will show that parallelism is a property of

two cogyrolines rather than a property of pairs of points on the cogyrolines.

Theorem 6.65 Parallelism between cogyrolines is cogyroline representa-

tion independent.
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Proof. Let

L = L
c

ab = (b � a)⊗t⊕a

L = L
c

cd = (d � c)⊗t⊕c
(6.187)

t ∈ R, be two representations of the same cogyroline L in terms of two

different pairs of points that L contains in a gyrovector space (Vs,⊕,⊗).

In order to show that parallelism is cogyroline representation independent,

we have to show that the cogyrolines L
c

ab and L
c

cd are parallel.

Since the points c and d are two distinct points lying on the cogyroline

L = L
c

ab, there are real numbers t1, t2 ∈ R, t1 6= t2, such that

c = (b � a)⊗t1⊕a

d = (b � a)⊗t2⊕a
(6.188)

The condition

gyr[(b � a)⊗t1, (b � a)⊗t2] = I (6.189)

of Theorem 2.23 is satisfied by Axiom (V 6) of gyrovector spaces. Hence,

by Theorem 2.23 we have from (6.188),

d � c = {(b � a)⊗t2⊕a}� {(b � a)⊗t1⊕a}
= {(b � a)⊗t2}� {(b � a)⊗t1}
= {(b � a)⊗t2}	{(b � a)⊗t1}
= (b � a)⊗(t2 − t1)

(6.190)

The third equality in (6.190) follows from condition (6.189) and (2.57), and

the fourth equality in (6.190) follows from the scalar distributive law.

Hence, by Def. 6.64, the cogyrolines L
c

ab and L
c

cd are parallel. �

Theorem 6.66 The family of all cogyrolines that are parallel to a given

cogyroline

(b � a)⊗t⊕a (6.191)

in a gyrovector space (G,⊕,⊗) is given by

(b � a)⊗t⊕c (6.192)

with the parameter c ∈ G running over the points of G.



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

194 Analytic Hyperbolic Geometry

Proof. The cogyrolines (6.191) and (6.192) are parallel by Def. 6.64 with

λ = 1.

Conversely, if the cogyroline (6.191) is parallel to the cogyroline

(f � e)⊗t⊕e (6.193)

then the latter can be recast in the form of (6.192). To see this we note

that by the parallelism in Def. 6.64,

f � e = λ⊗(b � a) (6.194)

implying the following equivalent equations

	e � f = λ⊗(b � a)

	e = λ⊗(b � a)	f

e = 	λ⊗(b � a)⊕f

(6.195)

so that (6.193) takes the form

(f	e)⊗t⊕e = λ⊗(b � a)⊗t⊕{	λ⊗(b � a)⊕f}
= (b � a)⊗(λt)⊕{	λ⊗(b � a)⊕f}

(6.196)

The extreme right hand side of (6.196) has the desired form of (6.192) (i)

with

c = 	λ⊗(b � a)⊕f (6.197)

and (ii) with a reparametrization from the cogyroline parameter t to the

new cogyroline parameter λt. �

The left and right gyrotranslations of a by x in a gyrovector space

(G,⊕,⊗) are, respectively, x⊕a and a⊕x. Similarly, the left and right co-

gyrotranslations of a by x in in G are, respectively, x � a and a � x. Left

and right gyrotranslations have, in general, different effects. In contrast,

left and right cogyrotranslations coincide owing to the commutativity of

the gyrovector space cooperation �. Hence, we call them collectively cogy-

rotranslations.

Theorem 6.67 Let d be any point on the cogyroline

b⊗t⊕a (6.198)
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in a gyrovector space (G,⊕,⊗). The cogyrotranslation of the cogyroline

(6.198) by 	d,

(b⊗t⊕a) � d (6.199)

is, again, a cogyroline. The cogyroline (6.198) and the cogyrotranslated

cogyroline (6.199) are parallel and, furthermore, the cogyrotranslated cogy-

roline (6.199) passes through the origin of G.

Proof. Let d be any point on the cogyroline (6.198). The cogyrotransla-

tion (6.199) of the cogyroline (6.198) is manipulated in the following chain

of numbered equalities.

(b⊗t⊕a) � d

(1)
︷︸︸︷
=== (b⊗t⊕a)	gyr[b⊗t⊕a,d]d

(2)
︷︸︸︷
=== b⊗t⊕(a	gyr[a,b⊗t]gyr[b⊗t⊕a,d]d)

(3)
︷︸︸︷
=== b⊗t⊕(a	gyr[a,b⊗t⊕a]gyr[b⊗t⊕a,d]d)

(4)
︷︸︸︷
=== b⊗t⊕(a	gyr[a,d]d)

(5)
︷︸︸︷
=== b⊗t⊕(a � d)

(6.200)

Hence, by (6.200) and Theorem 6.66, the cogyroline (6.198) and the

cogyrotranslated cogyroline (6.199) are parallel.

The derivation of the equalities in (6.200) follows.

(1) Follows from (2.57), p. 29.

(2) Follows from the right gyroassociative law

(3) Follows from the right loop property.

(4) Follows from Theorem 6.63 since the points a, b⊗t⊕a, d are cogyroco-

linear.

(5) Follows from (2.57).

Since the point d lies on the cogyroline (6.198), it is given by the equa-

tion

d = b⊗t0⊕a (6.201)
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for some t0 ∈ R. Hence,

a � d = a � (b⊗t0⊕a)

= a	gyr[a,b⊗t0⊕a](b⊗t0⊕a)

= a	gyr[a,b⊗t0](b⊗t0⊕a)

= a	(a⊕b⊗t0)

= 	b⊗t0

(6.202)

It follows from (6.200) and (6.202) that

(b⊗t⊕a) � d = b⊗t⊕(a � d)

= b⊗t	b⊗t0
= b⊗(t− t0)

(6.203)

demonstrating that the cogyrotranslated cogyroline (6.199) is a special co-

gyroline. It is both a gyroline and a cogyroline that passes through the

origin of its gyrovector space when t = t0. �

Clearly, the cogyroline in (6.199) is origin-intercept, Def. 6.17, suggest-

ing the following

Definition 6.68 (Origin-Intercept Cogyroline). Let d be any point

on the cogyroline

b⊗t⊕a (6.204)

in a gyrovector space (G,⊕,⊗). The resulting origin-intercept cogyroline

(b⊗t⊕a) � d (6.205)

is said to be the origin-intercept cogyroline (or equivalently, gyroline, by

Theorem 6.69 below) that corresponds to the cogyroline (6.204).

Theorem 6.69 The cogyrodifference p1 � p2 of any two points p1 and

p2 lying on a cogyroline lies on a corresponding origin-intercept gyroline.

Proof. The proof follows from (6.203) or, equivalently, from (6.188) and

(6.190). �

Remark 6.70 (Supporting Gyrodiameters). We will find that in

Möbius and in Einstein gyrovector spaces the origin-intercept gyroline that

corresponds to a given cogyroline turns out to be the “supporting gyrodiam-

eter” of the cogyroline. The supporting gyrodiameter, in turn, defines the
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orientation of its cogyroline thus allowing the introduction of parallelism

between cogyrolines.

6.10 Carrier Cogyrolines of Cogyrovectors

Definition 6.71 (Carrier Cogyrolines of Cogyrovectors, Cogy-

rovector Parallelism). Let AB = �A � B be a nonzero cogyrovector

(that is, A 6= B) in a gyrovector space (G,⊕,⊗). The unique cogyroline

Lc
AB

that passes through the points A and B,

Lc
AB

= (�A�B)⊗t⊕A (6.206)

t∈R, is the carrier cogyroline of the cogyrovector AB.

Furthermore, two nonzero cogyrovectors AB and A′B′ are said to be

parallel, in symbols AB‖A′B′, if their carrier cogyrolines are parallel.

Theorem 6.72 Let A′B′ = �A′ � B′ be a cogyrovector translation of

the cogyrovector AB = �A�B in a gyrovector space (G,⊕,⊗), Def. 5.17,

p. 146. Then, the two cogyrovectors AB and A′B′ are parallel, AB‖A′B′,
and have equal cogyrolengths, ‖AB‖ = ‖A′B′‖.

Proof. The cogyrovector A′B′ is a cogyrovector translation of the cogy-

rovector AB. Hence, by Theorem 5.19, p. 147,

B′ = (�A�B)⊕A′ (6.207)

Hence, the cogyroline carriers Lc
AB

and Lc
A′B′

of the cogyrovectors AB and

A′B′ are

Lc
AB

= (�A�B)⊗t⊕A (6.208)

and, by (6.207), by the commutativity of �, and by a right cancellation.

Lc
A′B′

= (�A′ �B′)⊗t⊕A′)

= (�A′ � {(�A�B) �A′}⊗t⊕A′

= ({(�A�B)⊕A′}�A′)⊗t⊕A′

= (�A�B)⊗t⊕A′

(6.209)

Hence, by Theorem 6.66, the cogyrolines Lc
A′B′

and Lc
AB

in (6.209) and

(6.208) are parallel. Accordingly, by Def. 6.71, the cogyrovector AB and

its cogyrovector translated cogyrovector A′B′ are parallel, AB‖A′B′, as

well.
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Furthermore, by (6.207), and by the commutativity of the cooperation

� along with a right cancellation we have

‖�A′ �B′‖ = ‖�A′ � {(�A�B)⊕A′}‖
= ‖{(�A�B)⊕A′}�A′‖
= ‖�A�B‖

(6.210)

so that ‖A′B′‖ = ‖AB‖. �

6.11 Cogyromidpoints

The value t = 1/2 in Lemma 6.59 gives rise to a special point where the

two parameters of b, t and (1− t), coincide. It suggests the following

Definition 6.73 (Cogyromidpoints). The cogyromidpoint pc
ac of

points a and c in a gyrovector space (G,⊕,⊗) is given by the equation

pc
ac = (c � a)⊗ 1

2⊕a (6.211)

Theorem 6.74 Let a and c be any two points of a gyrovector space

(G,⊕,⊗). Then pc
ac satisfies the midpoint symmetry condition

pc
ac = pc

ca (6.212)

as well as the midpoint distance condition

‖a � pc
ac‖ = ‖c � pc

ac‖ (6.213)

Proof. By Lemma 6.59, with t = 1/2, the two equations

b = (c � a)⊗ 1
2⊕a = pc

ac

b = (a � c)⊗ 1
2⊕c = pc

ca

(6.214)

are equivalent, thus verifying (6.212).

It follows from (6.214) by right cancellations and the gyroautomorphic

inverse property, Theorem 2.38, of the gyrogroup cooperation that

pc
ac � a = (c � a)⊗ 1

2

pc
ca � c = (a � c)⊗ 1

2 = 	(c � a)⊗ 1
2

(6.215)

implying

‖pc
ac � a‖ = ‖c � a‖⊗ 1

2

‖pc
ca � c‖ = ‖c � a‖⊗ 1

2

(6.216)
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thus verifying (6.213). �

Theorem 6.75 The cogyromidpoint pc
ab of points a and b satisfies the

identity

pc
ab = 1

2⊗gyr[pc
ab, a](a⊕b) (6.217)

so that

‖pc
ab‖ = 1

2⊗‖a⊕b‖ (6.218)

Proof. By the left loop property and (6.211) we have

gyr[(b � a)⊗ 1
2 , a] = gyr[pc

ab, a] (6.219)

Hence, by the gyrocommutative law, (6.219), the Two-Sum Identity in

Theorem 6.7, and a right cancellation we have,

2⊗{(b � a)⊗ 1
2⊕a} = 2⊗gyr[(b � a)⊗ 1

2 , a]{a⊕ 1
2⊗(b � a)}

= gyr[pc
ab, a]{2⊗[a⊕ 1

2⊗(b � a)]}
= gyr[pc

ab, a]{a⊕[(b � a)⊕a]}
= gyr[pc

ab, a](a⊕b)

(6.220)

thus implying (6.217). Finally, (6.218) follows from (6.217) by Axiom V 7

of gyrovector spaces, noting that gyrations preserve the norm. �

The gyromidpoint and the cogyromidpoint share in Identities (6.218)

and (6.94) a remarkable duality symmetry.

6.12 Cogyrogeodesics

Theorem 6.76 The cogyrodistance in a gyrovector space (G,⊕,⊗) is in-

variant under appropriately gyrated right gyrotranslations,

a � b = (a⊕gyr[a,kab]x) � (b⊕gyr[b,kab]x) (6.221)

for all a,b,x ∈ G where kab is any point lying on the cogyroline passing

through the distinct points a and b.

Proof. By Theorem 6.14 we have the identity

a � b = (a⊕gyr[a,b]y) � (b⊕y) (6.222)

for all a,b,y ∈ G.
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By the cogyroline gyration transitive law, Theorem 6.63, we have the

identity

gyr[a,b] = gyr[a,kab]gyr[kab,b] (6.223)

for any point kab lying on the cogyroline that passes through the points a

and b.

Selecting y = gyr[b,kab]x, and noting (6.223), Identity (6.222) reduces

to (6.221). �

Theorem 6.76 reduces to Theorem 6.14 when the point kab on the co-

gyroline that passes through the points a and b is selected to be kab = b.

The following theorem will enable us to recognize that cogyrolines are

cogeodesics.

Theorem 6.77 (The Cogyrotriangle Equality, I). If a point b lies

cobetween two points a and c in a gyrovector space (G,⊕,⊗) then

‖� a � c‖ = ‖� a � b‖� ‖� b � c‖ (6.224)

Proof. If b lies cobetween a and c then, by Lemma 6.58,

b = (c � a)⊗t⊕a (6.225)

for some 0 < t < 1, and hence, by Lemma 6.59

b = (a � c)⊗(1− t)⊕c (6.226)

Hence, by right cancellations and by the commutativity of the cooperation

� we have from (6.225) and (6.226),

�a � b = (�a � c)⊗t
�c � b = (�c � a)⊗(1− t)

(6.227)

Taking magnitudes, noting the homogeneity property (V 7), (6.227) gives

‖� a � b‖ = ‖� a � c‖⊗t
‖� b � c‖ = ‖� a � c‖⊗(1− t)

(6.228)

so that, by the scalar distributive law (V 2),

‖� a � b‖⊕‖� b � c‖ = ‖� a � c‖⊗{t+ (1− t)}
= ‖� a � c‖

(6.229)

But, the operation ⊕ between magnitudes equals the cooperation � be-

tween magnitudes, Remark 6.3. Hence, (6.229) is equivalent to (6.224). �
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Theorem 6.78 (The Cogyrotriangle Equality, II). If a point b lies

cobetween two points a and c in a gyrovector space (G,⊕,⊗) then

‖� a � gyr[a � b,b � c]c‖ = ‖� a � b‖� ‖� b � c‖ (6.230)

Proof. It follows from Lemma 6.61 and gyroautomorphism inversion that

gyr[a � b,b � c] = I (6.231)

Hence, the gyration in (6.230) for cogyrocollinear points a,b, c is trivial,

making (6.230) equivalent to (6.224) in Theorem 6.77. �

The cogyrotriangle equality in Theorem 6.77 has a form analogous to

that of the gyrotriangle equality in Theorem 6.48. In contrast, the equiva-

lent cogyrotriangle equality in Theorem 6.78 has a form that emphasizes the

result that the cogyrotriangle equality is a special case of the cogyrotriangle

inequality (6.19) corresponding to cogyrocollinear points.

Remark 6.79 Comparing Theorem 6.78 with Theorem 6.11 we see that

point b cobetween two given points a and c in a gyrovector space (G,⊕,⊗)

turn the cogyrotriangle inequality into an equality in analogy with the first

part of Remark 6.49.

Definition 6.80 (Cogyrodistance AlongCogyropolygonalPaths).

A cogyropolygonal path P (a0, . . . , an) from a point a0 to a point an in a gy-

rovector space (G,⊕,⊗) is the same as the gyropolygonal path P (a0, . . . , an)

in Def. 2.17 except that the value of a pair (a,b) is now �a�b. The cogy-

rodistance dP (a0,...,an) between the points a0 and an along the cogyropolyg-

onal path P (a0, . . . , an) is given by the equation

dP (a0,...,an) =

n∑

� , k=1

‖� ak−1 � ak‖ (6.232)

In Def. 6.80 we use the notation

n∑

� , k=1

‖� ak−1 � ak‖ = ‖� a0 � a1‖� . . . � ‖� an−1 � an‖ (6.233)

noting that unlike the cogyrooperation � between elements of G, which is

commutative and nonassociative, the cogyrooperation � between norms of

elements of G is equal to the gyrooperation ⊕, and is both commutative

and associative, Remark 6.49.
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Theorem 6.81 Let (G,⊕,⊗) be a gyrovector space, and let P (a0, . . . , an)

be a cogyropolygonal path joining the points a0 and an in G. If (i) the

vertices a0, . . . , an of the cogyropolygonal path lie on the cogyroline passing

through the points a0 and an and if (ii) they are ordered on the cogyroline

by the increasing, or decreasing order of their cogyroline parameter, then

we have the equality

‖� a0 � an‖ =
n∑

� , k=1

‖� ak−1 � ak‖ (6.234)

Proof. Let

(b � a)⊗t⊕a (6.235)

be the cogyroline passing through the points a0, . . . , an which, in turn,

correspond to the cogyroline parameter t in increasing order, that is,

ak = (b � a)⊗tk⊕a (6.236)

k = 0, . . . , n, and

t0 ≤ t1 ≤ . . . tn−1 ≤ tn (6.237)

For n = 1 the equality in (6.234) clearly holds. Let us assume, by induction,

that (6.234) is valid for n = i. Then,

i+1∑

� , k=1

‖� ak−1 � ak‖ =
i∑

� , k=1

‖� ak−1 � ak‖� ‖	ai � ai+1‖

= ‖� a0 � ai‖� ‖� ai � ai+1‖
= ‖	a0 � ai+1‖

(6.238)

so that (6.234) holds for n = i+ 1 as well.

The second equality in (6.238) follows from the induction assumption.

To verify the third equality in (6.238) we note that the points a0, ai and

ai+1 are given by

a0 = (b � a)⊗t0⊕a

ai = (b � a)⊗ti⊕a

ai+1 = (b � a)⊗ti+1⊕a

(6.239)

with cogyroline parameters satisfying

t0 ≤ ti ≤ ti+1 (6.240)
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so that the point ai lies cobetween the points a0, and ai+1. Hence, the third

equality in (6.238) follows from the cogyrotriangle equality in Theorem 6.77.

Hence, by induction, (6.234) is valid for all n ≥ 1.

The proof of the theorem for the case when the gyroline parameters in

(6.237) are in decreasing order is similar. �

Remark 6.82 (Cogyrogeodesics). Owing to the analogy that Theorem

6.81 shares with Theorem 6.51, cogyrolines are also called cogyrogeodesics.

One should, however, note that the analogies that gyrogeodesics and cogy-

rogeodesics share are incomplete since, unlike the gyrotriangle inequality,

Theorem 6.9, the cogyrotriangle inequality, Theorem 6.11, is “corrected”

by a gyration. Like the gyration corrections that are present in the gy-

roassociative and the gyrocommutative laws, the gyration correction that is

present in the gyrotriangle inequality in Theorem 6.11 has useful geometric

consequences.

6.13 Various Gyrolines and Cancellation Laws

Following the three major cancellation laws in Table 2.1, p. 31, we have

three kinds of gyrolines in a gyrovector space (G,⊕,⊗), each of which

passes uniquely through any two given distinct points a,b ∈ G. Their

representations in terms of the two points a,b and a parameter t∈R are

Lg
ab = a⊕(	a⊕b)⊗t

Lc
ab = (b � a)⊗t⊕a

Lcc
ab = (b	a)⊗t� a

(6.241)

(1) The first expression, Lg
ab, in (6.241) represents a gyroline that

(i) passes through the point a at “time” t = 0; and

(ii) passes through the point b at “time” t = 1 owing to the first

cancellation law in Table 2.1.

(2) The second expression, Lc
ab, in (6.241) represents a cogyroline that

(i) passes through the point a at “time” t = 0; and

(ii) passes through the point b at “time” t = 1 owing to the second

cancellation law in Table 2.1.

(3) The third expression, Lcc
ab, in (6.241) represents a third kind of a

gyroline that

(i) passes through the point a at “time” t = 0; and
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(ii) passes through the point b at “time” t = 1 owing to the third

cancellation law in Table 2.1.

The gyroline Lg
ab in (6.241) satisfies the midpoint symmetry condition

(6.88), p. 173, and the midpoint distance condition (6.89) for a,b∈G, that

is, if

mg
ab = a⊕(	a⊕b)⊗ 1

2 (6.242)

then (midpoint symmetry condition)

mg
ab

= mg
ba

(6.243)

and (midpoint distance condition)

‖a	mg
ab‖ = ‖b	mg

ba‖ (6.244)

Furthermore, the resulting gyromidpoint mg
ab in (6.242) gives rise, by

means of gyrotriangle concurrent medians, to the gyrotriangle gyrocentroid

shown in Fig. 6.21, p. 237. The resulting notion of the gyrocentroid is

extended to the three-dimensional gyrotetrahedron shown in Figs. 10.4 and

10.5, p. 416.

The cogyroline Lc
ab in (6.241) satisfies the midpoint symmetry condition

(6.212), p. 198, and the midpoint distance condition (6.213) for a,b∈G,

that is, if

mc
ab = (b � a)⊗ 1

2⊕a (6.245)

then (midpoint symmetry condition)

mc
ab = mc

ba (6.246)

and (midpoint distance condition)

‖a � mc
ab‖ = ‖b � mc

ba‖ (6.247)

However, unlike the gyromidpoint mg
ab in (6.242), the cogyromidpoint

mc
ab in (6.245) does not give rise to a cogyrotriangle cogyrocentroid since

its resulting cogyrotriangle cogyromedians are not concurrent, as shown in

Fig. 6.22, p. 237.

Finally, the third kind gyroline, Lcc
ab, in (6.241) possesses the pseudo-

midpoint

mcc
ab = (b	a)⊗ 1

2 � a (6.248)



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Gyrovector Spaces 205

that violates the midpoint symmetry condition, that is, in general,

mcc
ab 6= mcc

ba (6.249)

Therefore, the third kind gyroline is not studied in this book. A graphical

presentation of the third kind gyroline Lcc
ab is found in [Ungar (2001b),

Fig. 6.7, p. 175].

Three concrete examples of gyrovector spaces are presented in Secs. 6.14,

6.18, and 6.20. These are (i) the Möbius Gyrovector Spaces, (ii) the Einstein

Gyrovector Spaces of Einstein’s special theory of relativity, and (iii) the

Proper Velocity (PV) Gyrovector Spaces of Einstein’s special theory of

relativity. These three models of gyrovector spaces are mutually isomorphic,

as shown in Table 6.1, p. 226.

6.14 Möbius Gyrovector Spaces

Möbius gyrogroups (Vs,⊕M
) admit scalar multiplication ⊗

M
, turning them-

selves into Möbius gyrovector spaces (Vs,⊕M
,⊗

M
).

Definition 6.83 (Möbius Scalar Multiplication). Let (Vs,⊕M
) be a

Möbius gyrogroup. The Möbius scalar multiplication r⊗
M
v = v⊗

M
r in Vs

is given by the equation

r⊗
M
v = s

(

1 +
‖v‖
s

)r

−
(

1− ‖v‖
s

)r

(

1 +
‖v‖
s

)r

+

(

1− ‖v‖
s

)r
v

‖v‖

= s tanh(r tanh−1 ‖v‖
s

)
v

‖v‖

(6.250)

where r∈R, v∈Vs, v 6= 0; and r⊗
M
0 = 0.

Theorem 6.84 A Möbius gyrogroup (Vs,⊕M
) with Möbius scalar multi-

plication ⊗
M

in Vs forms a gyrovector space (Vs,⊕M
,⊗

M
).

Proof. We will verify the gyrovector space axioms in Def. 6.2 for any

Möbius gyrovector space (Vs,⊕M
,⊗

M
).

(V0) Inner Product Gyroinvariance: Axiom (V 0) is satisfied as verified in

(3.151).
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(V1) Identity Scalar Multiplication: Let a∈Vs. If a = 0 then 1⊗
M
0 = 0 by

definition, so that Axiom (V 1) is satisfied. For a 6= 0 we have

1⊗
M
a = s tanh(tanh−1 ‖a‖

s
)

a

‖a‖

= a

(6.251)

thus verifying Axiom (V 1) of gyrovector spaces.

(V2) Scalar Distributive Law: Let r1, r2∈R. If a = 0 then (r1 +r2)⊗
M
a = 0

and r1⊗M
a⊕

M
r2⊗M

a = 0⊕
M
0 = 0 so that Axiom (V 2) is satisfied. For

a 6= 0 we have, by (6.250) and (3.138), p. 80,

(r1 + r2)⊗
M
a = s tanh([r1 + r2] tanh−1 ‖a‖

s
)

a

‖a‖

= s tanh(r1 tanh−1 ‖a‖
s

+ r2 tanh−1 ‖a‖
s

)
a

‖a‖

= s
tanh(r1 tanh−1 ‖a‖

s ) + tanh(r2 tanh−1 ‖a‖
s )

1 + tanh(r1 tanh−1 ‖a‖
s ) tanh(r2 tanh−1 ‖a‖

s )

a

‖a‖

=
r1⊗M

a + r2⊗M
a

1 + 1
s2 ‖r1⊗M

a‖‖r2⊗M
a‖

= r1⊗M
a⊕

M
r2⊗M

a

(6.252)

thus verifying Axiom (V 2) of gyrovector spaces.

(V3) Scalar Associative Law: For a = 0 the validity of Axiom (V 3) of

gyrovector spaces is obvious. Assuming a 6= 0, let us use the notation

b = r2⊗M
a

= s tanh(r2 tanh−1 ‖a‖
s

)
a

‖a‖

(6.253)

so that

‖b‖
s

= tanh(r2 tanh−1 ‖a‖
s

) (6.254)
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and

b

‖b‖ =
a

‖a‖ (6.255)

Then

r1⊗M
(r2⊗M

a) = r1⊗M
b

= s tanh(r1 tanh−1 ‖b‖
s

)
b

‖b‖

= s tanh(r1 tanh−1(tanh(r2 tanh−1 ‖a‖
s

))
a

‖a‖

= s tanh(r1r2 tanh−1 ‖a‖
s

)
a

‖a‖

= (r1r2)⊗
M
a

(6.256)

(V4) Scaling Property: It follows from the Möbius scalar multiplication

definition that

|r|⊕
M
a = s tanh(|r| tanh−1 ‖a‖

s
)

a

‖a‖

|r|⊕
M
‖a‖ = s tanh(|r| tanh−1 ‖a‖

s
)

‖r⊕
M
a‖ = |s tanh(r tanh−1 ‖a‖

s
)| = s tanh(|r| tanh−1 ‖a‖

s
)

(6.257)

for r ∈ R. Axiom (V 4) follows immediately from the first and the third

identities in (6.257).

(V5) Gyroautomorphism Property: If v = 0 then Axiom (V 5) clearly holds.

Let φ : Vs → Vs be a surjective self map (that is, it maps Vs onto itself)

that keeps invariant the inner product that the ball Vs inherits from its

space V. Furthermore, let v ∈ Vs, v 6= 0, and p ∈ R, |p| < 1, so that

sp
v

‖v‖ ∈ Vs (6.258)

as well.
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Then

φ(sp
v

‖v‖ )·φ(w) = sp
v

‖v‖·w

= sp
φ(v)

‖v‖ ·φ(w)

(6.259)

so that

{

φ(sp
v

‖v‖ )− spφ(v)

‖v‖

}

·φ(w) = 0 (6.260)

for all φ(w), w ∈ Vs.

Since the map φ is surjective, (6.260) can be written as

{

φ(sp
v

‖v‖ )− spφ(v)

‖v‖

}

·x = 0 (6.261)

for all x ∈ Vs.

Owing to the positive definiteness of the inner product in V, (6.261)

implies

φ(sp
v

‖v‖ ) = sp
φ(v)

‖v‖ (6.262)

Considering (6.262) with

p =

(

1 +
‖v‖
s

)r

−
(

1− ‖v‖
s

)r

(

1 +
‖v‖
s

)r

+

(

1− ‖v‖
s

)r (6.263)

and noting that, by assumption, φ preserves the norm that the ball Vs

inherits from its space V, we manipulate the image of (6.250) under the

map φ, obtaining the following chain of equations.
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φ(r⊗
M
v) = φ






s

(

1 +
‖v‖
s

)r

−
(

1− ‖v‖
s

)r

(

1 +
‖v‖
s

)r

+

(

1− ‖v‖
s

)r
v

‖v‖







= s

(

1 +
‖v‖
s

)r

−
(

1− ‖v‖
s

)r

(

1 +
‖v‖
s

)r

+

(

1− ‖v‖
s

)r
φ(v)

‖v‖

= s

(

1 +
‖φ(v)‖
s

)r

−
(

1− ‖φ(v)‖
s

)r

(

1 +
‖φ(v)‖
s

)r

+

(

1− ‖φ(v)‖
s

)r
φ(v)

‖φ(v)‖

= r⊗
M
φ(v)

(6.264)

In the special case when the map φ of Vs is a gyration of Vs, φ(a) =

gyr[u,v]a for a ∈ Vs and arbitrary, but fixed, u,v ∈ Vs, Identity (6.264)

reduces to Axiom (V 5).

(V6) Identity Gyroautomorphism: If either r1 = 0 or r2 = 0 or a = 0 then

Axiom (V 6) holds by Theorem 2.10(13), p. 19. Assuming r1 6= 0, r2 6= 0,

and a 6= 0, the vectors r1⊗M
a and r2⊗M

a are parallel. Hence, by (3.149),

p. 82, the gyration gyr[r1⊗M
a, r2⊗M

a] is trivial, thus verifying Axiom (V 6).

(VV) Vector Space: The vector space (‖G‖,⊕
M
,⊗

M
) is studied in [Carchidi

(1988)].

(V7) Homogeneity Property: Axiom (V 7) follows immediately from the

second and the third identities in (6.257).

(V8) Gyrotriangle Inequality: Axiom (V 8) is Theorem 3.42, p. 81. �

As an example of Möbius scalar multiplication we present the Möbius

half,

1
2⊗M

v =
γv

1 + γv
v (6.265)

It satisfies the identity

γ(1/2)⊗v =

√

1 + γv
2

(6.266)
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PSfrag replacements

a, t = 0

b, t = 1

The Möbius Gyroline
through the points a and b

a⊕
M

(	
M
a⊕

M
b)⊗

M
t

−∞ < t <∞

Fig. 6.1 The unique gyroline in a Möbius
gyrovector space (Vs,⊕

M
,⊗

M
) through two

given points a and b. The case of the
Möbius gyrovector plane, when Vs = R2

s=1
is the real open unit disc, is shown.

PSfrag replacements

a, t = 0

b, t = 1

b �
M

a

The Cogyroline
through the points a and b

(b �
M

a)⊗
M
t⊕

M
a

−∞ < t <∞

Fig. 6.2 The unique cogyroline in
(Vs,⊕

M
,⊗

M
) through two given points a

and b. The case of the Möbius gyrovector
plane, when Vs = R2

s=1 is the real open
unit disc, is shown.

where γv is the gamma factor (3.131), p. 79.

Indeed, in accordance with the scalar associative law of gyrovector

spaces,

2⊗
M

( 1
2⊗M

v) = 2⊗
M

γv
1 + γv

v

=
γv

1 + γv
v⊕

M

γv
1 + γv

v

= v

(6.267)

The unique Möbius gyroline L
g

ab, Fig. 6.1, and cogyroline L
c

ab, Fig. 6.2,

that pass through two given points a and b are represented by the equations

L
g

ab = a⊕
M

(	
M
a⊕

M
b)⊗

M
t

L
c

ab = (b �
M

a)⊗
M
t⊕

M
a

(6.268)

t ∈ R, in a Möbius gyrovector space (Vs,⊕M
,⊗

M
). Gyrolines in a Möbius

gyrovector space coincide with the well-known geodesics of the Poincaré

ball model of hyperbolic geometry, as we will prove in Sec. 7.3. Möbius gy-

rolines in the disc are Euclidean circular arcs that intersect the boundary

of the disc orthogonally, Fig. 6.1. In contrast, Möbius cogyrolines in the
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PSfrag replacements

a

b

ma,b

p

d	(a,p)⊕d	(p,b) = d	(a,b)

a⊕(	a⊕b)⊗t
0 ≤ t ≤ 1

Fig. 6.3 The gyrosegment that links the
two points a and b in the Möbius gyrovec-
tor plane (R2

s ,⊕,⊗). p is a generic point
between a and b, and ma,b is the gyromid-
point of a and b in Def. 6.32 and Theorem
6.33, p. 173. See also Fig, 6.10, p. 221.

PSfrag replacements

a

b

ma,b

p

d�(a,p) � d�(p,b) = d�(a,b)

(b � a)⊗t⊕a

0 ≤ t ≤ 1

b � mab

p � a

Fig. 6.4 The cogyrosegment that links the
two points a and b in the Möbius gyrovec-
tor plane (R2

s ,⊕,⊗). p is a generic point
cobetween a and b and ma,b is the cogyro-
midpoint of a and b in Def. 6.73 and Theo-
rem 6.74, p. 198. See also Fig, 6.11, p. 221.

disc are Euclidean circular arcs that intersect the boundary of the disc dia-

metrically, that is, on the opposite sides of a diameter called the supporting

gyrodiameter, Fig. 6.2.

The supporting gyrodiameter is both a gyroline and a cogyroline passing

through the origin; see Remark 6.70. Let d be any point on the cogyroline,

Fig. 6.2,

(b �
M

a)⊗t⊕
M
a (6.269)

Then, by Theorem 6.67, p. 194, the expression that represents its support-

ing gyrodiameter is

{(b �
M

a)⊗t⊕
M
a}�

M
d (6.270)

the supporting gyrodiameter being the set of all points (6.270) with t ∈ R.

Figure 6.3 presents the gyrosegment ab that joins the points a and b in

the Möbius gyrovector plane (R2
s,⊕M

,⊗) along with its gyromidpoint mab,

and a generic point p lying between a and b. Since the points a,p,b are

gyrocollinear, they satisfy the gyrotriangle equality, Theorem 6.48, shown

in the figure.
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PSfrag replacements

a

b

c

c1

c3

c2

c4

c3

Möbius GyrolinesMöbius Gyrolines
do not admit parallelism

Fig. 6.5 Through the point c, not on the
gyroline ab, there are infinitely many gy-
rolines, like c1c2 and c3c4, that do not in-
tersect gyroline ab. Hence, the Euclidean
parallel postulate is not satisfied.

PSfrag replacements

a

b

c

a′

b′
b � a

b ′ � a ′

Möbius Cogyrolines
admit parallelism

Fig. 6.6 Through the point c, not on the
cogyroline ab, there is a unique cogyroline
a′b′ that does not intersect the cogyroline
ab. Hence, the Euclidean parallel postu-
late is satisfied.

Figure 6.4 presents a cogyrosegment ab in the Möbius gyrovector plane

(R2
s,⊕M

,⊗) along with its cogyromidpoint mab, and a generic point p lying

cobetween a and b. Since the points a,p,b are cogyrocollinear, they satisfy

the cogyrotriangle equality, Theorem 6.77, shown in the Figure. Moreover,

since the points a,p,mab,b lie on the cogyroline, the cogyrodifferences p�a

and b � mab, for instance, lie on the cogyroline supporting gyrodiameter,

as expected from Theorem 6.69 and Remark 6.70.

6.15 Möbius Cogyroline Parallelism

Möbius gyrolines do not admit parallelism. Given a gyroline L
g

0 = ab and a

point c not on the gyroline, there exist infinitely many gyrolines that pass

through the point c and do not intersect the gyroline L
g

0, two of which,

L
g

1 = c1c2 and L
g

2 = c3c4, are shown in Fig. 6.5 for the Möbius gyrovector

plane (R2
s ,⊕M

,⊗
M

).

In contrast, cogyrolines do admit parallelism. Given a cogyroline L
c

0 =

ab and a point c not on the cogyroline, there exists a unique cogyroline

that passes through the point c and does not intersect the cogyroline L
c

0.

It is the cogyroline L
c

1 = a′b′ shown in Fig. 6.6 for the Möbius gyrovector

plane (R2
s ,⊕M

,⊗
M

).
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We note that (i) the two parallel cogyrolines L
c

0 = ab and L
c

1 = a′b′ in

Fig. 6.6 share their supporting gyrodiameters, and that (ii) their associated

points b�a and b′�a′ lie on the common supporting gyrodiameter. Hence,

these points in Vs ⊂ V represent two Euclidean vectors in V that are

Euclidean parallel to the supporting gyrodiameter, so that there exists a

real number r 6= 0 such that b′ � a′ = r(b � a). Equivalently, there exists

a real number λ 6= 0 such that

b′ � a′ = λ⊗(b � a) (6.271)

as we see from Def. 6.83 of scalar multiplication. Hence, by Def. 6.64, the

cogyrolines L
c

0 and L
c

1 are parallel.

6.16 Illustrating the Gyroline Gyration Transitive Law

In a Möbius gyrovector plane the gyroline gyration transitive law in The-

orem 6.30 can be illustrated graphically in terms of the slide of a tangent

line along a circular arc, Fig. 6.7.

Let

L = a⊕b⊗t (6.272)

be a gyroline in the Möbius gyrovector plane (R2
s ,⊕,⊗), and let

p(t) = a⊕b⊗t (6.273)

be the generic point of the gyroline L parametrized by the gyroline param-

eter t ∈ R.

Considering the gyroline parameter t as “time”, the point p(t), −∞ <

t < ∞, travels along the gyroline, reaching the point a at time t = 0 and

the point a⊕b at time t = 1.

Finally, let

bt = gyr[p(t),	a]b (6.274)

be a gyration of b parametrized by the gyroline parameter t.

For t = 0 we have

b0 = gyr[p(0),	a]b

= gyr[a,	a]b

= b

(6.275)
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PSfrag replacements

p
(0

)
=

a

p
(t

1
)

p
(t

2
) p(t3)

p(t) = a⊕b⊗t
−∞ < t <∞
t1 < 0 < t2 < t3

Slide of the tangent line

along the Möbius gyroline p(t)

gyr[p(0),	a]b = b

gyr[p(t1 ),	a]b

gyr[p
(t2

),	
a]bgy

r[
p

(t
3
),
	a

]b

Fig. 6.7 The slide of the Euclidean tangent line along the Möbius gyroline. p(tn) =
a⊕b⊗tn, tn ∈ R, n = 1, 2, 3, t1 < 0 < t2 < t3, and p(0) are four points on the gyroline
p(t) = a⊕b⊗t, parametrized by t ∈ R. The Euclidean tangent line at any point p(t) of
the gyroline is Euclidean parallel to the vector gyr[p(t),	a]b. Shown are the tangent
lines at the four points of the gyroline, p(t1),p(0),p(t2),p(t3), and their corresponding
Euclidean parallel vectors in the Möbius gyrovector plane (R2

s=1,⊕,⊗), which is the
Poincaré disc model of hyperbolic geometry.

Hence, initially, at “time” t = 0 the gyrated b, bt, coincides with b. In-

terpreting b as a Euclidean vector in R2 and the gyroline L as a Euclidean

circular arc in R2, Fig. 6.7 shows that the Euclidean vector b is Euclidean

parallel to the Euclidean tangent line of the Euclidean circular arc L at the

point p(0) = a. In this sense we say that b is pointing in the direction of

the gyroline (6.272), in full analogy with its Euclidean counterpart.

The gyration that gyrates the first point to the second point in (6.276),

gyr[p(t1),	a]b

gyr[p(t2),	a]b
(6.276)

shown in Fig. 6.7, is clearly given by
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gyr[p(t2),	a]gyr−1[p(t1),	a] = gyr[p(t2),	a]gyr[	a,p(t1)]

= gyr[p(t2),	a]gyr[a,	p(t1)]

= gyr[p(t2),	p(t1)]

(6.277)

In the chain of equations (6.277) we employ the gyroline gyration tran-

sitive law, Theorem 6.30, noting that the points a, p(t1) and p(t2) are

gyrocollinear, lying on the cogyroline L.

Similarly, the gyration that gyrates the point

gyr[p(t2),	a]b (6.278)

to the point

gyr[p(t3),	a]b (6.279)

shown in Fig. 6.7, is given by

gyr[p(t3),	p(t2)] (6.280)

By the gyroline gyration transitive law, the composition of the gyroau-

tomorphism (6.277) followed by the gyroautomorphism (6.280) is, again, a

gyroautomorphism,

gyr[p(t3),	p(t2)]gyr[p(t2),	p(t1)] = gyr[p(t3),	p(t1)] (6.281)

gyrating the point

gyr[p(t1),	a]b (6.282)

to the point

gyr[p(t3),	a]b (6.283)

shown in Fig. 6.7.

Noting that a = p(0), gyroautomorphisms of the form gyr[p(t2),	p(t1)]

along with Fig. 6.7 illustrate symbolically and visually the gyroline gyration

transitive law. The parametric gyration of the point b,

gyr[p(t),	p(t0)]b (6.284)

with the parameter t ∈ R and any fixed real number t0, describes the slide

of the Euclidean tangent line along the Euclidean circular arc L with the

variation of t. The slide (6.284) of the tangent line is shown in Fig. 6.7 for
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four values, t1, 0, t2, t3, of the parameter t in the special case when t0 = 0,

for which

p(t0) = p(0) = a (6.285)

6.17 Turning the Möbius Gyrometric into the Poincaré

Metric

A Möbius gyrovector space (Vs,⊕M
,⊗

M
) is a gyrometric space with gyro-

metric given by the Möbius gyrodistance function, Def. 6.8,

d(a,b) = ‖b	
M
a‖ (6.286)

satisfying, for all a,b, c ∈ Vs, the gyrotriangle inequality, Theorem 6.9,

(3.139), and (3.185),

d(a, c) ≤ d(a,b)⊕
M
d(b, c)

=
d(a,b) + d(b, c)

1 + 1
s2 d(a,b)d(b, c)

= s
tanhφb	

M
a + tanhφc	

M
b

1 + tanhφb	
M

a tanhφc	
M

b

= s tanh(φb	
M

a + φc	
M

b)

(6.287)

In the special case when the real inner product space Vs is realized

by the complex open unit disc D, (3.115), Möbius gyrodistance function

(6.286) reduces to

d(a, b) = |a	
M
b| =

∣
∣
∣
∣

a− b
1− āb

∣
∣
∣
∣

(6.288)

a, b ∈ D, as we see from (3.117). Möbius gyrometric (6.288) of the com-

plex open unit disc D is known as the pseudo-hyperbolic distance on D.

It is the cornerstone of classical geometric function theory since it meshes

extraordinarily well with the so called Schwarz-Pick lemma [Cowen and

MacCluer (1995), p. 47][Garnett (1981), pp. 1–2]. Furthermore, it leads to

the well-known Poincaré metric of the ball, as we will see in (6.293) below.

Noting that, by (3.185),

d(a, c) = ‖c	
M
a‖ = s tanhφc	

M
a (6.289)
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etc., we have from (6.287),

tanhφc	
M

a ≤ tanh(φb	
M

a + φc	
M

b) (6.290)

or, equivalently,

φc	
M

a ≤ φb	
M

a + φc	
M

b (6.291)

for a,b, c∈Vs where, by (3.185),

φb	
M

a = tanh−1 ‖b	M
a‖

s
(6.292)

is the rapidity of b	
M
a, etc.

Inequality (6.291) suggests the introduction of the Poincaré distance

function on the ball Vs

h(a,b) = tanh−1 d(a,b)

s

= 1
2 ln s+d(a,b)

s−d(a,b)

(6.293)

It naturally generalizes to the ball the Poincaré distance on D that was

used by Poincaré in his disc model of hyperbolic geometry [Carathéodory

(1998), p. 21] [Krantz (1990), p. 53] [Zhu (1990), p. 59].

The Poincaré distance function (6.293) on the ball is our Möbius metric.

It turns the gyrotriangle inequality (6.287) for gyrodistance on Möbius

gyrovector spaces Vs into a corresponding triangle inequality (6.291) for

distance on Vs. The latter, by (6.292) – (6.293), takes the form

h(a, c) ≤ h(a,b) + h(b, c) (6.294)

Accordingly, (6.293) takes the Möbius gyrometric d(a,b) on Vs and its

gyrotriangle inequality (6.287) into the Möbius metric h(a,b) on Vs and

its triangle inequality (6.294). The distance function h(a,b), in turn, is the

obvious generalization into the ball Vs of the well-known Poincaré distance

function on the disc D. The Poincaré distance function on D is studied, for

instance, in [Krantz (1990), p. 53] and [Goebel and Reich (1984), pp. 65–66].

Möbius gyrometric (6.286) of a Möbius gyrovector space (Vs,⊕M
,⊗

M
)

and its gyrotriangle inequality (6.287) are equivalent to Möbius metric

(6.293) of the Möbius gyrovector space and its triangle inequality (6.294).

From the viewpoint of gyrovector spaces, the advantage of the gyrometric

over the metric of Möbius gyrovector spaces rests on the analogies that the

former shares with vector spaces. Owing to these analogies, the gyrometric
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‖b	
M
a‖, (6.286), and its associated gyrotriangle inequality on the first row

of (6.287) appear natural from the perspective of inhabitants of the Möbius

gyrovector space (R3
s,⊕M

,⊗
M

) just as the metric ‖b−a‖ and its associated

triangle inequality appear natural from the perspective of inhabitants of

the Euclidean vector space (R3,+, ·) where we live.

Remark 6.85 Like Möbius gyrometric, also Möbius cogyrometric can be

expressed in terms of rapidities. This, however, will not give rise to a

corresponding triangle inequality. Unlike Möbius gyrometric, Möbius cogy-

rometric does not obey the gyrotriangle inequality but, rather, the cogyro-

triangle inequality, Theorem 6.11. The latter, in turn, involves a gyration

correction just as the gyroassociative and the gyrocommutative laws involve

gyration corrections. The presence of a gyration correction in the cogyrotri-

angle inequality does not allow its reduction to a triangle inequality. Thus,

Möbius gyrometric is a gyroconcept that captures into gyroformalism the

classical concept of the metric. As a result, for instance, the concept of gy-

rogeodesics in the Möbius gyrovector space (Vs,⊕M
,⊗

M
) coincides with that

of geodesics in the Poincaré ball model of hyperbolic geometry, as we will see

in Sec. 7.3. Contrastingly, Möbius cogyrometric captures new objects called

cogyrogeodesics, which do not have a classical counterpart. Interestingly,

gyrogeodesics and cogyrogeodesics share remarkable duality symmetries that

gyroformalism captures; see for instance, (i) Theorem 2.28, p. 33, (ii) The-

orems 2.36 – 2.37, p. 42, and (iii) Theorems 6.30 and 6.63.

6.18 Einstein Gyrovector Spaces

Einstein gyrogroups (Vs,⊕E
) admit scalar multiplication ⊗

E
, turning them-

selves into Einstein gyrovector spaces (Vs,⊕E
,⊗

E
).

Definition 6.86 (Einstein Scalar Multiplication). Let (Vs,⊕E
) be a

Möbius gyrogroup. The Möbius scalar multiplication r⊗
E
v = v⊗

E
r in Vs is

given by the equation

r⊗
E
v = s

(1 + ‖v‖/s)r − (1− ‖v‖/s)r

(1 + ‖v‖/s)r + (1− ‖v‖/s)r

v

‖v‖

= s tanh(r tanh−1 ‖v‖
s

)
v

‖v‖

(6.295)

where r∈R, v∈Vs, v 6= 0; and r⊗
E
0 = 0.
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Interestingly, the scalar multiplication that Möbius and Einstein addi-

tion admit coincide. This stems from the fact that for parallel vectors in

the ball, Möbius addition and Einstein addition coincide as well.

Einstein scalar multiplication can also be written in terms of the gamma

factor (3.131) as

r⊗
E
v =

1− (γv −
√

γ2
v − 1)2r

1 + (γv −
√

γ2
v − 1)2r

γv
√

γ2
v − 1

v (6.296)

v 6= 0.

As an example, the Einstein half is given by the equation

1
2⊗v =

γv
1 + γv

v (6.297)

so that, accordingly,

2⊗( 1
2⊗v) = 2⊗ γv

1 + γv
v

=
γv

1 + γv
v⊕ γv

1 + γv
v

= v

(6.298)

as expected from the scalar associative law of gyrovector spaces.

The gamma factor of r⊗v is expressible in terms of the gamma factor

of v by the identity

γr⊗
E
v =

1

2
γr
v

{(

1 +
‖v‖
s

)r

+

(

1− ‖v‖
s

)r}

(6.299)

and hence, by (6.295),

γr⊗
E
v(r⊗

E
v) =

1

2
γr
v

{(

1 +
‖v‖
s

)r

−
(

1− ‖v‖
s

)r}
v

‖v‖ (6.300)

for v 6= 0. The special case of r = 2 is of particular interest,

γ2⊗
E
v(2⊗

E
v) = 2γ2

vv (6.301)

Noting the identity, (3.132),

‖v‖2
s2

=
γ2
v − 1

γ2
v

(6.302)
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case of the Einstein gyrovector plane, when
Vs = R2
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E
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case of the Einstein gyrovector plane, when
Vs = R2

s=1 is the real open unit disc, is
shown graphically.

that follows from the gamma factor definition in (3.131), p. 79, we have

from (6.295),

2⊗
E
v =

2γ2
v

2γ2
v − 1

v (6.303)

so that

γ2⊗
E
v = 2γ2

v − 1

=
1 + ‖v‖2/s2
1− ‖v‖2/s2

(6.304)

The unique Einstein gyroline L
g

ab and cogyroline L
c

ab that pass through

two distinct points a and b, shown in Figs. 6.8 – 6.9, are represented by the

equations

L
g

ab = a⊕
E

(	
E
a⊕

E
b)⊗

E
t

L
c

ab = (b �
E

a)⊗
E
t⊕

E
a

(6.305)

t∈R, in an Einstein gyrovector space (Vs,⊕E
,⊗

E
).
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Fig. 6.4, p. 211.

Gyrolines in an Einstein gyrovector space coincide with the well-known

geodesics of the Beltrami-Klein ball model of hyperbolic geometry, as we

will prove in Sec. 7.5. Einstein gyrolines in the disc are Euclidean straight

lines, Fig. 6.8. In contrast, Einstein cogyrolines in the disc are Euclidean

elliptical arcs that intersect the boundary of the disc diametrically, that is,

on the opposite sides of a diameter, that is, the supporting gyrodiameter,

Fig. 6.9.

Figure 6.10 presents a gyrosegment ab in the Einstein gyrovector plane

(R2
s,⊕E

,⊗) along with its gyromidpoint mab, and a generic point p lying

between a and b. Since the points a,p,b are gyrocollinear, they satisfy the

gyrotriangle equality, Theorem 6.48, shown in the figure.

Figure 6.11 presents a cogyrosegment ab in the Einstein gyrovector

plane (R2
s ,⊕E

,⊗) along with its cogyromidpoint mab, and a generic point

p lying cobetween a and b. Since the points a,p,b are cogyrocollinear,

they satisfy the cogyrotriangle equality, Theorem 6.77, shown in the figure.

Moreover, since the points a,p,mab,b lie on the cogyroline, the cogyrod-

ifferences p� a and b�mab, for instance, lie on the cogyroline supporting

gyrodiameter, as expected from Theorem 6.69 and Remark 6.70.
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6.19 Turning Einstein Gyrometric into a Metric

Since Einstein and Möbius addition of parallel vectors in Vs coincide, the

present section is similar to Sec. 6.17.

An Einstein gyrovector space (Vs,⊕E
,⊗

E
) is a gyrometric space with

gyrometric given by the Einstein gyrodistance function, Def. 6.8,

d(a,b) = ‖b	
E
a‖ (6.306)

satisfying the gyrotriangle inequality, Theorem 6.9, p. 157, (3.139), p. 80,

and (3.185), p. 90,

d(a, c) ≤ d(a,b)⊕
E
d(b, c)

=
d(a,b) + d(b, c)

1 + 1
s2 d(a,b)d(b, c)

= s
tanhφb	

E
a + tanhφc	

E
b

1 + tanhφb	
E
a tanhφc	

E
b

= s tanh(φb	
E
a + φc	

E
b)

(6.307)

Noting that, by (3.185), p. 90,

d(a, c) = ‖c	
E
a‖ = s tanhφc	

E
a (6.308)

etc., we have from (6.307),

tanhφc	
E
a ≤ tanh(φb	

E
a + φc	

E
b) (6.309)

or, equivalently,

φc	
E
a ≤ φb	

E
a + φc	

E
b (6.310)

where, by (3.185),

φb	
E
a = tanh−1 ‖b	E

a‖
s

(6.311)

is the rapidity of b	
E
a, etc.

Inequality (6.310) suggests the introduction of the Einstein distance

function

h(a,b) = tanh−1 d(a,b)

s
= 1

2 ln s+d(a,b)
s−d(a,b) (6.312)
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Fig. 6.13 The unique cogyroline in
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U
,⊗

U
) through two given points a and

b. The case of the PV gyrovector plane,
when V = R2 is the Euclidean plane, is
shown. Interestingly, the cogyroline is a
Euclidean straight line.

known as the Bergman metric on the ball Vs [Zhu (2005), p. 25]. Accord-

ingly, Einstein distance function (6.312) turns the gyrotriangle inequality

(6.307) into a corresponding triangle inequality (6.310) that, by (6.311) –

(6.312), takes the form

h(a, c) ≤ h(a,b) + h(b, c) (6.313)

We thus see that the gyrometric (6.306) of an Einstein gyrovector space

(Vs,⊕E
,⊗

E
) and its gyrotriangle inequality (6.307) are equivalent to the

metric (6.312) of the Einstein gyrovector space and its triangle inequality

(6.313).

6.20 PV (Proper Velocity)Gyrovector Spaces

PV gyrogroups (V,⊕
U

) admit scalar multiplication ⊗
U

, turning them-

selves into PV gyrovector spaces (V,⊕
U
,⊗

U
), with gyrolines and cogyrolines

shown for V = R2 in Figs. 6.12 – 6.13.

Definition 6.87 (PV Scalar Multiplication). Let (V,⊕
E
) be a PV

gyrogroup. The PV scalar multiplication r⊗
U
v = v⊗

U
r in V is given by the
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equation

r⊗
U
v =

s

2

{(√

1 +
‖v‖2
s2

+
‖v‖
s

)r

−
(√

1 +
‖v‖2
s2
− ‖v‖

s

)r}

v

‖v‖

= s sinh

(

r sinh−1 ‖v‖
s

)
v

‖v‖
(6.314)

where r∈R, v∈V, v 6= 0; and r⊗
U
0 = 0.

The unique PV gyroline L
g

ab and cogyroline L
c

ab that pass through two

given points a and b are represented by the equations

L
g

ab = a⊕
U

(	
U
a⊕

U
b)⊗

U
t

L
c

ab = (b �
U

a)⊗
U
t⊕

U
a

(6.315)

t ∈ R, in a PV gyrovector space (V,⊕
U
,⊗

U
). PV gyrolines in the space V

are Euclidean hyperbolas with asymptotes that intersect at the origin of the

space V, Fig. 6.12. In contrast, PV cogyrolines in the space are Euclidean

straight lines, Fig. 6.13.

Let c be a point not on the cogyroline L
c

ab that passes through the two

given points a and b in a PV gyrovector space (V,⊕
U
,⊗

U
), Fig. 6.14. In
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order to find a point d ∈ V such that the resulting cogyroline that passes

through the points c and d,

L
c

cd = (d �
U

c)⊗
U
t⊕

U
c (6.316)

is parallel to the given cogyroline L
c

ab, we impose on d the condition

d �
U

c = b �
U

a (6.317)

that follows from Def. 6.64 as the parallelism condition.

Solving (6.317) for d by a right cancellation we have

d = (b �
U

a)⊕
U
c (6.318)

thus determining the unique cogyroline L
c

cd, in (6.316), that passes through

the given point c and is parallel to the given cogyroline L
c

ab.

Since cogyrolines in PV gyrovector spaces are Euclidean straight lines,

parallelism in these gyrovector spaces coincides with Euclidean parallelism,

as shown in Fig. 6.15 with the cogyrolines L
c

ab and L
c

cd of (6.315) and

(6.316).

6.21 Gyrovector Space Isomorphisms

Definition 6.88 (Gyrovector Space Isomorphisms). An iso-

morphism from a gyrovector space (G1,⊕1,⊗1) to a gyrovector space

(G2,⊕2,⊗2) is a bijective map

φ21 : G1 → G2, u1 7→ φ21u1 = u2, v1 7→ φ21v1 = v2

that preserves the vector space operation,

φ21(u1⊕1v1) = φ21u1⊕2φ21v1 = u2⊕2v2 (6.319)

and scalar multiplication,

φ21(r⊗1v1) = r⊗2φ21v1 = r⊗2v2 (6.320)

and that keeps the inner product of unit gyrovectors invariant,

φ21u

‖φ21u‖
· φ21v

‖φ21v‖
=

u

‖u‖·
v

‖v‖ (6.321)

for all nonzero u,v ∈ G1.
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An isomorphism preserves gyrations and cooperation as well. To see

this, let us recall the gyration applications in G1 and G2, Theorem 2.10

(10),

gyr1[u1,v1]w1 = 	1(u1⊕1v1)⊕1{u1⊕1(v1⊕1w1)}
gyr2[u2,v2]w2 = 	2(u2⊕2v2)⊕2{u2⊕2(v2⊕2w2)}

(6.322)

We clearly have

φ21gyr1[u1,v1]w1 = φ21[	1(u1⊕1v1)⊕1{u1⊕1(v1⊕1w1)}]
= 	2(φ21u1⊕2φ21v1)⊕2{φ21u1⊕2(φ21v1⊕2φ21w1)}
= 	2(u2⊕2v2)⊕{u2⊕2(v2⊕2w2)}
= gyr2[u2,v2]w2

(6.323)

and

φ21(u1 �1 v1) = φ21(u1⊕1gyr1[u1,	1v1]v1)

= φ21u1⊕2φ21gyr1[u1,	1v1]v1

= u2⊕2gyr2[u2,	2v2]v2

= u2 �2 u2

(6.324)

The isomorphism inverse to φ21 is denoted φ12. The isomorphisms be-

tween the gyrovector spaces of Möbius, Einstein and PV are presented in

Table 6.1.

Table 6.1 Gyrovector Space Isomorphisms.

Isomorphism Formula

φUE : (Vs,⊕
E

,⊗
E
) → (V,⊕

U
,⊗

U
) φUE : ve 7→ vu = γve

ve

φEU : (V,⊕
U

,⊗
U

) → (Vs,⊕
E

,⊗
E
) φEU : vu 7→ ve = βvuvu

φME : (Vs,⊕
E

,⊗
E
) → (Vs,⊕

M
,⊗

M
) φME : ve 7→ vm = 1

2
⊗

E
ve

φEM : (Vs,⊕
M

,⊗
M

) → (Vs,⊕
E

,⊗
E
) φEM : vm 7→ ve = 2⊗

M
vm

φUM : (Vs,⊕
M

,⊗
M

) → (V,⊕
U

,⊗
U

) φUM : vm 7→ vu = 2γ2
vm

vm

φMU : (V,⊕
U

,⊗
U

) → (Vs,⊕
M

,⊗
M

) φMU : vu 7→ vm =
βvu

1+βvu
vu

The isomorphism between Einstein addition ⊕
E

and Möbius addition

⊕
M

in the ball Vs is surprisingly simple when expressed in the language of
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gyrovector spaces. As we see from Table 6.1, the relationship between ⊕
E

and ⊕
M

is given by the equations

u⊕
E
v = 2⊗( 1

2⊗u⊕
M

1
2⊗v)

u⊕
M
v = 1

2⊗(2⊗u⊕
E
2⊗v)

(6.325)

for all u,v ∈ Vs. The related connection between Möbius transformation

and Lorentz transformation of Einstein’s special theory of relativity was

recognized by H. Liebmann in 1905 [Needham (1997), Chap. 3].

As an illustration, the derivation of the isomorphisms φUM and φMU of

Table 6.1 from the isomorphisms φUE, φEU, φME, and φEM follows. Noting

(6.301) and (6.265), and the definition of the factors β and γ in (3.201) and

(3.131), we have

φUM = φUEφEM : v 7→ 2⊗
E
v 7→ γ2⊗

E
v2⊗

E
v = 2γ2

vv (6.326)

and

φMU = φMEφEU : v 7→ βvv 7→ 1
2⊗E

(βvv) =
γβvv

1+γ
βvv

βvv = βv

1+βv
v (6.327)

Definition 6.89 (Gyrovector Space Models). We say that two iso-

morphic gyrovector spaces are two equivalent models of the abstract gyrovec-

tor space.

Accordingly, we see from Table 6.1 that Einstein, Möbius, and PV gy-

rovector spaces are three equivalent models of the abstract gyrovector space.

Indeed, we will find in Chap. 7 that Einstein, Möbius, and PV gyrovector

spaces provide the setting for three models of the hyperbolic geometry of

Bolyai and Lobachevsky. These are, respectively, the Poincaré ball model,

the Beltrami-Klein ball model, and the PV space model.

As an example for the application of a gyrovector space isomorphism,

we present the following theorem.

Theorem 6.90 Let (G,⊕
E
) be an Einstein gyrogroup. Then, (3.198),

γu⊕
E
v(u⊕

E
v) =

γu⊕
E
v + γv

1 + γu
γuu + γvv (6.328)

for any u,v∈G.
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Proof. The proof is given by the following chain of equations, which are

numbered for subsequent explanation.

γu⊕
E
v(u⊕

E
v)

(1)
︷︸︸︷
=== φUE(u⊕

E
v)

(2)
︷︸︸︷
=== φUEu⊕

U
φUEv

(3)
︷︸︸︷
=== γuu⊕U

γvv

(4)
︷︸︸︷
===

{
βγvv

1 + βγvv

γuγv
u·v
s2

+
1

βγvv

}

γuu + γvv

(5)
︷︸︸︷
===

{
1

1 + γu
γuγv

u·v
s2

+ γv

}

γuu + γvv

(6)
︷︸︸︷
===

γu⊕
E
v + γv

1 + γu
γuu + γvv

(6.329)

(1) Follows from the definition of φUE in Table 6.1.

(2) Follows from property (6.319) in Def. 6.88.

(3) Follows from the definition of φUE in Table 6.1.

(4) Follows from the definition of ⊕
U

in (3.200), p. 94.

(5) Follows from (3.202), p. 94.

(6) Follows from (3.177), p. 88.
�

6.22 Gyrotriangle Gyromedians and Gyrocentroids

The gyromidpoint pm
uv of two points u and v of the abstract gyrovector

space (G,⊕,⊗) is given by, (6.93),

pm
uv = 1

2⊗(u � v) (6.330)

Definition 6.91 (Gyrotriangle Gyromedians, Gyrocentroids).

The gyrosegment connecting the gyromidpoint of a side of a gyrotriangle

with its opposite vertex, Fig. 6.16, is called a gyromedian. The point of

concurrency of the three gyrotriangle gyromedians is called the gyrotriangle

gyrocentroid.
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γuu+γvv
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γuu+γww
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Fig. 6.16 The gyromidpoints of the three sides of a gyrotriangle uvw in the Einstein
gyrovector plane (R2

s ,⊕
E

,⊗
E
) are shown along with its gyromedians and gyrocentroid.

Interestingly, Einsteinian gyromidpoints and gyrocentroids have interpretation in rel-
ativistic mechanics, fully analogous to the interpretation of Euclidean midpoints and
centroids in classical mechanics that one discovers in the vector space approach to Eu-
clidean geometry [Hausner (1998)]; see Fig. 10.3.

We will now study the gyrotriangle gyromedians and gyrocentroid in

Einstein, Fig. 6.16, Möbius,Fig. 6.20, and PV gyrovector spaces, Fig. 6.21,
[Ungar (2004a)].

6.22.1 In Einstein Gyrovector Spaces

Einstein gyrovector spaces (Vs,⊕E
,⊗

E
) are particularly suitable for the

study of gyromedians and gyrocentroids since gyrolines are Euclidean

straight lines so that the calculation of points of intersection of gyrolines

can be performed by methods of linear algebra. The resulting determina-

tion of gyrocentroids in Einstein gyrovector spaces, Fig. 6.16, can readily

be translated into other isomorphic gyrovector spaces.

It follows from (6.330), by (3.195), p. 92, and the scalar associative
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law of gyrovector spaces, that the gyromidpoint pm
uv in Einstein gyrovector

spaces is given by the equation

pm
uv = 1

2⊗E
(u �

E
v)

= 1
2⊗E
{2⊗

E

γuu+γvv

γu+γv
}

=
γuu + γvv

γu + γv

(6.331)

We have thus obtained the following

Theorem 6.92 (The Einstein Gyromidpoint). Let u,v ∈ Vs be any

two points of an Einstein gyrovector space (Vs,⊕E
,⊗

E
). The gyromidpoint

pm
uv of the gyrosegment uv is given by the equation

pm
uv =

γuu + γvv

γu + γv
(6.332)

The gyromidpoints of the three sides of a gyrotriangle uvw in the

Einstein gyrovector plane (R2
s,⊕E

,⊗
E
), and its gyrocentroid are shown in

Fig. 6.16. Gyromidpoints are gyrocovariant under left gyrotranslations,

Theorem 6.37. Therefore a left gyrotranslation by x∈R2
s of the gyroseg-

ment uv in Fig. 6.16 into the gyrosegment (	x⊕u)(	x⊕v) in Fig. 6.17

does not distort the gyrosegment gyromidpoint. Hence, the gyromidpoint

of the gyrotranslated gyrosegment (	x⊕u)(	x⊕v), Fig. 6.17, is given by

the equation

	x⊕pm
uv = pm

(	x⊕u)(	x⊕v) (6.333)

thus uncovering the interesting identity

	x⊕γuu + γvv

γu + γv
=
γ	x⊕u	x⊕u + γ	x⊕v	x⊕v

γ	x⊕u + γ	x⊕v

(6.334)

in any Einstein gyrovector space.

Gyrolines in the Beltrami-Klein ball model of hyperbolic geometry, that

is, in Einstein gyrovector spaces, are Euclidean straight lines. Hence, by

elementary techniques of linear algebra, one can verify that the three gy-

romedians in Fig. 6.16 are concurrent, and that the point of concurrency,

that is, the gyrocentroid Cuvw of gyrotriangle uvw, is given by the elegant

equation (6.335) that we place in the following theorem.
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	x⊕pm
uw =

γ	x⊕u	x⊕u+γ	x⊕w	x⊕w

γ	x⊕u
+γ	x⊕w

	x⊕pm
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γ	x⊕v
+γ	x⊕w

	x⊕Cuvw =
γ	x⊕u	x⊕u+γ	x⊕v	x⊕v+γ	x⊕w	x⊕w

γ	x⊕u
+γ	x⊕v

+γ	x⊕w

Fig. 6.17 A left gyrotranslation by x∈(R2
s ,⊕,⊗) of the gyrotriangle uvw of Fig. 6.16 in

an Einstein plane is shown. Gyromidpoints are gyrocovariant under left gyrotranslations,
Theorem 6.37. Hence, a left gyrotranslation of a gyrotriangle does not distort its side-
gyromidpoints and gyrocentroid. Accordingly, related formulas are left gyrotranslated
gyrocovariantly.

Theorem 6.93 (The Einstein Gyrotriangle Gyrocentroid). Let

u,v,w ∈ Vs be any three nongyrocollinear points of an Einstein gyrovec-

tor space (Vs,⊕E
,⊗

E
). The gyrocentroid Cm

uvw of the gyrotriangle uvw,

Fig. 6.16, is given by the equation

Cuvw =
γuu + γvv + γww

γu + γv + γw
(6.335)

Gyromidpoints are gyrocovariant, Theorem 6.37. Therefore a left gyro-

translation by x∈R2
s of the gyrotriangle uvw in Fig. 6.16 into the gyrotrian-

gle (	x⊕u)(	x⊕v)(	x⊕w) in Fig. 6.17 does not distort the gyrotriangle

side gyromidpoints and gyrocentroid. Hence, the gyrocentroid of the gyro-

translated gyrotriangle (	x⊕u)(	x⊕v)(	x⊕w), Fig. 6.17, is given by the
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PSfrag replacements
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Fig. 6.18 The hyperbolic tetrahedron
uvwx, that is, a gyrotetrahedron, is shown

in the Einstein gyrovector space
R3

s = (R3
s ,⊕

E
,⊗

E
)

underlying the Beltrami ball model of hy-
perbolic geometry. The gyrotetrahedron
uvwx is shown inside the s-ball R3

s of the
Euclidean 3-space R3 where it lives. The
faces of the gyrotetrahedron are gyrotrian-
gles.

PSfrag replacements
u

v
w

x

pvw

Cuvw

Cuvwx

Fig. 6.19 Shown are also the gyromid-
points of the 6 sides and the gyrocentroids

of the 4 faces. The gyroline joining a ver-
tex of a gyrotetrahedron and the hyper-
bolic centroid, gyrocentroid, of the oppo-
site face is called a gyrotetrahedron gyro-
median. The four gyromedians of the gy-
rotetrahedron uvwx are concurrent. The
point of concurrency is the gyrotetrahedron
gyrocentroid Cuvwx .

equation

	x⊕Cuvw =
γ	x⊕u	x⊕u + γ	x⊕v	x⊕v + γ	x⊕w	x⊕w

γ	x⊕u + γ	x⊕v + γ	x⊕w

= C	x⊕u	x⊕v	x⊕w

(6.336)

thus uncovering the interesting identity

	x⊕γuu + γvv + γww

γu + γv + γw

=
γ	x⊕u	x⊕u + γ	x⊕v	x⊕v + γ	x⊕w	x⊕w

γ	x⊕u + γ	x⊕v + γ	x⊕w

(6.337)

in any Einstein gyrovector space.

Euclidean triangle centroids have classical mechanical interpretation
[Hausner (1998)]. Interestingly, we will see in Chaps. 10-11 on Einstein’s

special theory of relativity that gyrocentroids in Einstein two and three-
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dimensional gyrovector spaces have analogous relativistic mechanical inter-

pretation in which the gamma factor plays the role of the relativistic mass

correction.

Further extension to n-dimensional gyrotetrahedrons in n-dimensional

Einstein gyrovector spaces, n ≥ 3, shown in Figs. 6.18 and 6.19 for n = 3, is

obvious. Thus, for instance, the gyrocentroid Cuvwx of the gyrotetrahedron

uvwx in Fig. 6.19 is given by the equation

Cuvwx =
γuu + γvv + γww + γxx

γu + γv + γw + γx
(6.338)

6.22.2 In Möbius Gyrovector Spaces

Let

Ge = (Vs,⊕E
,⊗

E
)

Gm = (Vs,⊕M
,⊗

M
)

(6.339)

be, respectively, the Einstein and the Möbius gyrovector spaces of the ball

Vs of a real inner product space V. They are gyrovector space isomorphic,

with the isomorphism φEM and its inverse isomorphism φME from Gm into

Ge shown in Table 6.1, p. 226. Accordingly, the correspondence between

elements of Gm and Ge is given by the equations

ve = 2⊗
M
vm

vm = 1
2⊗E

ve

(6.340)

ve ∈ Ge, vm ∈ Gm.

Hence, by (6.340) and the first identity in (6.304) we have

γve
= γ2⊗

M
vm

= 2γ2
vm
− 1 (6.341)

Similarly, following (6.340) and (6.301) we have

γve
ve = γ2⊗

M
vm

2⊗
M
vm = 2γ2

vm
vm (6.342)



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

234 Analytic Hyperbolic Geometry

Hence, by (6.332), (6.341) and (6.342) we have

pm
ueve

=
γue

ue + γve
ve

γue
+ γve

=
2γ2

um
um + 2γ2

vm
vm

(2γ2
um
− 1) + (2γ2

vm
− 1)

=
γ2
um

um + γ2
vm

vm

γ2
um

+ γ2
vm
− 1

(6.343)

so that

pm
umvm

= 1
2⊗E

pm
ueve

= 1
2⊗E

γ2
um

um + γ2
vm

vm

γ2
um

+ γ2
vm
− 1

(6.344)

We have thus obtained in (6.344) the following

Theorem 6.94 (The Möbius Gyromidpoint). Let u,v∈Vs be any

two points of a Möbius gyrovector space (Vs,⊕M
,⊗

M
). The gyromidpoint

pm
uv of the gyrosegment uv joining the points u and v in Vs is given by the

equation

pm
uv = 1

2⊗M

γ2
uu + γ2

vv

γ2
u + γ2

v − 1
(6.345)

Similar to (6.343) and (6.344) we have, by (6.335), (6.341) and (6.342),

Cuevewe
=
γue

ue + γve
ve + γwe

we

γue
+ γve

+ γwe

=
2γ2

um
um + 2γ2

vm
vm + 2γ2

wm
wm

(2γ2
um
− 1) + (2γ2

vm
− 1) + (2γ2

wm
− 1)

=
γ2
um

um + γ2
vm

vm + γ2
wm

wm

γ2
um

+ γ2
vm

+ γ2
wm
− 3

2

(6.346)
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Fig. 6.20 A triangle uvw in the Möbius gyrovector plane (R2
s ,⊕

M
,⊗) is shown with

the gyromidpoints puv , puw and pvw of its sides, and its gyromedians, and centroid
Cuvw .

so that

Cumvmwm
= 1

2⊗M
Cuevewe

= 1
2⊗M

γ2
um

um + γ2
vm

vm + γ2
wm

wm

γ2
um

+ γ2
vm

+ γ2
wm
− 3

2

(6.347)

for any um,vm,wm ∈ Gm.

We have thus obtained in (6.347) the following theorem.

Theorem 6.95 (The Möbius Gyrotriangle Gyrocentroid). Let

u,v,w ∈ Vs be any three nongyrocollinear points of a Möbius gyrovector

space (Vs,⊕M
,⊗

M
). The centroid Cuvw, Fig. 6.20, of the hyperbolic triangle

uvw in Vs is given by the equation

Cuvw = 1
2⊗M

γ2
uu + γ2

vv + γ2
ww

γ2
u + γ2

v + γ2
w − 3

2

(6.348)
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The gyrotriangle gyrocentroid in the Möbius gyrovector space (that is,

the hyperbolic triangle centroid in the Poincaré ball model) was also stud-

ied by O. Bottema [Bottema (1958)]. The gyrocentroid of the hyperbolic

triangle uvw in the Poincaré disc model, as determined by (6.348), is shown

in Fig. 6.20.

6.22.3 In PV Gyrovector Spaces

Let Ge = (Vs,⊕E
,⊗

E
) and Gu = (V,⊕

U
,⊗

U
) be, respectively, the Einstein

and the PV gyrovector spaces of the ball Vs of a real inner product space

V and of the real inner product space V. They are gyrovector space iso-

morphic, with the isomorphism φEU and its inverse isomorphism φUE from

Gu into Ge shown in Table 6.1, p. 226. Accordingly, the correspondence

between elements of Gu and Ge is given by the equations

ve = βvu
vu

vu = γve
ve

(6.349)

ve ∈ Ge, vu ∈ Gu, so that

γve
=

1

βvu

(6.350)

Hence, by (6.332) and (6.350) we have

pm
ueve

=
γue

ue + γve
ve

γue
+ γve

=
uu + vu

1

βuu

+
1

βvu

=
βuu

βvu

βuu
+ βvu

(uu + vu)

(6.351)

so that, using the notation γ(v) = γv when convenient, we have

pm
uuvu

= γ(pm
ueve

)pm
ueve

(6.352)

Similarly, the gyrocentroid Cuevewe
of gyrotriangle uevewe in Ge is
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Fig. 6.21 Gyrotriangle gyromedians in a
PV gyrovector space are concurrent, giving
rise to the gyrotriangle gyrocentroid. The
gyrotriangle gyroangles satisfy

α + β + γ < π
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Fig. 6.22 Cogyrotriangle cogyromedians
in a PV gyrovector space are not concur-
rent, so that a cogyrotriangle cogyrocen-
troid does not exist. The cogyrotriangle co-
gyroangles satisfy α+β+γ = π

given in terms of corresponding points of Gu by the equation

Cuevewe
=
γue

ue + γve
ve + γwe

we

γue
+ γve

+ γwe

=
uu + vu + wu

1

βuu

+
1

βvu

+
1

βwu

(6.353)

so that the gyrocentroid Cuuvuwu
of gyrotriangle uuvuwu in Gu is given

by the equation

Cuuvuwu
= γ(Cuevewe

)Cuevewe
(6.354)

A gyrotriangle in the PV gyrovector plane (R2,⊕
U
,⊗

U
), along with its

gyromedians and gyrocentroid, is shown in Fig. 6.21.

We may finally note that cogyrocentroids of cogyrotriangles do not ex-

ist since the cogyromedians of a cogyrotriangle are not concurrent as we

see, for instance, in Fig. 6.22. The non-concurrency of the cogyrotriangle

cogyromedians is “explained” by the bifurcation principle in the hyperbolic

bifurcation diagram of Fig. 8.50, p. 370.



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

238 Analytic Hyperbolic Geometry

6.23 Exercises

(1) Verify the last identity in (6.298).

(2) Prove the two identities in (6.325) (the use of a computer software

for symbolic manipulation is recommended).

(3) Prove the identity

γ3⊗v(3⊗v) = (4γ3
v − γv)v (6.355)

for any gyrovector v in an Einstein gyrovector space (Vs,⊕E
,⊗

E
).

(4) The Einstein Quarter. Prove the identity

1

4
⊗

E
v =

γv

γv + 1 +
√

2(1 + γv)
v (6.356)

for any gyrovector v in an Einstein gyrovector space (Vs,⊕E
,⊗

E
).

Hint: Use the Einstein half (6.297) successively, noting the scalar

associative law of gyrovector spaces.

(5) Verify Theorem 6.46 by employing Theorem 3.8, p. 54, and the

gyrocommutative law.

(6) Identities (6.212) and (6.217) along with the gyrocommutative law

suggest the identity

gyr[pc
ab,b]gyr[b, a] = gyr[pc

ab, a] (6.357)

(Why?) Verify the suggested gyroautomorphism identity (6.357).

(7) Use Table 6.1 to show that

βvu
γve

= 1 (6.358)
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Chapter 7

Rudiments of Differential Geometry

In this chapter we uncover the link between gyrovector spaces of balls sit-

ting in Euclidean n-spaces Rn, n ≥ 2, and differential geometry. Accord-

ingly, we explore the differential geometry of Möbius gyrovector spaces

(Rn
c ,⊕M

,⊗
M

), Einstein gyrovector spaces (Rn
c ,⊕E

,⊗
E

), and PV gyrovector

spaces (Rn,⊕
U
,⊗

U
), where R

n
c is the c-ball of the Euclidean n-space,

R
n
c = {v ∈ R

n : ‖v‖ < c} (7.1)

We will find that the differential geometry of Möbius and Einstein

gyrovector spaces reveals that Möbius gyrovector spaces coincide with

the Poincaré ball model of hyperbolic geometry while Einstein gyrovector

spaces coincide with the Beltrami-Klein ball model of hyperbolic geometry.

In contrast, PV gyrovector spaces provide a new space (as opposed to ball)

model of hyperbolic geometry.

In Rn we introduce a Cartesian coordinate system relative to which we

use the vector notation

r = (x1, x2, . . . , xn)

dr = (dx1, dx2, . . . , dxn)

r2 = r·r = ‖r‖2 =

n∑

i=1

x2
i , r4 = (r2)2

dr2 = dr·dr = ‖dr‖2 =

n∑

i=1

dx2
i

r·dr =

n∑

i=1

xidxi

(r×dr)2 = r2dr2 − (r·dr)2

(7.2)

Note that by the last equation in (7.2) (r×dr)2 is defined in Rn for any

239
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dimension n.

7.1 The Riemannian Line Element of Euclidean Metric

To set the stage for the study of the gyroline and the cogyroline element of

the gyrovector spaces (Rn
c ,⊕,⊗) and (Rn,⊕,⊗), n∈N, in Secs. 7.3 – 7.8 we

begin with the study of the Riemannian line element ds2 of the Euclidean

vector space Rn with its standard metric given by the distance function

d(a,b) = ‖b− a‖ (7.3)

The differential

∆s = (v + ∆v)− v = ∆v (7.4)

has the norm

‖∆s‖ = d(v + ∆v,v) = ‖(v + ∆v) − v‖ = ‖∆v‖ (7.5)

The latter gives the distance between the two infinitesimally nearby points

v and v + ∆v in Rn, where ∆v is of sufficiently small length, ‖∆v‖ < ε

for some ε > 0.

Let v,∆v ∈ Rn
c or Rn be represented by their components rela-

tive to rectangular Cartesian coordinates as v = (x1, . . . xn) and ∆v =

(∆x1, . . . ∆xn). The differential ∆s can be written as

∆s =

[
∂∆s

∂∆x1

]

∆v=0

∆x1 + . . . +

[
∂∆s

∂∆xn

]

∆v=0

∆xn

+ ε1∆x1 + . . . + εn∆xn

(7.6)

where ε1, . . . , εn → 0 as ε→ 0.

We write (7.6) as

ds =

[
∂∆s

∂∆x1

]

∆v=0

dx1 + . . . +

[
∂∆s

∂∆xn

]

∆v=0

dxn (7.7)

and use the notation ds2 = ‖ds‖2.

Since

∂∆s

∂∆xk
= (0, . . . , 1, . . . , 0) (7.8)
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(a 1 in the kth position), (7.7) gives

ds = (dx1, . . . , dxn) (7.9)

so that the Riemannian line element of the Euclidean n-space Rn with its

standard metric (7.3) is

ds2 =

n∑

i=1

dx2
i = dr2 (7.10)

Following the calculation of the Riemannian line element (7.10) of the

Euclidean n-space Rn with its metric given by the Euclidean distance func-

tion (7.3) the stage is set for the presentation of analogies in Sec. 7.2 and,

subsequently, for the calculation of the

(1) gyroline element of each of the gyrovector spaces in Secs. 7.3 –

7.8 with their gyrometrics given by their respective gyrodistance

functions; and the

(2) cogyroline element of each of the gyrovector spaces in Secs. 7.3 – 7.8

with their cogyrometrics given by their respective cogyrodistance

functions.

7.2 The Gyroline and the Cogyroline Element

The gyrometric and the cogyrometric of a gyrovector space (G,⊕,⊗) is

given by its gyrodistance and cogyrodistance function

d⊕(a,b) = ‖b	a‖
d�(a,b) = ‖b � a‖

(7.11)

respectively, in full analogy with (7.3).

To determine the line element ds2 of the n-dimensional Riemannian

manifold which corresponds to a gyrovector space gyrometric and cogy-

rometric, we consider the gyrodifferential and the cogyrodifferential given,

respectively, by the equations

∆s = (v + ∆v)	v

∆s = (v + ∆v) � v
(7.12)

in a gyrovector space (G,⊕,⊗), where G = Rn
c or G = Rn. The analogies

that the gyrodifferential and the cogyrodifferential in (7.12) share with the
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differential in (7.4) are obvious [Ungar (2005b)].

The norm of the gyrodifferential and the cogyrodifferential in Rn gives,

respectively, the gyrodistance and the cogyrodistance

‖∆s‖ = d⊕(v + ∆v,v) = ‖(v + ∆v)	v‖
‖∆s‖ = d�(v + ∆v,v) = ‖(v + ∆v) � v‖

(7.13)

between the two infinitesimally nearby points v and v + ∆v of R
n
c or R

n.

Here + is vector addition in R
n, and ∆v is an element of R

n
c or R

n of

sufficiently small length, ‖∆v‖ < ε for some ε > 0, in full analogy with

(7.5).

Let v,∆v ∈ Rn
c or Rn be represented by their components relative

to rectangular Cartesian coordinates as v = (x1, . . . xn) and ∆v =

(∆x1, . . . ∆xn). The differential ∆s can be written as

∆s =

[
∂∆s

∂∆x1

]

∆v=0

∆x1 + . . . +

[
∂∆s

∂∆xn

]

∆v=0

∆xn

+ ε1∆x1 + . . . + εn∆xn

(7.14)

where ε1, . . . , εn → 0 as ε→ 0.

We write (7.14) as

ds =

[
∂∆s

∂∆x1

]

∆v=0

dx1 + . . . +

[
∂∆s

∂∆xn

]

∆v=0

dxn (7.15)

and use the notation ds2 = ‖ds‖2. Following the origin of ds from a gyrod-

ifferential or a cogyrodifferential, we call ds the element of arc gyrolength

or cogyrolength, and call ds2 = ‖ds‖2 the gyroline or cogyroline element,

respectively. Each gyroline and cogyroline element forms a Riemannian line

element.

For the sake of simplicity, further details are given explicitly for the

special case of n = 2, but the generalization to any integer n > 2 is obvious,

and will be presented without further details. In the special case when

n = 2, (7.15) reduces to

ds =

[
∂∆s

∂∆x1

]







∆x1 = 0

∆x2 = 0







dx1 +

[
∂∆s

∂∆x2

]







∆x1 = 0

∆x2 = 0







dx2

= X1(x1, x2)dx1 + X2(x1, x2)dx2

(7.16)
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where X1,X2 : R2
c → R2 (where G = R2

c) or X1,X2 : R2 → R2 (where

G = R2) are given by

Xk(x1, x2) =

[
∂∆s

∂∆xk

]







∆x1 = 0

∆x2 = 0







(7.17)

k = 1, 2.

Following standard notation in differential geometry [Carmo (1976),

p. 92], the metric coefficients of the gyrometric or cogyrometric of the gy-

rovector plane (R2
c ,⊕,⊗) or (R2,⊕,⊗) in the Cartesian x1x2-coordinates

are

E = X1·X1

F = X1·X2

G = X2·X2

(7.18)

These metric coefficients give rise to the Riemannian line element

ds2 = Edx2
1 + 2Fdx1dx2 +Gdx2

2 (7.19)

suggesting the following two definitions.

Definition 7.1 (Gyrometric and Cogyrometric Coefficients). The

metric coefficients (7.18) that result from the gyrodistance (cogyrodistance)

(7.11) in a gyrovector space (G,⊕,⊗) are called the gyrometric (cogyromet-

ric) coefficients of the gyrovector space.

Definition 7.2 (Gyroline and Cogyroline Elements). The Rieman-

nian line element (7.19) that results from the gyrodistance (cogyrodistance)

(7.11) in a gyrovector space (G,⊕,⊗) is called the gyroline (cogyroline)

element of the gyrovector space.

The gyrovector plane (R2
c ,⊕,⊗) or (R2,⊕,⊗), with its gyrometric or

cogyrometric, results in a Riemannian line element ds2. The latter, in turn,

gives rise to the Riemannian surface (R2
c , ds

2) or (R2, ds2). The Gaussian

curvature K of this surface is given by the equation [McCleary (1994),
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p. 149]

K =
1

(EG− F 2)2

{

det









− 1
2E22 + F12 − 1

2G11
1
2E1 F1 − 1

2E2

F2 − 1
2G1 E F

1
2G2 F G









−det









0 1
2E2

1
2G1

1
2E2 E F

1
2G1 F G









}

(7.20)

where E1 = ∂E/∂x1, F12 = ∂2F/∂x1∂x2, etc.

In the special case of F = 0 (7.20) reduces to the equation

K = − 1

2
√
EG

{

∂

∂x2

∂E
∂x2√
EG

+
∂

∂x1

∂G
∂x1√
EG

}

(7.21)

EG > 0, [Carmo (1976), p. 237] [McCleary (1994), p. 155] [Oprea (1997),

p. 105].

The following definition is natural along the line of Defs. 7.1 and 7.2.

Definition 7.3 (Gyrocurvature and Cogyrocurvature). The Gaus-

sian curvature of a gyrovector space with its gyroline (cogyroline) element

is called a gyrocurvature (cogyrocurvature).

Following Defs. 7.1, 7.2 and 7.3, any gyrovector space possesses (i) a

gyrodistance and a cogyrodistance function; (ii) a gyrometric and a cogy-

rometric; (iii) gyrometric and cogyrometric coefficients; (iv) a gyroline and

a cogyroline element; and (v) a gyrocurvature and a cogyrocurvature.

Concrete examples are presented in Secs. 7.3 – 7.8, and are summarized

in Table 7.1 of Sec. 7.9.
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7.3 The Gyroline Element of Möbius Gyrovector Spaces

In this section we uncover the Riemannian line element to which the gyro-

metric of the Möbius gyrovector space (Rn
c ,⊕M

,⊗
M

) gives rise.

Let us consider the gyrodifferential (7.12),

∆s
M

= (v + ∆v)	
M
v

=

(
x1 + ∆x1

x2 + ∆x2

)

	
M

(
x1

x2

)
(7.22)

in the Möbius gyrovector plane (R2
c ,⊕M

,⊗
M

), where ambiguously, + is the

Euclidean addition in R2 and in R. To calculate X1 and X2 we have

ds
M

=

[
∂∆s

M

∂∆x1

]







∆x1 = 0

∆x2 = 0







dx1 +

[
∂∆s

M

∂∆x2

]







∆x1 = 0

∆x2 = 0







dx2

= X1(x1, x2)dx1 + X2(x1, x2)dx2

(7.23)

where X1,X2 : R2
c → R2, obtaining

X1(x1, x2) =
c2

c2 − r2 (1, 0) ∈ R
2

X2(x1, x2) =
c2

c2 − r2 (0, 1) ∈ R
2

(7.24)

where r2 = x2
1 + x2

2.

The gyrometric coefficients of the gyrometric of the Möbius gyrovector

plane in the Cartesian x1x2-coordinates are therefore

E = X1·X1 =
c4

(c2 − r2)2

F = X1·X2 = 0

G = X2·X2 =
c4

(c2 − r2)2

(7.25)

Hence, the gyroline element of the Möbius gyrovector plane (R2
c ,⊕M

,⊗
M

)
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is the Riemannian line element

ds2M = ‖ds
M
‖2

= Edx2
1 + 2Fdx1dx2 +Gdx2

2

=
c4

(c2 − r2)2
(dx2

1 + dx2
2)

(7.26)

known as the Poincaré metric. Thus, for instance, the Riemannian line

element of the Poincaré disc or, equivalently, the Möbius gyrovector plane

(R2
c=2,⊕M

,⊗
M

), is [McCleary (1994), p. 226]

ds2M =
dx2

1 + dx2
2

(1− r2

c2 )2
(7.27)

An interesting elementary study of the Riemannian structure (7.26) in

the context of the hyperbolic plane is presented in the introductory chapter

of [Helgason (1984)]. The Riemannian line element ds2
M

is identified in
[Farkas and Kra (1992), p. 216] as a Riemannian metric on the Riemann

surface Dc=1, where Dc=1 is the Poincaré complex open unit disc.

Following Riemann [Stahl (1993), p. 73] we note that E, G and EG −
F 2 = EG are all positive in the open disc R2

c , so that the quadratic form

(7.26) is positive definite [Kreyszig (1991), p. 84].

The gyrocurvature of the Möbius gyrovector plane is the Gaussian cur-

vature K of the surface with the line element (7.26). It is a negative con-

stant,

K = − 4

c2
(7.28)

as one can calculate from (7.21).

Extending (7.26) from n = 2 to n ≥ 2 we have

ds2
M

=
c4

(c2 − r2)2
dr2

=
dr2

(1 + 1
4Kr2)2

(7.29)

The Riemannian line element ds2
M

reduces to its Euclidean counterpart

in the limit of large c,

lim
c→∞

ds2
M

= dr2 (7.30)
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as expected.

The study of the line element (7.29) by Riemann is described in [Coxeter

(1998), p. 12]. In two dimensions it is known as the Poincaré metric of the

Poincaré disc [McCleary (1994)]. We have thus established the following

theorem.

Theorem 7.4 The gyroline element of a Möbius gyrovector space

(Rn
c ,⊕M

,⊗
M

) is given by the equation

ds2
M

=
c4

(c2 − r2)2
dr2 (7.31)

and its gyrocurvature is given by the equation

K = − 4

c2
(7.32)

In particular, for n = 2 and c = 1 the gyroline element (7.31) coincides

with the Riemannian line element of the Poincaré disc model of hyperbolic

geometry.

A Riemannian metric g in Rn has the form

g =

n∑

i,j=1

gijdxidxj (7.33)

Two Riemannian metrics g1 and g2 are said to be conformal to each other

if there is a positive smooth (that is, infinitely differentiable) function f :

Rn → R>0 such that g1 = fg2 [Lee (1997)], R>0 = {r ∈ R : r > 0} being

the positive ray of the real line R.

The Riemannian metric of Möbius gyrovector spaces (Rn
c ,⊕M

,⊗
M

),

given by (7.29), is conformal to the Riemannian metric

dr2 =
n∑

i=1

dx2
i (7.34)

of the Euclidean n-space Rn. Hence, hyperbolic spheres in Möbius gyrovec-

tor spaces are also Euclidean spheres. However, Euclidean and hyperbolic

sphere centers need not coincide, as shown in Fig. 7.1. The reason in terms

of analogies that Euclidean and hyperbolic geometry share is clear. For

any two tangent Euclidean circles with centers a, c and concurrent point

b, the points a,b, c are collinear. In full analogy, for any two tangent

Möbius circles with centers a, c and concurrent point b, the points a,b, c

are gyrocollinear, as shown in Fig. 7.1.
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PSfrag replacements

a

b

c

Ca,b

Cc,b

Fig. 7.1 The Möbius gyrocircle Ca,b, given by the equation

a⊕
M

(
cos θ − sin θ
sin θ cos θ

)

(	
M

a⊕
M

b), 0 ≤ θ < 2π,

is the hyperbolic circle in the Möbius gyrovector plane (R2
c ,⊕

M
,⊗

M
). It is a Euclidean

circle with hyperbolic radius ‖	
M

a⊕
M

b‖, hyperbolically centered at a.
A second gyrocircle, Cc,b, that intersects Ca,b at a single point, b, is shown. In full
analogy with Euclidean geometry, the two gyrocenters a and c and the concurrent point
b are gyrocollinear.

7.4 The Cogyroline Element of Möbius Gyrovector Spaces

In this section we uncover the Riemannian line element to which the cogy-

rometric of the Möbius gyrovector space (Rn
c ,⊕M

,⊗
M

) gives rise.

Let us consider the cogyrodifferential (7.12),

∆sCM = (v + ∆v) �
M

v

=

(
x1 + ∆x1

x2 + ∆x2

)

�
M

(
x1

x2

) (7.35)

in the Möbius gyrovector plane (R2
c ,⊕M

,⊗
M

), where + is the Euclidean
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addition in R2 and in R. To calculate X1 and X2 we have

dsCM =

[
∂∆sCM

∂∆x1

]







∆x1 = 0

∆x2 = 0







dx1 +

[
∂∆sCM

∂∆x2

]







∆x1 = 0

∆x2 = 0







dx2

= X1(x1, x2)dx1 + X2(x1, x2)dx2

(7.36)

where X1,X2 : R2
c → R2, obtaining

X1(x1, x2) =
c2

c4 − r4 (c2 + x2
1 − x2

2, 2x1x2) ∈ Vc = R
2
c

X2(x1, x2) =
c2

c4 − r4 (2x1x2, c
2 + x2

1 − x2
2) ∈ Vc = R

2
c

(7.37)

where r2 = x2
1 + x2

2.

The cogyrometric coefficients of the cogyrometric of the Möbius gy-

rovector plane in the Cartesian x1x2-coordinates are therefore

E = X1·X1 =
c4

(c4 − r4)2
{

(c2 + r2)2 − 4c2x2
2

}

F = X1·X2 =
c6

(c4 − r4)2
x1x2

G = X2·X2 =
c4

(c4 − r4)2
{

(c2 + r2)2 − 4c2x2
1

}

(7.38)

Hence, the cogyroline element of the Möbius gyrovector plane

(R2
c ,⊕M

,⊗
M

) is the Riemannian line element

ds2
CM

= ‖dsCM‖2

= Edx2
1 + 2Fdx1dx2 +Gdx2

2

=
c4

(c4 − r4)2
{(c2 + r2)2(dx2

1 + dx2
2)− 4c2(x1dx2 − x2dx1)2}

(7.39)

Following Riemann [Stahl (1993), p. 73]), we note that E, G and

EG− F 2 =
c8

(c4 − r4)2
(7.40)
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are all positive in the open disc R2
c , so that the quadratic form (7.39) is

positive definite [Kreyszig (1991), p. 84].

In vector notation the Riemannian line element (7.39), extended to n

dimensions, takes the form

ds2
CM

=
c4

(c4 − r4)2
{(c2 + r2)2dr2 − 4c2(r×dr)2} (7.41)

in Cartesian coordinates.

As expected, the Riemannian line element ds2
CM

reduces to its Euclidean

counterpart in the limit of large c,

lim
c→∞

ds2
CM

= dr2 (7.42)

The cogyrocurvature of the Möbius gyrovector plane is the Gaussian

curvature K of this surface. It is a positive variable,

K =
8c6

(c2 + r2)4
(7.43)

as one can calculate from (7.20). We have thus established the following

theorem.

Theorem 7.5 The cogyroline element of a Möbius gyrovector space

(Rn
c ,⊕M

,⊗
M

) is given by the equation

ds2
CM

=
c4

(c4 − r4)2
{(c2 + r2)2dr2 − 4c2(r×dr)2} (7.44)

and its cogyrocurvature is given by the equation

K =
8c6

(c2 + r2)4
(7.45)

7.5 The Gyroline Element of Einstein Gyrovector Spaces

In this section we uncover the Riemannian line element to which the gyro-

metric of the Einstein gyrovector space (Rn
c ,⊕E

,⊗
E

) gives rise.

Let us consider the gyrodifferential (7.12),

∆sE = (v + ∆v)	
E
v

=

(
x1 + ∆x1

x2 + ∆x2

)

	
E

(
x1

x2

)
(7.46)
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in the Einstein gyrovector plane (R2
c ,⊕E

,⊗
E
), where + is the Euclidean

addition in R2 and in R. To calculate X1 and X2 we have

ds
E

=

[
∂∆s

E

∂∆x1

]







∆x1 = 0

∆x2 = 0







dx1 +

[
∂∆s

E

∂∆x2

]







∆x1 = 0

∆x2 = 0







dx2

= X1(x1, x2)dx1 + X2(x1, x2)dx2

(7.47)

where X1,X2 : R2
c → R2, obtaining

X1(x1, x2) = c

(
1

R
+

x2
1

R2(c+R)
,

x1x2

R2(c+R)

)

X2(x2, x2) = c

(
x1x2

R2(c+R)
,

1

R
+

x2
2

R2(c+R)

) (7.48)

where R2 = c2 − r2, r2 = x2
1 + x2

2.

The gyrometric coefficients of the gyrometric of the Einstein gyrovector

plane in the Cartesian x1x2-coordinates are therefore

X1·X1 = E = c2
c2 − x2

2

(c2 − r2)2

X1·X2 = F = c2
x1x2

(c2 − r2)2

X2·X2 = G = c2
c2 − x2

1

(c2 − r2)2

(7.49)

Hence, the gyroline element of the Einstein gyrovector plane

(R2
c ,⊕E

,⊗
E
) is the Riemannian line element

ds2E = ‖dsE ‖2

= Edx2
1 + 2Fdx1dx2 +Gdx2

2

= c2
dx2

1 + dx2
2

c2 − r2 + c2
(x1dx1 + x2dx2)2

(c2 − r2)2
.

(7.50)

Following Riemann [Stahl (1993), p. 73], we note that E, G and

EG− F 2 =
c6

(c2 − r2)3
(7.51)

r2 = x2
1 + x2

2, are all positive in the open disc R2
c , so that the quadratic

form (7.50) is positive definite [Kreyszig (1991), pp. 84 – 85].
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The Riemannian line element ds2E of Einstein gyrometric in the disc

turns out to be the line element of the Beltrami-Klein disc model of hyper-

bolic geometry. The Beltrami-Klein line element is presented, for instance,

in McCleary [McCleary (1994), p. 220], for n = 2, and in Cannon et al
[Cannon, Floyd and Walter (1997), ds2K , p. 71], for n ≥ 2. An account of

the first fifty years of hyperbolic geometry that emphasizes the contribu-

tions of Beltrami, who prepared the background for Poincaré and Klein, is

found in [Milnor (1982)].

The gyrocurvature of the Einstein gyrovector plane is the Gaussian cur-

vature of the surface with the line element (7.50). It is a negative constant,

K = − 1

c2
(7.52)

as one can calculate from (7.20).

Extending (7.50) from n = 2 to n ≥ 2 we have

ds2E =
c2

c2 − r2
dr2 +

c2

(c2 − r2)2
(r·dr)2 (7.53)

in Cartesian coordinates. As expected, the hyperbolic Riemannian line

element (7.53) reduces to its Euclidean counterpart in the limit of large c,

lim
c→∞

ds2E = dr2 . (7.54)

Interestingly, the Beltrami-Klein–Riemannian line element (7.53) can

be written as

1

c2
ds2B3

=
c2dr2 − (r×dr)2

(c2 − r2)2
(7.55)

as noted by Fock [Fock (1964), p. 39].

The line element ds2E in (7.50) is the line element of Einstein gyromet-

ric. It turns out to be the metric that the Italian mathematician Eugenio

Beltrami introduced in 1868 in order to study hyperbolic geometry by a

Euclidean disc model, now known as the Beltrami-Klein disc [McCleary

(1994), p. 220]. An English translation of his historically significant 1868

essay on the interpretation of non-Euclidean geometry is found in [Stillwell

(1996)]. The significance of Beltrami’s 1868 essay rests on the generally

known fact that it was the first to offer a concrete interpretation of hyper-

bolic geometry by interpreting “straight lines” as geodesics on a surface of a

constant negative curvature. Using the metric (7.50), Beltrami constructed
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a Euclidean disc model of the hyperbolic plane [McCleary (1994)] [Stillwell

(1996)], which now bears his name.

We have thus established the following

Theorem 7.6 The gyroline element of an Einstein gyrovector space

(Rn
c ,⊕E

,⊗
E
) is given by the equation

ds2E =
c2

c2 − r2
dr2 +

c2

(c2 − r2)2
(r·dr)2 (7.56)

and its gyrocurvature is given by the equation

K = − 1

c2
(7.57)

In particular, for n = 2 and c = 1 the gyroline element (7.56) coincides with

the Riemannian line element of the Beltrami-Klein disc model of hyperbolic

geometry.

7.6 The Cogyroline Element of Einstein Gyrovector Spaces

In this section we uncover the Riemannian line element to which the cogy-

rometric of the Einstein gyrovector space (Rn
c ,⊕E

,⊗
E

) gives rise.

Let us consider the cogyrodifferential (7.12),

∆sCE = (v + ∆v) �
E

v

=

(
x1 + ∆x1

x2 + ∆x2

)

�
E

(
x1

x2

) (7.58)

in the Einstein gyrovector plane (R2
c ,⊕E

,⊗
E
), where + is the Euclidean

addition in R2 and R. To calculate X1 and X2 we have

dsCE =

[
∂∆sCE

∂∆x1

]







∆x1 = 0

∆x2 = 0







dx1 +

[
∂∆sCE

∂∆x2

]







∆x1 = 0

∆x2 = 0







dx2

= X1(x1, x2)dx1 + X2(x1, x2)dx2

(7.59)
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where X1,X2 : R2
c → R2, obtaining

X1(x1, x2) =
1

c2 − r2 (c2 − r2 + x2
1, x1x2)

X2(x2, x2) =
1

c2 − r2 (x1x2, c
2 − r2 + x2

2)

(7.60)

where r2 = x2
1 + x2

2.

The cogyrometric coefficients of the cogyrometric of the Einstein gy-

rovector plane in the Cartesian x1x2-coordinates are therefore

X1·X1 = E = 1 +
2c2 − r2

(c2 − r2)2
x2

1

X1·X2 = F =
2c2 − r2

(c2 − r2)2
x1x2

X2·X2 = G = 1 +
2c2 − r2

(c2 − r2)2
x2

2

(7.61)

Hence, the cogyroline element of the Einstein gyrovector plane

(R2
c ,⊕E

,⊗
E
) is the Riemannian line element

ds2CE = ‖dsCE‖2

= Edx2
1 + 2Fdx1dx2 +Gdx2

2

= dx2
1 + dx2

2 +
(2c2 − r2)

(c2 − r2)2
(x1dx1 + x2dx2)2

(7.62)

where r2 = x2
1 + x2

2. In the limit of large c, c → ∞, the Riemannian line

element ds2CE reduces to its Euclidean counterpart.

Following Riemann [Stahl (1993), p. 73], we note that E, G and

EG− F 2 =
c4

(c2 − r2)2
(7.63)

are all positive in the open disc R
2
c , so that the quadratic form (7.62) is

positive definite [Kreyszig (1991), p. 84].

The cogyrocurvature of the Einstein gyrovector plane is the Gaussian

curvature K of the Riemannian surface (Dc, ds
2
CE ). It is a positive variable,

K = 2
c2 − r2
c4

(7.64)

as one can calculate from (7.20).
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Extending (7.62) from n = 2 to n ≥ 2 we have

ds2CE = dr2 +
2c2 − r2

(c2 − r2)2
(r· dr)2 (7.65)

in Cartesian coordinates. As expected, the hyperbolic Riemannian line

element reduces to its Euclidean counterpart in the limit of large c,

lim
c→∞

ds2CE = dr2 (7.66)

We have thus established the following theorem.

Theorem 7.7 The cogyroline element of an Einstein gyrovector space

(Rn
c ,⊕E

,⊗
E
) is given by the equation

ds2CE = dr2 +
2c2 − r2

(c2 − r2)2
(r· dr)2 (7.67)

and its cogyrocurvature is given by the equation

K = 2
c2 − r2
c4

(7.68)

7.7 The Gyroline Element of PV Gyrovector Spaces

In this section we uncover the Riemannian line element to which the gyro-

metric of the PV gyrovector space (Rn,⊕
U
,⊗

U
) gives rise.

Let us consider the gyrodifferential (7.12),

∆sU = (v + ∆v)	
U
v

=

(
x1 + ∆x1

x2 + ∆x2

)

	
U

(
x1

x2

) (7.69)

in the PV in gyrovector plane (R2
c ,⊕U

,⊗
U

) where + is the Euclidean addi-

tion in R
2 and in R. To calculate X1 and X2 we have

dsU =

[
∂∆sU

∂∆x1

]







∆x1 = 0

∆x2 = 0







dx1 +

[
∂∆sU

∂∆x2

]







∆x1 = 0

∆x2 = 0







dx2

= X1(x1, x2)dx1 + X2(x1, x2)dx2

(7.70)
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where X1,X2 : R2 → R2, obtaining

X1(x1, x2) =
1

c2 + r2 + c
√
c2 + r2

(c2 + r2 + c
√

c2 + r2 − x2
1, −x1x2)

X2(x1, x2) =
1

c2 + r2 + c
√
c2 + r2

(−x1x2, c
2 + r2 + c

√

c2 + r2 − x2
2)

(7.71)

The gyrometric coefficients of the gyrometric of the PV gyrovector plane

in the Cartesian x1x2-coordinates are therefore

E = X1·X1 =
c2 + x2

2

c2 + r2

F = X1·X2 = − x1x2

c2 + r2

G = X2·X2 =
c2 + x2

1

c2 + r2

(7.72)

Hence, the gyroline element of the PV gyrovector plane (R2,⊕
U
,⊗

U
) is

the Riemannian line element

ds2U = ‖ds
U
‖2

= Edx2
1 + 2Fdx1dx2 +Gdx2

2

= dx2
1 + dx2

2 −
1

c2 + r2
(x1dx1 + x2dx2)2

(7.73)

where r2 = x2
1 + x2

2.

Following Riemann [Stahl (1993), p. 73], we note that E, G and

EG− F 2 =
c2

c2 + r2
(7.74)

are all positive in the R2, so that the quadratic form (7.73) is positive

definite.

The gyrocurvature of the PV gyrovector plane is the Gaussian curvature

K of the surface with the line element (7.73). It is a negative constant,

K = − 1

c2
(7.75)

as one can calculate from (7.20).

Extending (7.73) from n = 2 to n ≥ 2 we have

ds2
U

= dr2 − 1

c2 + r2
(r·dr)2 (7.76)
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and, as expected, the hyperbolic Riemannian line element reduces to its

Euclidean counterpart in the limit of large c,

lim
c→∞

ds2U = dr2 (7.77)

We have thus established the following

Theorem 7.8 The gyroline element of a PV gyrovector space

(Rn,⊕
U
,⊗

U
) is given by the equation

ds2U = dr2 − 1

c2 + r2
(r·dr)2 (7.78)

and its gyrocurvature is given by the equation

K = − 1

c2
(7.79)

7.8 The Cogyroline Element of PV Gyrovector Spaces

In this section we uncover the Riemannian line element to which the cogy-

rometric of the PV gyrovector space (Rn,⊕
U
,⊗

U
) gives rise.

Let us consider the cogyrodifferential (7.12),

∆sCU = (v + ∆v) �
U

v

=

(
x1 + ∆x1

x2 + ∆x2

)

�
U

(
x1

x2

) (7.80)

in the PV gyrovector plane (R2
c ,⊕E

,⊗
E

), where + is the Euclidean addition

in R2 and R. To calculate X1 and X2 we have

dsCU =

[
∂∆sCU

∂∆x1

]







∆x1 = 0

∆x2 = 0







dx1 +

[
∂∆sCU

∂∆x2

]







∆x1 = 0

∆x2 = 0







dx2

= X1(x1, x2)dx1 + X2(x1, x2)dx2

(7.81)
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where X1,X2 : R2
c → R2, obtaining

X1(x1, x2) =
c2

c2 + r2
(1, 0)

X2(x1, x2) =
c2

c2 + r2
(0, 1)

(7.82)

The cogyrometric coefficients of the cogyrometric of the PV gyrovector

plane in the Cartesian x1x2-coordinates are therefore

E = X1·X1 =
c4

(c2 + r2)2

F = X1·X2 = 0

G = X2·X2 =
c4

(c2 + r2)2

(7.83)

Hence, the cogyroline element of the PV gyrovector plane (R2,⊕
U
,⊗

U
)

is the Riemannian line element

ds2CU = ‖dsCU ‖2

= Edx2
1 + 2Fdx1dx2 +Gdx2

2

=
c4

(c2 + r2)2
(dx2

1 + dx2
2)

(7.84)

where r2 = x2
1 +x2

2. In vector notation, (7.2), the Riemannian line element

(7.84), extended to n dimensions, takes the form

ds2CU =
c4

(c2 + r2)2
dr2 (7.85)

and, as expected, the hyperbolic Riemannian line element reduces to its

Euclidean counterpart in the limit of large c,

lim
c→∞

ds2CU = dr2 (7.86)

The metric (7.85) has the form ds2 = λ(r)dr2, λ(r) > 0, giving rise to

an isothermal Riemannian surface (R2, ds2CU ) [Carmo (1976)].

The Riemannian metric ds2CU in (7.84) is similar to the Riemannian

metric ds2
M

in (7.26). It is described in [Farkas and Kra (1992), p. 214],

as a Riemannian metric on the Riemann surface M , M being the entire

complex plane C ∪ {∞}.
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The cogyrocurvature of the PV gyrovector plane is the Gaussian curva-

ture K of this surface. It is a positive constant,

K =
16

c2
(7.87)

as one can calculate from (7.20). We have thus established the following

Theorem 7.9 The cogyroline element of a PV gyrovector space

(Rn,⊕
U
,⊗

U
) is given by the equation

ds2CU =
c4

(c2 + r2)2
dr2 (7.88)

and its cogyrocurvature is given by the equation

K =
16

c2
(7.89)

7.9 Table of Riemannian Line Elements

The three analytic models of hyperbolic geometry that we study in this book

are governed by the mutually isomorphic gyrovector spaces of Einstein,

Möbius, and PV. They are all differentiable manifolds with a Riemannian

metric. The Riemannian metric ds2 on a Euclidean space V = Rn, or on

its ball Vc = Rn
c , is a function that assigns at each point x ∈ V, or Vc, a

positive definite symmetric inner product on the tangent space at x, varying

differentiably with x. Having studied the Riemannian line elements ds2 in

several gyrovector spaces, we now summarize the results in Table 7.1.

Interestingly, table 7.1 shows that the Gaussian curvatures of the Rie-

mannian gyrometrics of the gyrovector spaces of Einstein, Möbius and PV

are negative, inversely proportional to the square of their free parameter c.

In contrast, the Gaussian curvatures of the Riemannian cogyrometrics

are positive. The gyrometric and cogyrometric of a Euclidean space co-

incide, being reduced to the standard Euclidean metric. Accordingly, the

Gaussian curvature of the Riemannian metric of the Euclidean space is

zero, the only real number that equals its own negative.

In modern terms, hyperbolic geometry is the study of manifolds with

Riemannian metrics with constant negative curvature. However, we see

from Table 7.1 that in classical hyperbolic geometry, that is, the hyperbolic

geometry of Bolyai and Lobachevsky, constant negative curvatures and

variable positive ones are inseparable.
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Table 7.1 The Riemannian line element, ds2, in vector notation, (7.2), for gyrovec-
tor space gyrometrics ‖b	a‖ and cogyrometrics ‖b � a‖. In the special case when
a gyrovector space is a Euclidean vector space, the gyrovector space gyrometric and
cogyrometric jointly reduce to the vector space metric. Interestingly, speaking gy-
rolanguage, the gyrocurvatures are negative, the cogyrocurvatures are positive, and
the curvature is zero.

Metric
Gyrometric
Cogyrometric

Gyrovector
Space

Riemannian
Line Element

Gaussian
Curvature

Metric
‖b − a‖

Euclidean
vector
space Rn

ds2
euc = dr2

r2 ≥ 0
Line Element

K = 0
Curvature
zero

Gyrometric
‖b	

E
a‖

Einstein
gyrovector
space Rn

c

ds2
E

= c2

c2−r2
dr2

+ c2

(c2−r2)2
(r·dr)2

r2 < c2 (Beltrami Model)

Gyroline Element

K = − 1
c2

Gyrocurvature
negative

Cogyrometric
‖b �E a‖

Einstein
gyrovector
space Rn

c

ds2
CE = dr2

+ 2c2−r
2

(c2−r2)2
(r· dr)2

r2 < c2

Cogyroline Element

K = 2 c2−r
2

c4

Cogyrocurvature
positive

Gyrometric
‖b	

M
a‖

Möbius
gyrovector
space Rn

c

ds2
M = c4

(c2−r2)2
dr2

r2 < c2 (Poincaré Model)
Gyroline Element

K = − 4
c2

Gyrocurvature
negative

Cogyrometric
‖b �M a‖

Möbius
gyrovector
space Rn

c

ds2
CM

= c4

(c4−r4)2

{(c2 + r2)2dr2 − 4c2(r×dr)2}
r2 < c2

Cogyroline Element

K = 8c6

(c2+r2)4

Cogyrocurvature
positive

Gyrometric
‖b	

U
a‖

PV
gyrovector
space Rn

ds2
U = dr2 − 1

c2+r2
(r·dr)2

r2 ≥ 0 (PV Model)
Gyroline Element

K = − 1
c2

Gyrocurvature
negative

Cogyrometric
‖b �U a‖

PV
gyrovector
space Rn

ds2
CU = c4

(c2+r2)2
dr2

r2 ≥ 0
Cogyroline Element

K = 16
c2

Cogyrocurvature
positive
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Chapter 8

Gyrotrigonometry

Gyrotrigonometry is the study of how the sides and gyroangles of a gyro-

triangle are related to each other, acting as a computational gyrogeometry.

Gyrogeometry, in turn, is the geometry of gyrovector spaces. Since gy-

rovector spaces include vector spaces as a special case, gyrotrigonometry

unifies Euclidean and hyperbolic trigonometry in the same way that gy-

rogeometry unifies Euclidean and hyperbolic geometry. Before embarking

on gyrotrigonometry we must introduce the notion of the gyroangle and

the study of the Pythagorean theorem of right-gyroangled gyrotriangles in

gyrovector spaces.

Gyrotrigonometry is our modern way to study the old hyperbolic plane

trigonometry which, according to Wolfe [Wolfe (1945), p. 131], dates back

to Sommerville [Sommerville (1914)]. A chapter entitled “hyperbolic plane

trigonometry” is found in [Wolfe (1945), Chap. V].

For our study of gyrotrigonometry we employ in this chapter the

Poincaré ball (or disc, in two dimensions) model of hyperbolic geometry

which is, in gyrotheory, governed by Möbius gyrovector spaces as demon-

strated in Chap. 7. Following Chaps. 10-11 on our modern way to view

Einstein’s special theory of relativity, in Chap. 12 we will enrich our study

of gyrotrigonometry by employing the Beltrami-Klein ball (or disc, in two

dimensions) model of hyperbolic geometry which is, in gyrotheory, governed

by Einstein gyrovector spaces as demonstrated in Chap. 7.

8.1 Vectors and Gyrovectors are Equivalence Classes

Any two points A,B ∈Rn of the Euclidean n-space Rn, n ∈N, form the

vector −A+B. The algebraic value of this vector is −A+B, its length is

‖ −A+B‖, and for n = 2, 3 is represented graphically by a straight arrow

261
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I

Fig. 8.1 Points of the Euclidean plane R2

are given by their orthogonal Cartesian co-
ordinates (x, y), x2 + y2 < ∞. The vec-
tor from point A to point B in the Eu-
clidean plane R2 has the algebraic value
−A + B and length ‖ − A + B‖, and is
represented graphically by a straight arrow
from A to B. Two vectors are equivalent
if they have the same algebraic value. Vec-
tors are, thus, equivalence classes. Equiva-
lent vectors have equal lengths and, more-
over, they are parallel. Vectors add accord-
ing to the parallelogram rule. Any point
A∈R2 is identified with the vector −O+A,
where O is the arbitrarily selected origin
of R2. The Euclidity of R2 is determined
by the Euclidean metric in which the dis-
tance between any two points A,B∈R2 is
d(A, B) = ‖ − A + B‖. Like vectors, also
gyrovectors are equivalence classes, shown
in Fig. 8.2.
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0.6
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	A⊕B = 	A′⊕B′

d(A,B) = ‖	A⊕B‖

I

I

Fig. 8.2 Points of the Möbius gyrovector
plane (R2

s=1,⊕,⊗) are given by their or-
thogonal Cartesian coordinates (x, y), x2+
y2 < s2 = 1. The gyrovector from point
A to point B in the Möbius gyrovector
plane (R2

s=1,⊕,⊗) has the algebraic value
	A⊕B and gyrolength ‖	A⊕B‖, and is
represented graphically by a curved ar-
row from A to B. Two gyrovectors are
equivalent if they have the same algebraic
value. Gyrovectors are, thus, equivalence
classes. Equivalent gyrovectors have equal
gyrolengths. Gyrovectors add according
to the gyroparallelogram rule, Fig. 8.25,
p. 322. Any point A ∈ R2

s=1 is identi-
fied with the gyrovector 	O⊕A, where O
is the arbitrarily selected origin of R2

s=1.
The hyperbolicity of R2

s=1 is determined
by the gyrometric in which the gyrodis-
tance between any two points A,B∈R2

s=1
is d(A, B) = ‖	A⊕B‖.

from A to B, as shown in Fig. 8.1 for n = 2. Two vectors are equivalent if

they have the same algebraic value, so that vectors are equivalence classes.

Two equivalent vectors, −A+B and −A′ +B′ in R
2 are shown in Fig. 8.1.

Similarly, any two points A,B∈G of a gyrovector space (G,⊕,⊗) form

the gyrovector 	A⊕B. The algebraic value of this gyrovector is 	A⊕B,

its gyrolength is ‖	A⊕B‖, and for G = Rn
s , n = 2, 3, is represented graph-

ically by a curved arrow from A to B, as shown in Fig. 8.2 for the Möbius

gyrovector plane (R2
s=1,⊕,⊗).

In full analogy with vectors, gyrovectors are equivalence classes, defined

in Def. 5.4, p. 133, and illustrated in Fig. 8.2. Two equivalent gyrovectors,

	A⊕B and 	A′⊕B′ in R2
s=1 are shown in Fig. 8.2.
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The vector −A′ +B′ is obtained in Fig. 8.1 from the vector −A+B by

a vector translation of the latter by some t∈R2 according to the equations

A′ = t +A

B′ = t +B
(8.1)

It follows from (8.1) that −A′ + B′ = −A + B so that the two vectors

−A′ + B′ and −A + B are equivalent. Owing to their equivalence, these

two vectors are parallel and have equal lengths.

In full analogy, the gyrovector 	A′⊕B′ is obtained in Fig. 8.2 from the

gyrovector	A⊕B by a gyrovector translation of the latter by some t∈R2
s=1

according to the equations

A′ = gyr[A, t](t⊕A)

B′ = gyr[A, t](t⊕B)
(8.2)

as we see from (5.13) of the gyrovector translation definition 5.6, p. 135.

Hence, by Def. 5.6 and Theorem 5.7, p. 135, we have 	A′⊕B′ = 	A⊕B
so that the two gyrovectors 	A′⊕B′ and 	A⊕B are equivalent. Owing to

their equivalence, these two gyrovectors have equal gyrolengths.

Thus, gyrovectors are equivalence classes just like vectors, which are

equivalence classes. Furthermore, we will find in Sec. 8.14, and illustrate in

Figs. 8.25 and 8.26, p. 322, that gyrovectors add according to the gyropar-

allelogram rule just like vectors, which add according to the parallelogram

rule.

8.2 Gyroangles

Definition 8.1 (Unit Gyrovectors). Let 	a⊕b be a nonzero gyrovec-

tor in a gyrovector space (G,⊕,⊗). Its gyrolength is ‖	a⊕b‖ and its asso-

ciated gyrovector

	a⊕b

‖	a⊕b‖ (8.3)

is called a unit gyrovector.

Unit gyrovectors represent “gyrodirections”. A gyroangle is, accord-

ingly, a relation between two gyrodirections.
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Definition 8.2 (The Gyrocosine Function And Gyroangles, I).

Let 	a⊕b and 	a⊕c be two nonzero rooted gyrovectors rooted at a common

point a in a gyrovector space (G,⊕,⊗). The gyrocosine of the measure of

the gyroangle α, 0 ≤ α ≤ π, that the two rooted gyrovectors generate is

given by the equation

cosα =
	a⊕b

‖	a⊕b‖·
	a⊕c

‖	a⊕c‖ (8.4)

The gyroangle α in (8.4) is denoted by α = ∠bac or, equivalently, α =

∠cab. Two gyroangles are congruent if they have the same measure.

In Def. 8.9, p. 271, the gyroangle definition will be extended to a gy-

roangle which is determined by any two nonzero gyrovectors.

Theorem 8.3 The measure of a gyroangle is model independent.

Proof. Following Def. 6.89, p. 227, let (G1,⊕1,⊗1) and (G2,⊕2,⊗2) be

two isomorphic gyrovector spaces with isomorphism φ : G1 → G2. Fur-

thermore, let α1 be a gyroangle in G1 given by

cosα1 =
	1a1⊕1b1

‖	1a1⊕1b1‖
· 	1a1⊕1c1

‖	1a1⊕1c1‖
(8.5)

and let α2 be the isomorphic gyroangle in G2,

cosα2 =
	2a2⊕2b2

‖	2a2⊕2b2‖
· 	2a2⊕2c2

‖	2a2⊕2c2‖
(8.6)

where a2 = φ(a1), b2 = φ(b1), and c2 = φ(c1).

Then, by (6.319) and (6.321), p. 225, we have

cosα2 =
	2a2⊕2b2

‖	2a2⊕2b2‖
· 	2a2⊕2c2

‖	2a2⊕2c2‖

=
	2φ(a1)⊕2φ(b1)

‖	2φ(a1)⊕2φ(b1)‖ ·
	2φ(a1)⊕2φ(c1)

‖	2φ(a1)⊕2φ(c1)‖

=
φ(	1a1⊕1b1)

‖φ(	1a1⊕1b1)‖ ·
φ(	1a1⊕1c1)

‖φ(	1a1⊕1c1)‖

=
	1a1⊕1b1

‖	1a1⊕1b1‖
· 	1a1⊕1c1

‖	1a1⊕1c1‖

= cosα1

(8.7)

so that α1 in G1 and α2 in G2 have the same measure, α1 = α2. �
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cosα =
	a⊕b

‖	a⊕b‖ ·
	a⊕c
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Fig. 8.3 A Möbius gyroangle α generated by two intersecting Möbius geodesic rays
(gyrorays). Its measure equals the measure of the Euclidean angle generated by corre-
sponding intersecting tangent lines (Compare, for instance, with [Moise (1974), Fig. 9.3,
p. 117]).

Möbius gyrovector spaces are conformal to corresponding Euclidean

spaces, as explained in Sec. 7.3, p. 245. Accordingly, it is convenient to

visualize gyroangles in the Möbius gyrovector plane, Fig. 8.3, where the

measure of the gyroangle between two intersecting gyrolines is equal to the

measure of the Euclidean angle between corresponding intersecting tangent

lines.

To calculate the gyrocosine of a gyroangle α generated by two intersect-

ing gyrolines, Fig. 8.3, we place on the two intersecting gyrolines two rooted

gyrovectors with a common tail at the point of intersection. In Fig. 8.3 we,

accordingly, place the two nonzero gyrovectors	a⊕b and 	a⊕c or, equiva-

lently, 	a⊕b′ and 	a⊕c′ so that the measure of the gyroangle α in Fig. 8.3

is given by the equation

cosα =
	a⊕b

‖	a⊕b‖·
	a⊕c

‖	a⊕c‖ (8.8)
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or, equivalently, by the equation

cosα =
	a⊕b′

‖	a⊕b′‖·
	a⊕c′

‖	a⊕c′‖ (8.9)

In the following Theorem 8.5 we show that, as expected, (8.8) and (8.9)

give the same gyroangle measure for the gyroangle α.

Definition 8.4 (Gyrorays). Let o and p be any two distinct points of

a gyrovector space (G,⊕,⊗). A gyroray with origin o containing the point

p is the set L of points in G given by

L = o⊕(	o⊕p)⊗t (8.10)

with t∈R≥0.

Theorem 8.5 Let

Lab = a⊕(	a⊕b)⊗t
Lac = a⊕(	a⊕c)⊗t

(8.11)

t∈R≥0, be two gyrorays emanating from a point a in a gyrovector space

(G,⊕,⊗), and let b′ and c′ be any points, other than a, lying on Lab and

Lac, respectively, Fig. 8.3. Furthermore, let α be the gyroangle between the

two gyrorays, expressed in terms of b′ and c′,

cosα =
	a⊕b′

‖	a⊕b′‖·
	a⊕c′

‖	a⊕c′‖ (8.12)

Then, α is independent of the choice of the points b′ and c′ on their re-

spective gyrorays.

Proof. Since the points b′ and c′ lie, respectively, on the gyrorays Lab

and Lac, and since they are different from a, they are given by the equations

b′ = a⊕(	a⊕b)⊗t1
c′ = a⊕(	a⊕c)⊗t2

(8.13)

for some t1, t2 > 0. Hence,

	a⊕b′ = (	a⊕b)⊗t1
	a⊕c′ = (	a⊕c)⊗t2

(8.14)
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so that, by (8.12), (8.14), and the scaling property (V 4) of gyrovector spaces

in Def. 6.2, p. 154, we have

cosα =
	a⊕b′

‖	a⊕b′‖·
	a⊕c′

‖	a⊕c′‖

=
(	a⊕b)⊗t1
‖(	a⊕b)⊗t1‖

· (	a⊕c)⊗t2
‖(	a⊕c)⊗t2‖

=
	a⊕b

‖	a⊕b‖ ·
	a⊕c

‖	a⊕c‖

(8.15)

Hence, cosα is independent of the choice of the points b′ and c′ on their

respective gyrorays, where b′ 6= a and c′ 6= a, Fig. 8.3. �

Theorem 8.6 Gyroangles are invariant under gyrovector space motions.

Proof. We have to show that the gyroangle α = ∠bac for any points a,

b, c of a gyrovector space (G,⊕,⊗) is invariant under the gyrovector space

motions, Def. 6.6, p. 156. Equivalently, we have to show that

∠bac = ∠(τb)(τa)(τc) (8.16)

and

∠bac = ∠(x⊕b)(x⊕a)(x⊕c) (8.17)

for all a,b, c,x ∈ G and all τ ∈ Aut(G).

Employing (6.9), p. 156, we have

cos ∠(τb)(τa)(τc) =
	τa⊕τb
‖	τa⊕τb‖ ·

	τa⊕τc
‖	τa⊕τc‖

=
τ(	a⊕b)

‖τ(	a⊕b)‖ ·
τ(	a⊕c)

‖τ(	a⊕c)‖

=
	a⊕b

‖	a⊕b‖ ·
	a⊕c

‖	a⊕c‖

= cos ∠bac

(8.18)

since automorphisms preserve the inner product and the norm, thus veri-

fying (8.16).
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Noting the Gyrotranslation Theorem 3.13, p. 57, we have

cos ∠(x⊕b)(x⊕a)(x⊕c) =
	(x⊕a)⊕(x⊕b)

‖	(x⊕a)⊕(x⊕b)‖ ·
	(x⊕a)⊕(x⊕c)

‖	(x⊕a)⊕(x⊕c)‖

=
gyr[x, a](	a⊕b)

‖gyr[x, a](	a⊕b)‖ ·
gyr[x, a](	a⊕c)

‖gyr[x, a](	a⊕c)‖

=
	a⊕b

‖	a⊕b‖ ·
	a⊕c

‖	a⊕c‖

= cos ∠bac

(8.19)

since gyroautomorphisms preserve the inner product and the norm, thus

verifying (8.17). �

Remark 8.7 Since the gyrogroup operation of a gyrovector space is, in

general, noncommutative, one must decide whether to use

(i) 	a⊕b and 	a⊕c or

(ii) b	a and c	a

in the gyroangle equation (8.4) of Def. 8.2, p. 264. The choices (i) and (ii)

are, in general, distinct since the gyrocommutative gyrogroup operation ⊕
is, in general, noncommutative.

Being guided by analogies with classical results in trigonometry, it seems

that a priori there is no preference of either choice.

However, owing to a remarkable feature in the Gyrotranslation Theorem

3.13, p. 57, noted in Remark 3.14, p. 57,

(1) choice (i) meshes in (8.19) extraordinarily well with Theorem 3.13,

resulting in gyroangles that are invariant under left gyrotransla-

tions. In contrast,

(2) choice (ii) would result in gyroangles that are not invariant under

left, or right, gyrotranslations.

Being guided by analogies with classical results in trigonometry, we

are interested in gyroangles that are invariant under left gyrotranslations.

Choice (ii) is therefore abandoned in favor of choice (i).
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cosα = 	a⊕b
‖	a⊕b‖ · 	a⊕c

‖	a⊕c‖

Fig. 8.4 Left gyrotranslations keep gy-
roangles invariant by Theorem 8.6. Two
successive left gyrotranslations of the gy-
roangle α of Fig. 8.3 towards the origin of
the Möbius disc are shown in Figs. 8.4 and
8.5. The measure of the gyroangle α be-
tween two gyrolines equals the Euclidean
measure of the angle between correspond-
ing Euclidean tangent lines.
With vertex a 6= 0, the gyroangle α has a
gyrocosine, denoted cos α.

PSfrag replacements

a

b

c

b′

c′

α

a = 0

cosα = b
‖b‖ · c

‖c‖

Fig. 8.5 At the Euclidean origin of the
Möbius disc the gyrolines that generate a
gyroangle α coincide with their respective
Euclidean tangent lines, and the gyroangle
α coincides with its Euclidean counterpart.
At the Euclidean origin of a Möbius disc
(or ball), thus, the concepts of gyroangles
and angles coincide.
With vertex a = 0, the gyroangle α be-
comes an angle, and its gyrocosine becomes
a cosine.

Figures 8.4 and 8.5, along with Theorem 8.6, show that gyroangles

behave like angles so that, in particular, gyroangles add up to 2π.

Theorem 8.8 If a point b lies between two distinct points a and c in a

gyrovector space (G,⊕,⊗) then

∠abc = π (8.20)

Proof. The three points a,b, c are gyrocollinear, by Lemma 6.26, p. 170,

and Def. 6.22, p. 168.

By Lemmas 6.26 and 6.27 we have

b = a⊕(	a⊕c)⊗t0
b = c⊕(	c⊕a)⊗(1− t0)

(8.21)
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for some 0 < t0 < 1. Hence, by left cancellations,

	a⊕b = (	a⊕c)⊗t0
	c⊕b = (	c⊕a)⊗(1− t0)

(8.22)

Therefore, by the gyrocommutative law, the invariance of the inner

product under gyrations, the scaling property of gyrovector spaces, Identity

(6.84), p. 172, and the gyroautomorphic inverse property, (3.3), p. 51, we

have the chain of equations

cos ∠abc =
	b⊕a

‖	b⊕a‖ ·
	b⊕c

‖	b⊕c‖

=
gyr[	b, a](	a⊕b)

‖gyr[	b, a](	a⊕b)‖ ·
gyr[	b, c](	c⊕b)

‖gyr[	b, c](	c⊕b)‖

=
gyr[	b, a](	a⊕c)⊗t0
‖gyr[	b, a](	a⊕c)⊗t0‖

· gyr[	b, c](	c⊕a)⊗(1− t0)

‖gyr[	b, c](	c⊕a)⊗(1− t0)‖

=
(	a⊕c)⊗t0
‖(	a⊕c)⊗t0‖

· gyr[a,	b]gyr[b,	c](	c⊕a)⊗(1− t0)

‖gyr[a,	b]gyr[b,	c](	c⊕a)⊗(1− t0)‖

= 	 (	a⊕c)

‖(	a⊕c)‖ ·
gyr[a,	b]gyr[b,	c]gyr[c,	a](	a⊕c)

‖gyr[a,	b]gyr[b,	c]gyr[c,	a](	a⊕c)‖

= 	 (	a⊕c)

‖(	a⊕c)‖ ·
(	a⊕c)

‖(	a⊕c)‖

= −1

= cosπ

(8.23)

thus verifying (8.20). �

Left gyrotranslating the points of the Möbius gyrovector plane in

Fig. 8.3 by 	a amounts to gyrotranslating the gyroangle α to the ori-

gin of the gyroplane. This gyrotranslation, in turn, keeps the gyroangle

invariant according to Theorem 8.6. Once at the origin of its Möbius gy-

rovector space, a gyroangle measure coincides with its Euclidean measure

and its generating gyrolines reduce to generating Euclidean straight lines,

as shown in Figs. 8.4 and 8.5 for the Möbius gyrovector plane.

An extension of Def. 8.2 to the gyroangle between two gyrovectors that
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Fig. 8.6 Gyrovector translation allows the visualization of the gyroangle generated by
two rooted gyrovectors that have distinct tails, a1 and a2. The gyroangle is visually
revealed by gyrovector translating the rooted gyrovectors into new rooted gyrovectors
with a common tail x. The two cases of x = x′ and x = x′′ in the Möbius gyrovector
plane are shown. Thus

	a1⊕b1 = 	x′⊕b′
1 = 	x′′⊕b′′

1
	a2⊕b2 = 	x′⊕b′

2 = 	x′′⊕b′′
2

The measure of the included gyroangle between two gyrovectors that share a common
tail in a Möbius gyrovector space equals the measure of the included angle between two
tangent rays at the common tail. These tangent rays are, therefore, shown.

need not be rooted at a common point is natural, giving rise to the following

definition.

Definition 8.9 (Gyroangles Between Gyrovectors, II). Let

	a1⊕b1 and 	a2⊕b2 be two nonzero gyrovectors in a gyrovector space

(G,⊕,⊗). The gyrocosine of the gyroangle α, 0 ≤ α ≤ π, between the two

gyrovectors, Fig. 8.6,

α = ∠(	a1⊕b1)(	a2⊕b2) (8.24)
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is given by the equation

cosα =
	a1⊕b1

‖	a1⊕b1‖
· 	a2⊕b2

‖	a2⊕b2‖
(8.25)

Definition 8.10 (Gyrovector Parallelism And Perpendicularity).

Two gyrovectors are parallel (perpendicular) if the gyroangle α between them

satisfies cosα = 1, that is, α = 0 (cosα = 0, that is, α = π/2, resp.).

Theorem 8.11 Gyrovector translations keep gyroangles between gyrovec-

tors invariant.

Proof. Gyrovector translations, Def. 5.6 and Theorem 5.7, p. 135, do not

modify the value of gyrovectors and, hence, keep (8.25) invariant. �

In order to visualize the gyroangle of Def. 8.9 in a Möbius gyrovector

plane one may gyrovector translate the two rooted gyrovectors 	a1⊕b1

and 	a2⊕b2 that generate a gyroangle in (8.25) into new ones that possess

a common tail, as shown in Fig. 8.6.

Thus, the notion of the gyrovector translation of gyrovectors allows,

in Def. 8.9, to complete the analogy that the gyroangle of Def. 8.2 shares

with its Euclidean counterpart. We can now define the gyroangle between

gyrorays as well.

The gyroangle between any gyrovector and itself vanishes, Def. 8.9, so

that any gyrovector is parallel to itself. Hence, by Theorem 8.11, successive

gyrovector translations of any given gyrovector form a family of gyrovectors

that are parallel to each other. The gyroray analog, a family of parallel

gyrorays, is shown in Fig. 8.10.

Theorem 8.12 Two nonzero gyrovectors 	a1⊕b1 and 	a2⊕b2 in a gy-

rovector space G = (G,⊕,⊗) are parallel if and only if

∠(	a⊕b)(	a1⊕b1) = ∠(	a⊕b)(	a2⊕b2) (8.26)

for any nonzero gyrovector 	a⊕b in G.

Proof. If (8.26) holds then, by Def. 8.9,

	a⊕b

‖	a⊕b‖ ·
	a1⊕b1

‖	a1⊕b1‖
=
	a⊕b

‖	a⊕b‖ ·
	a2⊕b2

‖	a2⊕b2‖
(8.27)

implying

	a⊕b

‖	a⊕b‖·(
	a1⊕b1

‖	a1⊕b1‖
− 	a2⊕b2

‖	a2⊕b2‖
) = 0 (8.28)
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in the carrier V of G. Owing to the positive definiteness of the inner product

in the carrier vector space V, Def. 6.2, p. 154, (8.28) implies

	a2⊕b2 = λ(	a1⊕b1) (8.29)

for some λ > 0 in the carrier vector space V.

Hence, the gyroangle α between the gyrovectors 	a1⊕b1 and 	a2⊕b2

is given by the equation

cosα =
	a1⊕b1

‖	a1⊕b1‖
· 	a2⊕b2

‖	a2⊕b2‖

=
	a1⊕b1

‖	a1⊕b1‖
· λ(	a1⊕b1)

‖λ(	a1⊕b1)‖

=
	a1⊕b1

‖	a1⊕b1‖
· 	a1⊕b1

‖	a1⊕b1‖

= 1

(8.30)

implying α = 0 so that the two gyrovectors 	a1⊕b1 and 	a2⊕b2 are

parallel.

Conversely, if the two gyrovectors 	a1⊕b1 and 	a2⊕b2 are parallel

then the gyroangle between them vanishes, α = 0. Hence,

cosα =
	a1⊕b1

‖	a1⊕b1‖
· 	a2⊕b2

‖	a2⊕b2‖
= 1 (8.31)

implying

	a2⊕b2 = λ(	a1⊕b1) (8.32)

for some λ > 0 in the carrier vector space V. The latter, in turn, implies

(8.27), and hence (8.26), for any nonzero gyrovector 	a⊕b in G. �

Definition 8.13 (Gyroray Carriers of Gyrovectors, Gyroangles

Between Gyrorays, III). Let L be a gyroray with origin o,

L : o⊕(	o⊕p)⊗t (8.33)

t∈R≥0, containing the point a in a gyrovector space (G,⊕,⊗). Then, the

gyrovector 	o⊕a lies on the gyroray L and, equivalently, the gyroray L

carries (or, is the carrier of) the gyrovector 	o⊕a.

Let L1 and L2 be two gyrorays carrying, respectively, the gyrovectors

	a⊕b and 	c⊕d. Then the gyroangle α between the gyrorays L1 and L2 is
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given by the gyroangle between the two gyrovectors 	a⊕b and 	c⊕d, that

is,

cosα =
	a⊕b

‖	a⊕b‖ ·
	c⊕d

‖	c⊕d‖ (8.34)

It follows from Def. 8.13 that the origin of a gyroray coincides with the

tail of any gyrovector that it contains.

In terms of Def. 8.13, Theorem 8.5 can be stated as follows.

Theorem 8.14 The gyroangle between two gyrorays is independent of the

choice of the gyrovectors lying on the gyrorays.

Owing to the presence of gyrations, the gyroangle between two gyrorays

that lie on the same gyroline in the same direction does not vanish in

general, as the following theorem demonstrates.

Theorem 8.15 Let

L1 : o1⊕(	o1⊕p1)⊗t
L2 : o2⊕(	o2⊕p2)⊗s

(8.35)

s, t∈R≥0, be two gyrorays in a gyrovector space (G,⊕,⊗) such that L2 is

contained in L1, Fig. 8.8, p. 280. Then, the gyroangle α between L1 and

L2 is given by the equation

cosα =
	o1⊕p1

‖	o1⊕p1‖
·gyr[o2,	o1](	o1⊕p1)

‖	o1⊕p1‖
(8.36)

Proof. Since L2 is contained in L1, the points o2 and p2 of L2 lie on L1.

Hence, there exist real numbers t1, t2 > 0, t2 − t1 > 0, such that

o2 = o1⊕(	o1⊕p1)⊗t1
p2 = o1⊕(	o1⊕p1)⊗t2

(8.37)

Hence, (i) by the Gyrotranslation Theorem 3.13, (ii) the first equation

in (8.37) and the scalar distributive law (V 2) of gyrovector spaces, (iii)

Theorem 2.37, p. 42, and (iv) axiom (V 5) of gyrovector spaces, we have

	o2⊕p2 = 	{o1⊕(	o1⊕p1)⊗t1}⊕{o1⊕(	o1⊕p1)⊗t2}
=gyr[o1, (	o1⊕p1)⊗t1]{	(	o1⊕p1)⊗t1⊕(	o1⊕p1)⊗t2}
=gyr[o1,	o1⊕o2](	o1⊕p1)⊗(−t1 + t2)

=gyr[o2,	o1](	o1⊕p1)⊗(−t1 + t2)

={gyr[o2,	o1](	o1⊕p1)}⊗(−t1 + t2)

(8.38)
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The gyroangle α between the gyrorays L1 and L2 is given by the equation

cosα =
	o1⊕p1

‖	o1⊕p1‖
· 	o2⊕p2

‖	o2⊕p2‖
(8.39)

Finally, substituting 	o2⊕p2 from (8.38) in (8.39), and noting axiom

(V 4) in Def. 6.2, p. 154, of gyrovector spaces and that gyrations preserve

the norm, we have (8.36). �

Theorem 8.16 Let

L1 : o1⊕(	o1⊕p1)⊗t
L2 : o2⊕(	o2⊕p2)⊗s

(8.40)

s, t∈R
≥0, be two gyrocollinear gyrorays (that is, two gyrorays lying on the

same gyroline) in a gyrovector space (G,⊕,⊗), none of which contains the

other one, Fig. 8.9, p. 280. Then, the gyroangle α between L1 and L2 is

given by the equation

cosα = − 	o1⊕p1

‖	o1⊕p1‖
·gyr[o2,	o1](	o1⊕p1)

‖	o1⊕p1‖
(8.41)

Proof. The proof is identical with that of Theorem 8.15 with one excep-

tion. Here t2 − t1 < 0 (rather than t2 − t1 > 0 in Theorem 8.15), resulting

in the negative sign in (8.41). �

8.3 Gyrovector Translation of Gyrorays

Definition 8.17 (Gyrovector Translation of Gyrorays). Let

o⊕(	o⊕p)⊗t (8.42)

t ∈ R
≥0, be a gyroray in a gyrovector space (G,⊕,⊗), represented by its

origin, o, and any point p that it contains. Furthermore, let 	o′⊕p′ be the

gyrovector translation by t of gyrovector 	o⊕p, Def. 5.6, p. 135. Then,

the gyroray

o′⊕(	o′⊕p′)⊗t (8.43)

t∈R≥0, is said to be the gyrovector translation by t of the gyroray (8.42).

Lemma 8.18 The gyrovector translation of the gyroray

o⊕(	o⊕p)⊗t (8.44)
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by a gyrovector t in a gyrovector space (G,⊕,⊗) results in the gyroray

gyr[o, t]{[t⊕o]⊕(	[t⊕o]⊕[t⊕p])⊗t} (8.45)

(which is obtainable from the original gyroray (8.44) by a left gyrotransla-

tion of the points o and p by t, followed by a gyration gyr[o, t]).

Furthermore, (8.45) can be written as

(o⊕t)⊕(	o⊕p)⊗t (8.46)

(which is obtainable from the original gyroray (8.44) by a right gyrotrans-

lation of the first o by t).

Proof. By Def. 8.17 the gyrovector translation of gyroray (8.44) by t is

given by (8.43), in which o′ and p′ are determined by Def. 5.6, p. 135,

o′ = gyr[o, t](t⊕o)

p′ = gyr[o, t](t⊕p)
(8.47)

Hence, by (8.43), (8.47), the Gyrotranslation Theorem 3.13, p. 57, the

gyration inversive symmetry (2.127), p. 40, and the gyrocommutative law,

we have

o′⊕(	o′⊕p′)⊗t = gyr[o, t](t⊕o)⊕{	gyr[o, t](t⊕o)⊕gyr[o, t](t⊕p)}⊗t
= gyr[o, t]{[t⊕o]⊕(	[t⊕o]⊕[t⊕p])⊗t}
= gyr[o, t]{[t⊕o]⊕gyr[t,o](	o⊕p)⊗t}
= gyr[o, t](t⊕o)⊕gyr[o, t]gyr[t,o](	o⊕p)⊗t
= (o⊕t)⊕(	o⊕p)⊗t

(8.48)

t∈R≥0, thus verifying both (8.45) and (8.46). �

We may note that it follows from Lemma 8.18 that

(1) while the original gyroray (8.44) has origin o, corresponding to

t = 0, and contains the point p, corresponding to t = 1,

(2) the gyrovector translated gyroray (8.46) by t has origin o⊕t, cor-

responding to t = 0, and contains the point

(o⊕t)⊕(	o⊕p) = gyr[o, t](t⊕p) (8.49)

corresponding to t = 1.
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Interestingly, the origin of the gyrovector translated gyroray by t is right

gyrotranslated by t from o to o⊕t, as we see from the passage from (8.44)

to (8.46) that the gyrovector translation by t generates.

Theorem 8.19 A gyrovector translation by t of a gyroray

o⊕(	o⊕p)⊗t (8.50)

t∈R≥0, with origin o in a gyrovector space (G,⊕,⊗) is independent of the

selection of the point p on the gyroray.

Proof. Let b be any point, different from o, on the gyroray (8.50). Then,

there exists a positive number r such that

b = o⊕(	o⊕p)⊗r (8.51)

so that by left gyroassociativity and a left cancellation,

	o⊕b = 	o⊕{o⊕(	o⊕p)⊗r}
= (	o⊕p)⊗r

(8.52)

The gyrovector translation by t of the gyroray

o⊕(	o⊕b)⊗t (8.53)

t∈R≥0, given by Lemma 8.18, is shown in (8.54) below, where we further

manipulate it by means of (8.52) and the scalar associative law (V 3) of

gyrovector spaces in Def. 6.2, p. 154.

o′⊕(	o′⊕b′)⊗t = (o⊕t)⊕(	o⊕b)⊗t
= (o⊕t)⊕((	o⊕p)⊗r)⊗t
= (o⊕t)⊕(	o⊕p)⊗(rt)

(8.54)

rt∈R≥0. Comparing (8.54) with the extreme right hand side of the result

(8.48) of Lemma 8.18 we see that the choice of the point b on the gyroray, in

(8.53), instead of the point p on the gyroray, in (8.50), does not modify the

gyrovector translated gyroray. Rather, it only reparametrizes the gyroray,

replacing the positive parameter t by another positive parameter, rt, where

r is a positive number that depends on b. �

Theorem 8.20 Gyrovector translations of gyrorays keep gyroangles be-

tween gyrorays invariant.
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Proof. By Def. 8.13, gyroangles between gyrorays are given by gyroangles

between gyrovectors that respectively lie on the gyrorays.

Similarly, by Def. 8.17, gyrovector translations of gyrorays are given by

gyrovector translations of gyrovectors that respectively lie on the gyrorays.

But, by Theorem 8.11, gyrovector translations keep gyroangles between

gyrovectors invariant. Hence, gyrovector translations keep gyroangles be-

tween gyrorays invariant as well. �

It is instructive to present a second, direct proof of Theorem 8.20.

Proof. A second, direct proof of Theorem 8.20: Let

L1 : o1⊕(	o1⊕p1)⊗s
L2 : o2⊕(	o2⊕p2)⊗t

(8.55)

s, t∈R≥0, be two gyrorays in a gyrovector space (G,⊕,⊗), Fig. 8.7. They

carry, respectively, the gyrovectors

	o1⊕p1

	o2⊕p2

(8.56)

so that their gyroangle α is given by the equation, Def. 8.13,

cosα =
	o1⊕p1

‖	o1⊕p1‖
· 	o2⊕p2

‖	o2⊕p2‖
(8.57)

Let us simultaneously gyrovector translate the gyrorays L1 and L2 by

t, obtaining by Lemma 8.18,

L′
1 : gyr[o1, t]{[t⊕o1]⊕(	[t⊕o1]⊕[t⊕p1])⊗s}

L′
2 : gyr[o2, t]{[t⊕o2]⊕(	[t⊕o2]⊕[t⊕p2])⊗t}

(8.58)

The gyrorays L′
1 and L′

2 carry, respectively, the following gyrovectors, each

of which is manipulated by the Gyrotranslation Theorem 3.13 and the gy-

ration inversive symmetry (2.127),

gyr[o1, t]{	(t⊕o1)⊕(t⊕p1)} = 	o1⊕p1

gyr[o2, t]{	(t⊕o2)⊕(t⊕p2)} = 	o2⊕p2

(8.59)

Hence, like the original gyrorays L1 and L2, also their simultaneously gy-

rovector translated gyrorays L′
1 and L′

2 carry, respectively, the gyrovectors

(8.56). The gyroangle between L′
1 and L′

2 is therefore given by (8.57) as

desired. �
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Fig. 8.7 It follows from Theorem 8.20 that in a gyrovector space one can gyrovector
translate each of the two gyrorays o1p1 and o2p2 to a new position where they share
a common origin so that their gyroangle can be visualized as the gyroangle between
two gyrorays that emanate from the same point. Since, by Theorem 8.20, gyrovector
translations keep gyroangles between gyrorays invariant, the position of the common
origin can be selected arbitrarily.
Accordingly, in this figure the two gyrorays o1p1 and o2p2 are gyrovector translated
(i) to the common origin o′ and (ii) to the common origin o′′. As expected, the gy-
roangle ∠p′

1o
′p′

2 of the gyrovector translated gyrorays o′p′
1 and o′p′

2 and the gyroangle
∠p′′

1o′′p′′
2 of the gyrovector translated gyrorays o′′p′′

1 and o′′p′′
2 are equal.

The measure of the included gyroangle between two gyrorays that share a common
origin in a Möbius gyrovector space equals the measure of the included angle between
two tangent rays at the common origin. These tangent rays are, therefore, shown.

In Fig. 8.7 two gyrorays

o1p1 = o1⊕(	o1⊕p1)⊗t
o2p2 = o2⊕(	o2⊕p2)⊗t

(8.60)

t∈R≥0, with distinct origins o1 and o2 are gyrovector translated by t1 and

t2, respectively, to a new, common origin o′ (and, similarly, o′′) resulting
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Fig. 8.8 This figure presents a special case
of Fig. 8.7, illustrating Theorems 8.15 and
8.20 in the Möbius gyrovector plane. A
gyroray, o1p1, containing another gyroray,
o2p2, is shown. In order to visualize the
gyroangle included between the gyrorays
o1p1 and o2p2, these gyrorays are gyrovec-
tor translated to the common origin o′, or
to the common origin o′′. As expected
from Theorem 8.20, the gyroangle at the
common origin o′ equals the gyroangle at
the common origin o′′.
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Fig. 8.9 This figure presents a special case
of Fig. 8.7, illustrating Theorems 8.16 and
8.20 in the Möbius gyrovector plane. Two
gyrocollinear gyrorays, o1p1 and o2p2,
none of which contains the other, are
shown. In order to visualize the gyroangle
included between the gyrorays o1p1 and
o2p2, these gyrorays are gyrovector trans-
lated to either the common origin o′, or
o′′. As expected from Theorem 8.20, the
gyroangle at the common origin o′ equals
the gyroangle at the common origin o′′.

in the gyrorays, (8.46),

o′p′
1 = (o1⊕t1)⊕(	o1⊕p1)⊗t

o′p′
2 = (o2⊕t2)⊕(	o2⊕p2)⊗t

(8.61)

t∈R
≥0, that have a common origin o′, where

o′ = o1⊕t1 = o2⊕t2 (8.62)

Clearly, to validate (8.62) we must select

tk = 	ok⊕o′ (8.63)

k = 1, 2.

The gyrorays (8.61) contain, respectively, the points, (8.49),

p′
1 = gyr[o, t1](t1⊕p1)

p′
2 = gyr[o, t2](t2⊕p2)

(8.64)
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Fig. 8.10 Two gyrorays are parallel if their included gyroangle vanishes. The two
gyrorays o1p1 and o2p2, o1 = o2, in the figure contain each other so that their included
gyroangle vanishes and, hence, they are parallel. By Theorem 8.20, successive gyrovector
translations of gyroray o2p2 give a family P of gyrorays that remain parallel to gyroray
o1p1 and, hence, are parallel to each other. Several gyrovector translations of gyroray
o2p2 by k⊗t, k = 1, 2, . . ., are shown in the Möbius gyrovector plane. All the gyrorays
in this figure are, thus, parallel to each other.

Selecting a different common origin, o′′, in Fig. 8.7 results in the gy-

rorays o′′p′′
1 and o′′p′′

2 . By Theorem 8.20, the resulting gyroangles at the

origins o′ and o′′ are equal, as shown graphically in Fig. 8.7.

Two special cases when the gyrorays (8.60) in Fig. 8.7 are gyrocollinear,

studied in Theorems 8.15 and 8.16, are illustrated in Figs. 8.8 and 8.9. It

is clear from Theorems 8.15, 8.16 and 8.20, and their illustration in these

figures that, owing to the presence of a gyration, gyrorays on the two senses

of the gyroline respond differently to gyrovector translations. Indeed, only

when the gyration in (8.36) and (8.41) is trivial, these two equations reduce

to cosα = ±1, that is, α = 0 and α = π, respectively. As a result, gyrorays

admit parallelism, Fig. 8.10, as we will see in Sec. 8.4, while gyrolines do

not.
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Fig. 8.11 The family P of parallel gyrorays in Fig. 8.10 is shown along with an ad-
ditional, perpendicular gyroray op. In analogy with Euclidean geometry, the gyro-
ray op meets each of the gyrorays in the family P at a right gyroangle π/2. Thus,
π/2 = ∠p′

2o2p2=∠p′
3o3p3= ∠p′

4o4p4=∠p′
5o5p5, etc; see Theorem 8.23 for perpendic-

ular gyrorays.

8.4 Gyrorays Parallelism and Perpendicularity

Definition 8.21 (Gyroray Parallelism and Perpendicularity).

Two gyrorays are parallel if the included gyroangle between them vanishes,

and two gyrorays are perpendicular (orthogonal) if the included gyroangle

between them is π/2, Fig. 8.11.

The generation of a family of parallel gyrorays by successive gyrovector

translations in a Möbius gyrovector space is shown in Fig. 8.10. Owing to

the presence of gyrations, parallelism in gyrorays cannot be extended to

gyrolines. Gyrorays in the two senses of the gyroline respond differently to

gyrovector translations if a non-trivial gyration is involved, as we see from

Theorems 8.15 and 8.16 and from their illustration in Figs. 8.8 and 8.9.

The analogies that parallelism in gyrorays shares with parallelism in
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Fig. 8.12 The family P of parallel gyrorays in Fig. 8.10 is shown along with an
additional, non-parallel gyroray op. In analogy with Euclidean geometry, the gyro-
ray op meets each of the gyrorays in the family P at the same gyroangle. Thus,
∠p′

2o2p2=∠p′
3o3p3= ∠p′

4o4p4=∠p′
5o5p5, etc.

rays are further enhanced by Theorem 8.22 and illustrated in Fig. 8.12. In

the same way that any family of parallel rays is intersected by a non-parallel

ray in equal angles, any family of parallel gyrorays is met by a non-parallel

gyroray in equal gyroangles.

Theorem 8.22 Two gyrorays o1p1 and o2p2 in a gyrovector space G =

(G,⊕,⊗) are parallel if and only if

∠(op)(o1p1) = ∠(op)(o2p2) (8.65)

for any gyroray op in the gyrovector space G.

Proof. The Theorem follows immediately from Theorem 8.12 since, by

Def. 8.13, gyroangles between gyrorays are given by gyroangles between

gyrovectors that respectively lie on the gyrorays. �
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Theorem 8.23 Let

L1 : o1⊕(	o1⊕p1)⊗t
L2 : o2⊕(	o2⊕p2)⊗t

(8.66)

t∈R≥0, be two gyrorays in a gyrovector space (G,⊕,⊗). They are perpen-

dicular if and only if

(	o1⊕p1)·(	o2⊕p2) = 0 (8.67)

Proof. Gyrorays L1 and L2 carry, respectively, the gyrovectors 	o1⊕p1

and 	o2⊕p2. Hence, by Def. 8.13, the gyroangle between gyrorays L1 and

L2 equals the gyroangle between gyrovectors 	o1⊕p1 and 	o2⊕p2. The

latter is π/2 if and only if (8.67) is satisfied. �

We thus see that gyroray parallelism and perpendicularity is fully anal-

ogous to ray parallelism and perpendicularity. Owing to the presence of

a gyration, a disanalogy emerges. Parallelism between gyrorays cannot be

extended to lines.

8.5 Gyrotrigonometry in Möbius Gyrovector Spaces

Definition 8.24 (Gyrotriangles). A gyrotriangle ABC in a gyrovec-

tor space (G,⊕,⊗) is a gyrovector space object formed by the three points

A,B,C ∈ G, called the vertices of the gyrotriangle, and the gyrosegments

AB, AC and BC, called the sides of the gyrotriangle. These are, respec-

tively, the sides opposite to the vertices C, B and A. The gyrotriangle sides

generate the three gyrotriangle gyroangles α, β, and γ, 0 < α, β, γ < π, at

the respective vertices A, B and C, Fig. 8.13.

Definition 8.25 (Congruent Gyrotriangles). Two gyrotriangles are

congruent if their vertices can be paired so that (i) all pairs of correspond-

ing sides are congruent and (ii) all pairs of corresponding gyroangles are

congruent.

The six elements of the gyrotriangle are the gyrolengths of its three sides,

and the measure of its three gyroangles. The purpose of gyrotrigonometry

is to deduce relations among the gyrotriangle elements. As we will see in the

sequel, when three of the gyrotriangle elements are given, gyrotrigonometry

allows the remaining three to be determined.
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a = 	C⊕B

b = 	C⊕A

c = 	B⊕A

cosα = b
‖b‖ · c

‖c‖ , tan δ
2 = asbs sin γ

1−asbs cos γ

cos γ = cos(π − α− β) + 2(γ2
c − 1) sinα sinβ

δ = π − (α+ β + γ) > 0

Fig. 8.13 A Möbius gyrotriangle ABC in the Möbius gyrovector plane D = (R2
s ,⊕,⊗)

is shown. Its sides are formed by gyrovectors that link its vertices, in full analogy
with Euclidean triangles. Its hyperbolic side lengths, a, b, c, are uniquely determined in
(8.160), p. 308, by its gyroangles. The gyrotriangle gyroangle sum is less than π. Here,
as = a/s, etc. Note that in the limit of large s, s → ∞, the cos γ equation reduces to
cos γ = cos(π − α − β) so that α + β + γ = π, implying that both sides of each of the
squared side gyrolength equations, shown in the figure and listed in (8.160), vanishes.

Theorem 8.26 (The Law of Gyrocosines in Möbius Gyrovec-

tor Spaces). Let ABC be a gyrotriangle in a Möbius gyrovector space

(Vs,⊕,⊗) with vertices A,B,C ∈ Vs, sides a,b, c∈Vs and side gyrolengths

a, b, c ∈ (−s, s), Fig. 8.13,

a = 	C⊕B, a = ‖a‖
b = 	C⊕A, b = ‖b‖
c = 	B⊕A, c = ‖c‖

(8.68)

and with gyroangles α, β and γ at the vertices A,B and C, Fig. 8.13. Then

c2

s
=
a2

s
⊕ b

2

s
	1

s

2β2
aaβ

2
b b cos γ

1− 2
s2 β2

aaβ
2
b b cosγ

(8.69)
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where βa is the beta factor

βa =
1

√

1 +
a2

s2

(8.70)

Furthermore, the law of gyrocosines (8.69) can be written, equivalently,

as

c2s =
a2

s + b2s − 2asbs cos γ

1 + a2
sb

2
s − 2asbs cos γ

(8.71)

and as

cos γ =
a2

s + b2s − c2s − a2
sb

2
sc

2
s

2asbs(1− c2s)
(8.72)

where as = a
s , etc.

Proof. By (8.68), Fig. 8.13, and the Gyrotranslation Theorem 3.13, p. 57,

we have

	a⊕b = 	(	C⊕B)⊕(	C⊕A)

= gyr[	C,B](	B⊕A)

= gyr[	C,B]c

(8.73)

so that ‖	a⊕b‖ = ‖c‖ and, accordingly, γc = γ	a⊕b. Hence, by the

gamma identity (3.130) we have

γ2
c = γ2

	a⊕b

= γ2
aγ

2
b(1− 2

s2
a·b +

1

s4
‖a‖2‖b‖2)

= γ2
aγ

2
b(1− 2

s2
ab cosγ +

1

s4
a2b2)

(8.74)

Identity (8.74), in turn, is equivalent to each of the identities (8.69), (8.71),

and (8.72). �

Remark 8.27 Identities (8.71) and (8.72) involve addition, rather than

gyroaddition. Accordingly, in these identities one may assume s = 1 without

loss of generality. The more general case of s > 0 can readily be recovered

from the special case of s = 1. This is, however, not the case in Identity

(8.69) since it involve gyroadditions which, in turn, depend implicitly on

the positive parameter s.
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Remark 8.28 We may note that the Möbius addition ⊕ in (8.68) is

a gyrocommutative gyrogroup operation in the Möbius gyrovector space

(Vs,⊕,⊗). In contrast, the Möbius addition ⊕ in (8.69) is a commuta-

tive group operation in the Möbius group (I,⊕), I being the open interval

I = (−s, s). Thus,

a⊕b =
a+ b

1 + ab
s2

(8.75)

in I.

Remark 8.29 In the limit of large s, s → ∞, the law of gyrocosines

(8.71) reduces to the law of cosines,

c2 = a2 + b2 − 2ab cosγ (8.76)

which further reduces to the Euclidean Pythagorean identity

c2 = a2 + b2 (8.77)

when γ = π/2.

Remark 8.30 It is interesting to compare the law of gyrocosines (8.69)

in the Möbius gyrovector plane (R2
s=1,⊕,⊗) with the old representation of

the hyperbolic law of cosines in the Poincaré disc. The latter is given by

the identity [Varičak (1910b)]

cosh c′ = cosha′ cosh b′ − sinh a′ sinh b′ cos γ (8.78)

(see, for instance, [Schwerdtfeger (1962), p. 154] and [Pierseaux (2004),

p. 68]), which is equivalent to (8.69) when s = 1 and when

a′ = log
1 + a

1− a , b′ = log
1 + b

1− b , c′ = log
1 + c

1− c (8.79)

In the special case when γ = π/2 we have cos γ = 0, and the old hyperbolic

law of cosines (8.78) reduces to the old representation of the hyperbolic

Pythagorean theorem

cosh c′ = cosh a′ cosh b′ (8.80)

in the Poincaré disc (see, for instance, [Schwerdtfeger (1962), p. 151]).

Unlike results in gyrogeometry, neither formula (8.78) nor formula (8.80)

shares visual analogies with its Euclidean counterpart.
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The law of gyrocosines (8.69) is an identity in the Möbius vector space

(I,⊕,⊗). To solve it for cos γ we use the notation

Pabc =
a2

s
⊕ b

2

s
	 c

2

s

Qab = 2β2
aaβ

2
b b

(8.81)

so that (8.69) can be written as

Pabc =
1

s

Qab cos γ

1− 1
s2Qab cos γ

(8.82)

implying

cos γ =
sPabc

(1 + 1
sPabc)Qab

(8.83)

Similarly, by cyclic permutations of the gyroangles and sides of gyrotriangle

ABC, Fig. 8.13, we have

cosα =
sPbca

(1 + 1
sPbca)Qbc

(8.84)

and

cosβ =
sPcab

(1 + 1
sPcab)Qca

(8.85)

Theorem 8.31 (Side – Side – Side (The SSS Gyrotriangle Con-

gruence Theorem)). If, in two gyrotriangles, three sides of one are

congruent to three sides of the other, then the two gyrotriangles are congru-

ent.

Proof. It follows from the law of gyrocosines, Theorem 8.26, that the

three side gyrolengths of a gyrotriangle determine the measure of its three

gyroangles. Hence, by Def. 8.25, the two gyrotriangles are congruent. �

Theorem 8.32 (Side – gyroAngle – Side (The SAS Gyrotriangle

Congruence Theorem)). If, in two gyrotriangles, two sides and the

included gyroangle of one, are congruent to two sides and the included gy-

roangle of the other, then the gyrotriangles are congruent.

Proof. It follows from the law of gyrocosines, Theorem 8.26, that the

side gyrolengths of two sides of a gyrotriangle and the included gyroangle

determine the third side gyrolength. Hence, by SSS congruency (Theorem

8.31), the two gyrotriangles are congruent. �
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sinα =
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γ
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b

γ
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γ
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β
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b·c
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cosβ =
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β
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=
a·c
ac

δ = π
2 − (α+ β), tan δ

2 = asbs

Fig. 8.14 Gyrotrigonometry in the Poincaré Model. A Möbius right gyroangled gyro-
triangle ABC in the Möbius gyrovector space (Vs,⊕,⊗) is shown for the special case of
the Möbius gyrovector plane (R2

s ,⊕,⊗). Its sides, formed by the gyrovectors a, b and
c that join its vertices A, B and C, have gyrolengths a, b and c, respectively. They
satisfy the Möbius hyperbolic Pythagorean identity (8.87). Its acute gyroangles α and β
satisfy gyrotrigonometric identities analogous to their trigonometric counterparts, where
aγ , a

β
, bγ , b

β
, cγ , c

β
are related to a, b, c by (8.95). The right gyroangled gyrotriangle

defect δ is calculated in (8.129), giving rise to the remarkably simple and elegant result
tan(δ/2) = asbs, where as = a/s, bs = b/s and cs = c/s.

The Pythagorean theorem has a long, interesting history [Maor (2007);

Veljan (2000)]. It plays an important role in trigonometry, giving rise to

the elementary trigonometric functions sinα, cosα, etc. In the special case

of γ = π/2, corresponding to a right gyroangled gyrotriangle, Fig. 8.14, the

law of gyrocosines is of particular interest, giving rise (i) to the hyperbolic

Pythagorean theorem in the Poincaré ball model of hyperbolic geometry,

and (ii) to the elementary gyrotrigonometric functions sinα, cosα, etc.

The resulting hyperbolic Pythagorean theorem 8.33 shares with its Eu-

clidean counterpart visual analogies, shown in Fig. 8.14.
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Theorem 8.33 (The Möbius Hyperbolic Pythagorean Theorem).

Let ABC be a gyrotriangle in a Möbius gyrovector space (Vs,⊕,⊗) with

vertices A,B,C ∈ Vs, sides a,b, c ∈ Vs and side gyrolengths a, b, c ∈
(−s, s),

a = 	B⊕C, a = ‖a‖
b = 	C⊕A, b = ‖b‖
c = 	A⊕B, c = ‖c‖

(8.86)

and with gyroangles α, β and γ at the vertices A,B and C. If γ = π/2,

Fig. 8.14, then

c2

s
=
a2

s
⊕ b

2

s
(8.87)

Proof. The hyperbolic Pythagorean identity (8.87) follows from the law

of gyrocosines (8.69) with γ = π/2. �

Remark 8.34 (The Hyperbolic Pythagorean Identity vs. the Eu-

clidean Pythagorean Identity). In the limit of large s, s → ∞, the

Möbius Hyperbolic Pythagorean Identity (8.87),

a2

s
⊕ b

2

s
=
c2

s
(8.88)

in Möbius gyrovector spaces (Rn
s ,⊕,⊗) reduces to the Euclidean

Pythagorean Identity

a2 + b2 = c2 (8.89)

in Euclidean spaces (Rn,+, ·); see Fig. 8.14 and Remark 8.29.

The gyroangles α and β in (8.84) – (8.85) that correspond to γ = π/2

in (8.83), shown in Fig. 8.14, are of particular interest. When γ = π/2 we

have cos γ = 0 and, hence, by (8.83), Pabc = 0 implying, by (8.81), the
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hyperbolic Pythagorean identity (8.69). The latter, in turn, implies

Pbca =
b2

s
⊕c

2

s
	a

2

s

=
b2

s
⊕(
a2

s
⊕b

2

s
)	a

2

s

= 2⊗b
2

s

=
2b2/s

1 + b4/s4

(8.90)

Finally, by substituting (8.90) in (8.84) and straightforward algebra, we

have

cosα =
β2

b b

β2
c c

=
b

β

c
β

(8.91)

Similarly, we also have

cosβ =
β2

aa

β2
c c

=
a

β

c
β

(8.92)

as shown in Fig. 8.14, where we use the notation in (8.93) below.

As suggested in (8.91) – (8.92), we introduce the notation

aγ = γ2
aa =

a

1− ‖a‖2/s2 =
a

1− a2/s2

a
β

= β2
aa =

a

1 + ‖a‖2/s2 =
a

1 + a2/s2

(8.93)

for a∈Vs, where γa and βa are the gamma and the beta factors given by

the pair of similar equations

γv =
1

√

1− ‖v‖
2

s2

and βv =
1

√

1 +
‖v‖2
s2

(8.94)

for any v∈Vs. We call a
β

and aγ , respectively, the gamma and the beta

corrections of a.
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Taking magnitudes in (8.93), we have

‖aγ‖ = ‖a‖γ = γ2
a‖a‖ =

‖a‖
1− ‖a‖2/s2 =

a

1− a2/s2
= aγ

‖a
β
‖ = ‖a‖

β
= β2

a‖a‖ =
‖a‖

1 + ‖a‖2/s2 =
a

1 + a2/s2
= a

β

(8.95)

for a ∈ Vs, Clearly, aγ ∈ [0,∞) and a
β
∈ [0, s/2).

Inverting the equations in (8.93) and (8.95) we have,

a =
2aγ

1 +
√

1 + (2‖aγ‖)2/s2

a =
2a

β

1 +
√

1− (2‖a
β
‖)2/s2

(8.96)

and hence

‖a‖ =
2‖a‖γ

1 +
√

1 + (2‖a‖γ)2/s2

‖a‖ =
2‖a‖

β

1 +
√

1− (2‖a‖
β
)2/s2

(8.97)

or, equivalently,

a =
2aγ

1 +
√

1 + (2aγ)2/s2

a =
2a

β

1 +
√

1− (2a
β
)2/s2

(8.98)

Theorem 8.35 Let a, b, c be the side gyrolengths of a right gyroangled

gyrotriangle in a Möbius gyrovector space (Vs,⊕,⊗), Fig. 8.14. Then

(
aγ

cγ

)2

+

(
b

β

c
β

)2

= 1

(
a

β

c
β

)2

+

(
bγ
cγ

)2

= 1

(8.99)
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Proof. The hyperbolic Pythagorean identity (8.87), expressed in terms

of ordinary addition rather than Möbius addition, takes the form

c2

s
=
a2

s
⊕b

2

s
=

1

s

a2 + b2

1 + a2b2

s4

(8.100)

so that

1

1 + a2b2

s4

{
(a

s

)2

+

(
b

s

)2
}

=
( c

s

)2

(8.101)

Expressing a, b, c in terms of their gamma and beta corrections by the

identities in (8.98) for a and by similar identities for b and c, and substi-

tuting these appropriately in (8.101) give the desired identities, (8.99), of

the theorem. �

The identities of Theorem 8.35 can be written, by means of (8.91) –

(8.92), as

(
aγ

cγ

)2

+ cos2 α = 1

cos2 β +

(
bγ
cγ

)2

= 1

(8.102)

where α and β are the two acute gyroangles of a right gyroangled gyrotri-

angle, Fig. 8.14. The identities in (8.102) suggest the following

Definition 8.36 (The Gyrosine Function). Let ABC be a right gy-

roangled gyrotriangle in a Möbius gyrovector space (Vs,⊕,⊗) with acute

gyroangles α and β, Fig. 8.14. Then

sinα =
aγ

cγ

sinβ =
bγ
cγ

(8.103)

Following Def. 8.36, identities (8.102) can be written as

sin2 α+ cos2 α = 1

cos2 β + sin2 β = 1
(8.104)

for the right gyroangled gyrotriangle in Fig. 8.14, thus uncovering the ele-

mentary gyrotrigonometric functions gyrosine and gyrocosine, which share

remarkable properties with their trigonometric counterparts. There are
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also important disanalogies. Thus, for instance, if α and β are the two

non-right gyroangles of a right gyroangled gyrotriangle, Fig. 8.14, then in

general cosα 6= sinβ and sinα 6= cosβ as implied from formulas shown in

Fig. 8.14.

The gyrosine and the gyrocosine functions of gyroangles behave like the

sine and the cosine functions of (Euclidean) angles. To see this one can

move the vertex of any gyroangle to the origin of its Möbius gyrovector

space, where the gyroangle and its gyrosine and gyrocosine becomes an

(Euclidean) angle with its sine and cosine, as demonstrated in Figs. 8.4 and

8.5. Hence the gyrotrigonometric functions can be treated in the same way

that we commonly treat the trigonometric functions. Thus, for instance,

the gyrosine addition formula is the familiar sine addition formula

sin(α+ β) = sinα cosβ + cosα sinβ (8.105)

Accordingly, any trigonometric identity is identical with a corresponding

gyrotrigonometric identity.

Theorem 8.37 (The Law of Gyrosines in Möbius Gyrovector

Spaces). Let ABC be a gyrotriangle in a Möbius gyrovector space

(Vs,⊕,⊗) with vertices A,B,C ∈ Vs, sides a,b, c ∈ Vs, and side gy-

rolengths a, b, c ∈ (−s, s),

a = 	B⊕C, a = ‖a‖
b = 	C⊕A, b = ‖b‖
c = 	A⊕B, c = ‖c‖

(8.106)

and with gyroangles α, β and γ at the vertices A,B and C, Fig. 8.15. Then

aγ

sinα
=

bγ
sinβ

=
cγ

sin γ
(8.107)

Proof. Following Def. 8.36 of the gyrosine function, the proof of the law

of gyrosines is fully analogous to its Euclidean counterpart, as shown in

Fig. 8.15. �

Employing the identity sin2 γ = 1− cos2 γ and the condition sin γ ≥ 0

for any gyroangle γ of a gyrotriangle, we obtain from (8.72) an expression

for sin γ in terms of the gyrotriangle sides, Fig. 8.15,

sin γ =
ψ(a, b, c; s)ψ(−a, b, c; s)ψ(a,−b, c; s)ψ(a, b,−c; s)

2asbs
γ2

c (8.108)
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α

β

γ

PSfrag replacements

A

B

C

h a

b

c

C0
π/2

a = 	B⊕C a = ‖a‖

b = 	C⊕A b = ‖b‖

c = 	A⊕B c = ‖c‖

h = 	C0⊕C h = ‖h‖

sinα =
hγ

bγ

sinβ =
hγ

aγ

hγ = aγ sinβ = bγ sinα

Fig. 8.15 The law of gyrosines in Möbius gyrovector spaces.

where

ψ(a, b, c; s) =

√

1

s
[(b⊕c) + a](1 +

bc

s2
) =

√

as + bs + cs + asbscs (8.109)

The function ψ(a, b, c; s) is real and symmetric in its variables a, b, c that

represent the three sides of a gyrotriangle, Fig. 8.15. It follows from the

gyrotriangle inequality b⊕c ≥ a that the function

ψ(−a, b, c; s) =

√

1

s
[(b⊕c)− a](1 +

bc

s2
) =

√

−as + bs + cs − asbscs

(8.110)

is real. A similar remark applies to the functions ψ(a,−b, c; s) and

ψ(a, b,−c; s) as well.
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Theorem 8.38 (gyroAngle – gyroAngle – Side (The AAS Gyro-

triangle Congruence Theorem)). If, in two gyrotriangles, two gy-

roangles and a non-included side of one, are congruent respectively to two

gyroangles and a non-included side of the other, then the two gyrotriangles

are congruent.

Proof. Let us consider the gyrotriangle ABC in Fig. 8.15, where gyroan-

gles α and β and side b are given. Then side a can be calculated by means

of the law of gyrosines, Theorem 8.37. By the gyrotriangle equality, side c

equals the gyrosum

c = ‖	A⊕C0‖⊕‖	C0⊕B‖ (8.111)

Part ‖	A⊕C0‖ of the gyrosum can be calculated by means of cosα and side

b, and Part 	C0⊕B of the gyrosum can be calculated by means of cosβ

and side a, as explained in Fig. 8.14. Having sides b and c and gyroangle

α, the proof follows from SAS congruency (Theorem 8.32). �

8.6 Gyrotriangle Gyroangles and Side Gyrolengths

Noting the symmetry of the function ψ(a, b, c; s) in a, b, c, it follows from

(8.108) by cyclic permutations of the gyrotriangle sides, Fig. 8.13, that the

gyroangles α, β, γ of a gyrotriangle ABC with corresponding sides a, b, c

are given by the equations

sinα =
ψ(a, b, c; s)ψ(−a, b, c; s)ψ(a,−b, c; s)ψ(a, b,−c; s)

2bscs
γ2

a

sinβ =
ψ(a, b, c; s)ψ(−a, b, c; s)ψ(a,−b, c; s)ψ(a, b,−c; s)

2ascs
γ2

b

sin γ =
ψ(a, b, c; s)ψ(−a, b, c; s)ψ(a,−b, c; s)ψ(a, b,−c; s)

2asbs
γ2

c

(8.112)

so that

bscs
γ2

a

sinα =
ascs
γ2

b

sinβ =
asbs
γ2

c

sin γ (8.113)

The law of gyrosines (8.107) can be recovered by dividing all sides of (8.113)

by abc.

Identity (8.72) with cyclic permutations of the gyrotriangle gyroan-

gles and sides, Fig. 8.13, gives the following SSS (Side-Side-Side) to AAA

(gyroAngle-gyroAngle-gyroAngle) conversion law.



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Gyrotrigonometry 297

Theorem 8.39 (The SSS to AAA Conversion Law). Let ABC be

a gyrotriangle in a Möbius gyrovector space (Vs,⊕,⊗), Fig. 8.13, p. 285,

with vertices A,B,C, corresponding gyroangles α, β, γ, 0 < α+ β + γ < π,

and side gyrolengths (or, simply, sides) a, b, c.

The gyroangles of the gyrotriangle ABC are determined by its sides

according to the SSS to AAA conversion equations

cosα =
−a2

s + b2s + c2s − a2
sb

2
sc

2
s

2bscs
γ2

a

cosβ =
a2

s − b2s + c2s − a2
sb

2
sc

2
s

2ascs
γ2

b

cos γ =
a2

s + b2s − c2s − a2
sb

2
sc

2
s

2asbs
γ2

c

(8.114)

Solving the first equation in (8.114) for cs we have

cs =
Q±

√

(a2
s − b2s)(1− a2

sb
2
s) +Q2

1− a2
sb

2
s

(8.115)

where

Q = (1− a2
s)bs cosα (8.116)

If as = bs then (8.115) reduces to

cs =
2as

1 + a2
s

cosα (8.117)

determining the side of an isosceles gyrotriangle (that is, two of its sides

are congruent) in terms of one of the two congruent sides and one of the

two congruent gyroangles of the isosceles gyrotriangle.

If as > bs then the ambiguous sign in (8.115) must be replaced by the

positive sign to insure that cs > 0.

Theorem 8.40 (Side – side – gyroAngle (The SsA Gyrotriangle

Congruence Theorem)). If, in two gyrotriangles, two sides and the

gyroangle opposite the longer of the two sides in one are congruent respec-

tively to two sides and the gyroangle opposite the longer of the two sides in

the other, then the two gyrotriangles are congruent.

Proof. Let a and b and α be two given sides and the gyroangle opposite

the longer side, a, of a gyrotriangle. The third side, c, is determined by
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(8.115) in which the ambiguous sign specializes to the positive one,

cs =
Q+

√

(a2
s − b2s)(1− a2

sb
2
s) +Q2

1− a2
sb

2
s

(8.118)

Hence, by SSS congruency, Theorem 8.31, the two gyrotriangles in the

theorem are congruent. �

Theorem 8.41 Let α and β be two gyroangles of a gyrotriangle, and let

c be the gyrolength of the included side. Then the third gyroangle, γ, of the

gyrotriangle is given by the equation

cos γ = − cosα cosβ + (γ2
c/β

2
c ) sinα sinβ (8.119)

Proof. The proof follows straightforwardly from (8.112) and (8.114). �

In the limit of large s, s → ∞, the gyrotriangle gyroangle identity

(8.119) approaches the triangle angle identity

cos γ = − cosα cosβ + sinα sinβ = cos(π − α− β) (8.120)

or, equivalently,

α+ β + γ = π (8.121)

thus recovering the basic identity of triangle angles in Euclidean geometry.

Theorem 8.42 (The Base-Height Gyrotriangle Theorem). Let

a, b, c be the three sides of a gyrotriangle ABC with corresponding heights

ha, hb, hc in a Möbius gyrovector space (Vs,⊕,⊗), Fig. 8.16. Then

a
γ
(ha)

γ
= b

γ
(hb)

γ
= c

γ
(hc)

γ
(8.122)

Proof. By Def. 8.36, the three heights of gyrotriangle ABC, Fig. 8.16,

are given by the equations

(ha)γ = bγ sin γ = cγ sinβ

(hb)γ = aγ sin γ = cγ sinα

(hc)γ = aγ sinβ = bγ sinα

(8.123)

Hence,

aγ(ha)γ = aγbγ sin γ = aγcγ sinβ

bγ(hb)γ = aγbγ sin γ = bγcγ sinα

cγ(hc)γ = aγcγ sinβ = bγcγ sinα

(8.124)

thus obtaining the desired gyrotriangle base-height identity (8.122). �
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α

β

γ

PSfrag replacements

A

B

C

a

b

c

A
0

B
0

C
0

h
a

hb

hc
a = 	B⊕C, a = ‖a‖

b = 	C⊕A, a = ‖a‖

c = 	A⊕B, a = ‖a‖

ha = 	A0⊕A, ha = ‖ha‖

hb = 	B0⊕B, hb = ‖hb‖

hc = 	C
0
⊕C, hc = ‖hc‖

S
ABC

= a
γ
(ha)

γ
= b

γ
(hb)γ

= c
γ
(hc)

γ

δ = π − (α+ β + γ) > 0

Fig. 8.16 A Möbius gyrotriangle ABC in the Möbius gyrovector plane (R2
s ,⊕,⊗) and

its heights are shown. The gyrotriangle heights are concurrent, and their lengths can be
calculated by gyrotrigonometric techniques.

Theorem 8.42 suggests the following definition.

Definition 8.43 (The Gyrotriangle Constant). Let a, b, c be the

three sides of a gyrotriangle ABC with corresponding heights ha, hb, hc in

a Möbius gyrovector space (Vs,⊕,⊗), Fig. 8.16.

The number S
ABC

,

S
ABC

= a
γ
(ha)

γ
= b

γ
(hb)

γ
= c

γ
(hc)

γ
(8.125)

is called the gyrotriangle constant of gyrotriangle ABC.

Clearly, the gyrotriangle constant is analogous to the basis times the

height of a triangle in Euclidean geometry. We will discuss this point again

in connection with Einstein gyrovector spaces in Sections 12.11 – 12.12.
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8.7 The Gyroangular Defect of Right Gyroangle Gyrotri-

angles

Definition 8.44 (The Gyrotriangular Defect). Gyroangle gyrotrian-

gle sum is always smaller than π. The difference between this sum and π

is called the defect of the gyrotriangle, Fig. 8.16.

The sum of the gyroangles α and β of the right gyroangled gyrotriangle

ABC in Fig. 8.14 is smaller than π
2 so that it possesses a positive gyroangular

defect δ = π
2 − (α+β). The gyrocosine and the gyrosine of the gyroangular

defect δ of gyrotriangle ABC are

cos δ = cos
(π

2
− (α+ β)

)

= sin(α+ β)

= sinα cosβ + cosα sinβ

=
aγ

cγ

a
β

c
β

+
b

β

c
β

bγ
cγ

(8.126)

and

sin δ = sin
(π

2
− (α+ β)

)

= cos(α+ β)

= cosα cosβ − sinα sinβ

=
a

β
b

β

c2
β

− aγbγ
c2γ

(8.127)

Interestingly, the tangent tan(δ/2) of the half gyroangular defect δ/2 is

particularly simple and elegant. It follows from (8.126) and (8.127) that

tan δ =
2asbs

1− a2
sb

2
s

(8.128)

so that the γ and β corrections in (8.126) – (8.127) disappear, and

tan
δ

2
= asbs (8.129)

thus recovering a known result; see [Ungar (2001b), (6.78) – (6.79)] and
[Hartshorne (2003), Fig. 5]. This result that corresponds to the right-

gyroangled gyrotriangle is extended in Theorem 8.45 to any gyrotriangle.
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8.8 Gyroangular Defect of the Gyrotriangle

Theorem 8.45 (The Gyrotriangle Defect Identity, I). Let ABC be

a gyrotriangle in a Möbius gyrovector space (Vs,⊕,⊗), Fig. 8.13, with ver-

tices A,B,C, corresponding gyroangles α, β, γ, and side gyrolengths a, b, c.

The gyroangular defect δ,

δ = π − (α+ β + γ) (8.130)

of the gyrotriangle ABC is related to the gyrotriangle side gyrolengths and

gyroangles by the identities

tan
δ

2
=

asbs sin γ

1− asbs cos γ
=

ascs sinβ

1− ascs cosβ
=

bscs sinα

1− bscs cosα
(8.131)

Proof. Let α, β and γ be the gyroangles of the hyperbolic gyrotriangle

ABC in Fig. 8.13. The gyrocosines of these gyroangles are calculated by

means of the law of gyrocosines, and the gyrosines of these gyroangles are

related to each other by the law of gyrosines, enabling us to calculate cos δ

where δ = π − (α+ β + γ) is the gyrotriangle defect. We thus obtain

1 + cos δ =
1

2
γ2

aγ
2
b γ

2
c (2 + a2

sb
2
sc

2
s − a2

s − b2s − c2s)2

1− cos δ =
1

2
γ2

aγ
2
b γ

2
c (as + bs + cs + asbscs)(−as + bs + cs − asbscs)×

(as − bs + cs − asbscs)(as + bs − cs − asbscs)

(8.132)

or, equivalently,

1 + cos δ =
(γ2

a + γ2
b + γ2

c − 1)2

2γ2
aγ

2
b γ

2
c

1− cos δ =
4γ2

aγ
2
b γ

2
c − (γ2

a + γ2
b + γ2

c − 1)2

2γ2
aγ

2
b γ

2
c

(8.133)

implying

sin δ =
(γ2

a + γ2
b + γ2

c − 1)
√

4γ2
aγ

2
b γ

2
c − (γ2

a + γ2
b + γ2

c − 1)2

2γ2
aγ

2
bγ

2
c

> 0 (8.134)
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The identities in (8.132) are employed to calculate tan(δ/2) by means of

the gyrotrigonometric identity tan2(φ/2) = (1−cosφ)/(1+cosφ), obtaining

tan
δ

2
=

√

4γ2
aγ

2
b γ

2
c − (γ2

a + γ2
b + γ2

c − 1)2

γ2
a + γ2

b + γ2
c − 1

(8.135)

or, equivalently [Ungar (2004b)],

tan
δ

2
=
√

as + bs + cs + asbscs
√

−as + bs + cs − asbscs ×
√

as − bs + cs − asbscs
√

as + bs − cs − asbscs ×
1

2 + a2
sb

2
sc

2
s − a2

s − b2s − c2s

=
ψ(a, b, c; s)ψ(−a, b, c; s)ψ(a,−b, c; s)ψ(a, b,−c; s)

2 + a2
sb

2
sc

2
s − a2

s − b2s − c2s

(8.136)

Finally, it follows from (8.136), (8.72) and (8.108) that

tan
δ

2
=

asbs sin γ

1− asbs cos γ
(8.137)

Identity (8.137), along with permutations of its sides and their correspond-

ing gyroangles, completes the proof. �

Clearly, (8.137) reduces to (8.129) when γ = π/2. Moreover, it follows

from (8.137) that

− 2

K
tan

δ

2
=

1

2

ab sin γ

1− asbs cos γ
−−−→
s→∞

1

2
aebe sin γ (8.138)

K = −4/s2 being the Gaussian curvature, (7.28), where ae and be are

corresponding Euclidean side lengths; see Remark 8.46 below.

Remark 8.46 We should note that in the limit (8.138) of large s the

gyrotriangle side gyrolengths a and b implicitly depend on s, Fig. 8.13 since

they are given by the equations

a = ‖	B⊕C‖
b = ‖	C⊕A‖

(8.139)

where Möbius addition ⊕ depends on s. In the limit of large s Möbius ad-

dition ⊕ in a Möbius gyrovector space (Vs,⊕,⊗) reduces to vector addition
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in the vector space V so that

ae = lim
s→∞

a = lim
s→∞

‖	B⊕C‖ = ‖ −B + C‖

be = lim
s→∞

b = lim
s→∞

‖	C⊕A‖ = ‖ − C +A‖
(8.140)

Accordingly, ae and be are Euclidean side lengths of triangle ABC.

The gyrotriangle gyroangular defect δ is additive. Hence, it is a con-

venient choice for the measure of the area of gyrotriangles up to a multi-

plicative constant, so that the area of two disjoint gyrotriangles equals the

sum of their areas. However, motivated by analogies with classical results,

Identity (8.137) and its associated limit in (8.138) suggest the following

Definition 8.47 The gyroarea |ABC| of gyrotriangle ABC with corre-

sponding sides a, b, c and gyroangles α, β, γ in a Möbius gyrovector space

(Vs,⊕,⊗), Fig. 8.13, is given by the equation

|ABC| = − 2

K
tan

δ

2
(8.141)

where δ is the defect of gyrotriangle ABC, and where K = −4/s2 is the

Möbius gyrovector space Gaussian curvature, (7.28).

If we use the notation

p =
ae + be + ce

2
(8.142)

then the first equality in (8.136) gives rise to the limit

lim
s→∞

(− 2

K
tan

δ

2
) = lim

s→∞
(
s2

2
tan

δ

2
)

=
1

4

√

ae + be + ce
√

−ae + be + ce
√

ae − be + ce
√

ae + be − ce

=
√

p(p− ae)(p− be)(p− ce)

(8.143)

thus recovering Heron’s formula for the Euclidean triangle area. Hence,

the gyrotriangle gyroarea reduces to the triangle area in the standard limit

s→∞, as one would expect.

Clearly, Remark 8.46 about the limit in (8.138) applies to the limit in

(8.143) as well.
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We see from (8.137) – (8.143) that gyrotriangle gyroarea measure

|ABC| = 1
2

ab sin γ

1− ab
s2 cos γ

(8.144)

of gyrotriangle ABC, Fig. 8.16, is a smooth extension of its corresponding

triangle area measure,

1
2aebe sin γ (8.145)

to which it reduces in the limit s→∞. The assumption in the title of [Ruoff

(2005)], “Why Euclidean area measure fails in the noneuclidean plane”, is

therefore wrong.

8.9 Gyroangular Defect of the Gyrotriangle – a Synthetic

Proof

In this section we prove the result in (8.137) with s = 1 by employing

synthetic studies of hyperbolic geometry rather than analytic studies of

gyrovector spaces. Accordingly, we use in this section the language of hy-

perbolic geometry rather than gyrolanguage.

Theorem 8.48 (The Gyrotriangle Defect Identity, II). Let D =

R2
s=1, Fig. 8.17, be the open unit disc of the Euclidean plane R2, and let

ABC be a hyperbolic triangle in the Poincaré disc model D. The triangle

ABC has vertices A,B and C, corresponding hyperbolic angles α, β and

γ, and sides BC, AC, and AB with corresponding hyperbolic lengths a =

|BC|, b = |AC| and c = |AB|. The gyroangular defect δ,

δ = π − (α+ β + γ) (8.146)

of the hyperbolic triangle ABC is related to the triangle hyperbolic side

lengths (that is, gyrolengths) and hyperbolic angles (that is, gyroangles) by

the identities

tan
δ

2
=

ab sin γ

1− ab cosγ
=

ac sinβ

1− ac cosβ
=

bc sinα

1− bc cosα
(8.147)

Proof. Keeping hyperbolic angles and hyperbolic triangle side lengths

invariant, we can move triangle ABC in the disc D by the motions of the

disc. By appropriate motions of the disc we place the triangle in the position

shown in Fig. 8.17. Vertex C of the triangle is placed at the center of the

disc, and vertex A is placed at a point on the positive ray of the horizontal
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α

δβ

↓
δ/2

α

β

γ

PSfrag replacements

A

B

C

D

E

F

G H

L

O

a

b

c

D

Fig. 8.17 The synthetic approach to the defect δ of gyrotriangle ABC, (8.159).

Cartesian coordinate of the disc. The sides AC and BC are now Euclidean

straight line segments, and the side AB is a geodesic segment lying on a

circle L, as shown in Fig. 8.17. Unlike the hyperbolic length c = |AB| of

side AB, the hyperbolic lengths a = |BC| and b = |AC| of sides BC and

AC, respectively, coincide with their Euclidean lengths. Furthermore, the

included angle γ is both hyperbolic and Euclidean, allowing us to employ

in hyperbolic geometry tools from Euclidean geometry.

The circle L intersects the boundary ∂D of the disc D orthogonally, and

its center, O, is known as the pole of the hyperbolic segment AB. We

extend the straight line CA on its right to the point D, where it intersects

circle L, and on its left to the point G that forms the Euclidean right-angled

triangle DBG. The midpoint E of AD forms the Euclidean right-angled

triangle AEO. Similarly, we extend the straight line CB to the point F

that forms the Euclidean right-angled triangle BOF .

Let H be a point of intersection of the circles ∂D and L, Fig. 8.17. Since

the two circles are orthogonal, the radius CH of ∂D is tangent to circle L.

Being a secant and a tangent of circle L drawn from the same point C, the

Euclidean lengths |CA|, |CD| and |CH | of sides CA, CD and CH satisfy

the identity [Hartshorne (2000)]

|CA|·|CD| = |CH |2 (8.148)
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But, |CA| = b and the radius-length of the disc boundary ∂D is |CH | = 1,

so that (8.148) gives

|CD| = 1

b
(8.149)

The Euclidean lengths of the two orthogonal sides of triangle GBC are

|GB| = a sin(π − γ) = a sin γ

|GC| = a cos(π − γ) = −a cosγ
(8.150)

Hence, by (8.149) – (8.150) we have,

|GD| = |GC|+ |CD| = 1

b
− a cosγ (8.151)

The hyperbolic angle α in triangle ABC is the Euclidean angle between

the line AC and the tangent line of circle L at point A. Hence, we clearly

have

α+
π

2
+ ∠OAE = π

∠AOE +
π

2
+ ∠OAE = π

(8.152)

so that

α = ∠AOE (8.153)

as shown in Fig. 8.17.

Similarly, for the hyperbolic angle β in triangle ABC we clearly have

β +
π

2
+ ∠OBF = π

∠BOF +
π

2
+ ∠OBF = π

(8.154)

so that

β = ∠BOF (8.155)

as shown in Fig. 8.17.

Finally, we have

∠FOE +
π

2
+
π

2
+ γ = 2π (8.156)
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implying ∠FOE = π − γ, so that the angle

δ = ∠FOE − α− β = π − (α+ β + γ) = ∠AOB (8.157)

shown in Fig. 8.17, turns out to be the defect of triangle ABC.

Since the arc AB of circle L subtends the angle δ at O, it subtends the

angle δ/2 at D [Hartshorne (2000)], as shown in Fig. 8.17. Thus,

∠GDB =
δ

2
(8.158)

Hence, by (8.150) – (8.151) and (8.158) we have,

tan
δ

2
=
|GB|
|GD| =

ab sin γ

1− ab cosγ
(8.159)

thus obtaining a relation between Euclidean measures which are, at the

same time, hyperbolic measures. These are the measures of the lengths

a and b, and the measures of the angles γ and δ. Similarly, by circular

permutations on the triangle parameters we obtain the triangle angular

defect identities (8.147). �

8.10 The Gyrotriangle Side Gyrolengths in Terms of its

Gyroangles

The following Theorem 8.49 presents a most important disanalogy with Eu-

clidean triangle similarity. This theorem and Theorem 8.39 are the converse

of each other while, in contrast, the Euclidean counterpart of Theorem 8.39

has no converse.

Theorem 8.49 (The AAA to SSS Conversion Law). Let ABC be

a gyrotriangle in a Möbius gyrovector space (Vs,⊕,⊗), Fig. 8.13, p. 285,

and Fig. 8.18, with vertices A,B,C, corresponding gyroangles α, β, γ, 0 <

α+ β + γ < π, and side gyrolengths (or, simply, sides) a, b, c.

The sides of the gyrotriangle ABC are determined by its gyroangles
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according to the AAA to SSS conversion equations

a2
s =

cosα+ cos(β + γ)

cosα+ cos(β − γ)

b2s =
cosβ + cos(α+ γ)

cosβ + cos(α− γ)

c2s =
cos γ + cos(α+ β)

cos γ + cos(α− β)

(8.160)

Conversely, the angles of the gyrotriangle ABC are determined by its

sides according to the SSS to AAA conversion equations, (8.114),

cosα =
−a2

s + b2s + c2s − a2
sb

2
sc

2
s

2bscs
γ2

a

cosβ =
a2

s − b2s + c2s − a2
sb

2
sc

2
s

2ascs
γ2

b

cos γ =
a2

s + b2s − c2s − a2
sb

2
sc

2
s

2asbs
γ2

c

(8.161)

Proof. Solving the three identities of Theorem 8.48,

asbs sin γ

1− asbs cos γ
= tan

δ

2

ascs sinβ

1− ascs cosβ
= tan

δ

2

bscs sinα

1− bscs cosα
= tan

δ

2

(8.162)

for as, bs, cs, we have

a2
s =

sinα+ cosα tan δ
2

(sinβ + cosβ tan δ
2 )(sin γ + cos γ tan δ

2 )
tan

δ

2

b2s =
sinβ + cosβ tan δ

2

(sinα+ cosα tan δ
2 )(sin γ + cos γ tan δ

2 )
tan

δ

2

c2s =
sin γ + cos γ tan δ

2

(sinα+ cosα tan δ
2 )(sin β + cosβ tan δ

2 )
tan

δ

2

(8.163)
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α

β

γ
PSfrag replacements

A

B

C

a
a = ‖a‖, b = ‖b‖, c = ‖c‖

b

c

a = 	C⊕B

b = 	C⊕A

c = 	B⊕A

a2
s = cos α+cos(β+γ)

cos α+cos(β−γ)

b2s = cos β+cos(α+γ)
cos β+cos(α−γ)

c2s = cos γ+cos(α+β)
cos γ+cos(α−β)

as = a
s , bs = b

s , cs = c
s

Fig. 8.18 Illustrating the Möbius AAA to SSS Conversion Law in Theorem 8.49, ac-
cording to which the side-gyrolegths of a gyrotriangle in a Möbius gyrovector space
(Vs,⊕,⊗) are determined uniquely by its gyroangles. This Figure, similar to Fig. 8.13,
is presented here for comparison with Fig. 8.19.

Substituting

tan
δ

2
= tan(

π

2
− α+ β + γ

2
) = cot

α+ β + γ

2
(8.164)

in (8.163) and simplifying, we obtain the system of equations (8.160), illus-

trated in Fig. 8.18.

Finally, the system of equations (8.161) has already been established in

(8.114). �

It follows from Theorem 8.49 that any three gyroangles α, β, γ that sat-

isfy the condition 0 < α+β+γ < π give rise to three real numbers as, bs, cs
according to (8.160) and, hence, can be realized as the three gyroangles of

a gyrotriangle in a Möbius gyrovector space (Vs,⊕,⊗) with sides a, b, c.

In the limit of large s, s→∞, the ratios as, bs, cs of gyrotriangle side

gyrolengths to s vanish, so that the identities in (8.160) reduce, respectively,
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α

β

γ
PSfrag replacements

A

B

C

a
a = ‖a‖, b = ‖b‖, c = ‖c‖

b

c

a = −C +B

b = −C +A

c = −B +A

0 = cos α+cos(β+γ)
cos α+cos(β−γ)

0 = cos β+cos(α+γ)
cos β+cos(α−γ)

0 = cos γ+cos(α+β)
cos γ+cos(α−β)

Fig. 8.19 Illustrating the reduction of gyrotriangle ABC in the Möbius gyrovector space
(Vs,⊕,⊗) of Fig. 8.18 to its Euclidean counterpart, triangle ABC in the inner product
space (V,+, ·) of this figure, in the limit of large s, s → ∞.

to the identities

0 = cosα+ cos(β + γ)

0 = cosβ + cos(α+ γ)

0 = cos γ + cos(α+ β)

(8.165)

shown in Fig. 8.19, and the identities in (8.161) reduce, respectively, to the

identities

a2 = b2 + c2 − 2bc cosα

b2 = a2 + c2 − 2ac cosβ

c2 = a2 + b2 − 2ab cosγ

(8.166)

Each of the identities in (8.165) is equivalent to the Euclidean triangle

angles identity (8.121), and each of the identities in (8.166) is equivalent to

the Euclidean law of cosines (8.76). The resulting analogies that Möbius
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PSfrag replacements

a = 	C⊕B, a = ‖a‖

b = 	A⊕C, b = ‖b‖

c = 	A⊕B, c = ‖c‖

a′ = 	B⊕C, ‖a′‖ = a

b′ = 	C⊕A, ‖b′‖ = b

c′ = 	B⊕A, ‖c′‖ = c

a2 = 2 cos α
1+cos α

b2 = c2 = cosα

cosα = b·c
bc

cos α
2 = a·b′

ab = a′·c′

ac

A

B

C

a

b

c

α

α
/
2

α
/2

Fig. 8.20 A special isosceles gyrotriangle in a Möbius gyrovector plane (R2
s=1,⊕,⊗),

illustrating Example 8.50. Note that owing to the presence of a gyration, in general

a′ 6= 	a, etc.

gyrotriangles and Euclidean triangles share are illustrated in Figs. 8.18 and

8.19.

Example 8.50 (A Special Isosceles Gyrotriangle). As an elegant

example of the use of Theorem 8.49 let us calculate the side gyrolengths a,

b and c of a gyrotriangle in a Möbius gyrovector space (Vs=1,⊕,⊗) with

gyroangles α, α/2 and α/2, shown in Fig. 8.20. By Theorem 8.49 these are

a2 =
2 cosα

1 + cosα

b2 = c2 =
cos α

2 + cos 3α
2

2 cos α
2

= cosα

(8.167)
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We see from (8.160) that if the gyrotriangle gyroangle sum is π,

α + β + γ = π, than the gyrotriangle sides vanish. If a gyroangle gyro-

triangle vanishes than its two generating sides have gyrolengths s, as we

see from (8.160), so that its corresponding gyrotriangle vertex, called an

asymptotic vertex, lies on the boundary of the ball Vs in the space V.

Accordingly, a gyrotriangle with a single vanishing gyroangle is called an

asymptotic gyrotriangle. Similarly, a gyrotriangle with two (three) van-

ishing gyroangles is called a doubly (triply) asymptotic gyrotriangle [Ryan

(1986)].

Solving the third identity in (8.160) for cos γ we obtain the identity

cos γ = 2γ2
c sinα sinβ − cos(α− β) (8.168)

that determines a gyroangle γ of a gyrotriangle in terms of the other two

gyrotriangle gyroangles, α and β, and the gyrolength c of their included

side.

In the limit of large s, s→ ∞, we have γc → 1 so that (8.168) reduces

to the familiar trigonometric result for Euclidean triangles,

cos γ = 2 sinα sinβ − cos(α− β)

= cos(π − (α + β))
(8.169)

which is equivalent to the condition

α+ β + γ = π (8.170)

Theorem 8.51 (gyroAngle – gyroAngle – gyroAngle (The AAA

Gyrotriangle Congruence Theorem)). If, in two gyrotriangles, three

gyroangles of one are congruent to three gyroangles of the other, then the

two gyrotriangles are congruent.

Proof. The three gyroangles of a gyrotriangle determine the three side

gyrolengths of the gyrotriangle by Theorem 8.49. Hence, by SSS congruency

(Theorem 8.31), the two gyrotriangles are congruent. �

Theorem 8.52 (gyroAngle – Side – gyroAngle (The ASA Gyro-

triangle Congruence Theorem)). If, in two gyrotriangles, two gy-

roangles and the included side of one, are congruent to two gyroangles and

the included side of the other, then the two gyrotriangles are congruent.

Proof. The two gyroangles of a gyrotriangle and the gyrolength of the

included side determine its third gyroangle by (8.119) or, equivalently, by
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(8.168), or by the cos γ equation in Fig. 8.13. Hence, by AAA congruency,

Theorem 8.51, the two gyrotriangles are congruent. �

In the special case when gyrotriangle ABC is right-gyroangled, with

γ = π/2, Fig. 8.14, p. 289, the identities in (8.160) reduce to

a2
s =

cosα− sinβ

cosα+ sinβ

b2s =
cosβ − sinα

cosβ + sinα

c2s =
cos(α+ β)

cos(α− β)
=

cosα cosβ − sinα sinβ

cosα cosβ + sinα sinβ

(8.171)

satisfying the hyperbolic Pythagorean identity

c2s =
a2

s + b2s
1 + a2

sb
2
s

(8.172)

or, equivalently,

c2

s
=
a2

s
⊕b

2

s
(8.173)

in Möbius gyrovector spaces, Fig. 8.14.

Formally, replacing

(cosα, sin β, cosβ, sinα) → (x, y, x′, y′) (8.174)

Identities (8.171) – (8.172) suggest the following elegant one-dimensional

Möbius addition formula

x− y
x+ y

⊕x
′ − y′
x′ + y′

=
xx′ − yy′
xx′ + yy′

(8.175)

that holds for any real (or complex) numbers x, x′, y, y′ as long as the

denominator does not vanish. The one-dimensional Möbius addition ⊕
in (8.175), shown for instance in (8.172) or (3.139), p. 80, is obviously

both commutative and associative, as expected. Furthermore, it coincides

with the one-dimensional Einstein addition as we see from (3.139) and

(3.189), p. 91. It is owing to (8.175) that Einstein addition emerges in

some linear boundary value problems [Loewenthal and Robinson (2000);

Vigoureux (1993); Vigoureux (1994)]. In the special case when x = x′ = 1,

Identity (8.175) reduces to a “scalar Q function” identity of Lindell and

Sihova [Lindell and Sihova (1998)].
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PSfrag replacements
A

B

C

O

α

β

γ

a = ‖	B⊕C‖

b = ‖	A⊕C‖

c = ‖	A⊕B‖

α+ β = γ

a cosα = b cosβ

γ2
a sin 2β = γ2

b sin 2α

c2s = 1− tanα tanβ

Fig. 8.21 The Semi-Gyrocircle Theorem. The point C lies on the gyrocircle with gyro-
diameter AB in a Möbius gyrovector plane (R2

s ,⊕,⊗) if and only if α + β = γ. The two
equations α + β = γ and a cos α = b cos β are also valid in the corresponding Euclidean
semi-circle theorem. In contrast, owing to the condition α+β+γ = π for Euclidean angle
sum and α + β + γ < π for hyperbolic angle sum, the condition γ = π/2 is valid in the
Euclidean semi-circle theorem but not in its hyperbolic counterpart. The gyrodiameter
gyrolength c = ‖	A⊕B‖ satisfies the gyrodiameter identity c2

s = 1 − tan α tan β, where
cs = c/s. As expected, the Euclidean counterpart of the gyrodiameter identity is trivial,
0 = 1− tan α tan β. Unlike Euclidean geometry, the gyroangle γ depends on the location
of the point C on the shown gyrocircle.

8.11 The Semi-Gyrocircle Gyrotriangle

Theorem 8.53 (The Semi-Gyrocircle Theorem). The point C

lies on a gyrocircle with gyrodiameter AB in a Möbius gyrovector space

(Vs,⊕,⊗), Fig. 8.21, if and only if

∠ABC + ∠BAC = ∠ACB (8.176)

Proof. Let O be the center of the gyrocircle with gyrodiameter AB that

contains the point C, Fig. 8.21. Then, the gyrotriangles BOC and AOC
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are isosceles so that α = γ1 and β = γ2, and γ1+γ2 = γ, where α = ∠BAC,

β = ∠ABC, γ = ∠ACB, γ1 = ∠OCA, and γ2 = ∠OCB, thus verifying

α+ β = γ, (8.176).

Conversely, if γ = α+β, let O be the point on the gyrodiameterAB such

that ∠ACO = α and ∠BCO = β. Then gyrotriangles OAC and OBC are

isosceles, satisfying |OB| = |OC| = |OA|. Hence r = |OB| = |OC| = |OA|
is the radius gyrolength and C lies on the gyrocircle. �

Let C be a point lying on a gyrocircle with gyrodiameter AB in a

Möbius gyrovector space (Vs=1,⊕,⊗), and let the sides of gyrotriangle

ABC be a = ‖	B⊕C‖, b = ‖	A⊕C‖, c = ‖	A⊕B‖. Furthermore, let the

gyroangles of gyrotriangle ABC be α = ∠BAC, β = ∠ABC, γ = ∠ACB,

Fig. 8.21. Then, by Theorem 8.53,

γ = α+ β (8.177)

Hence, by Theorem 8.49,

a2 =
cosα+ cos(β + γ)

cosα+ cos(β − γ)

=
cos(β − γ) + cos(β + γ)

2 cosα

=
cosβ cos γ

cosα

(8.178a)

and, similarly,

b2 =
cosα cos γ

cosβ
(8.178b)

and

c2 =
cos γ + cos(α+ β)

cos γ − cos(α− β)

=
cos(α+ β)

cosα cosβ

= 1− tanα tanβ

(8.178c)

It follows from (8.178a) (8.178b) that the gyrolengths of the two non-

diametric sides of gyrotriangle ABC in Fig. 8.21 are related by the elegant
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equation

a cosα = b cosβ (8.179)

Obviously, the relation (8.179) is valid in the corresponding Euclidean semi-

circle theorem as well.

It follows from (8.179) along with the law of gyrosines (8.107) and the

notation in (8.93) that the constants in (8.179) are also related by the

equation

sin 2α

γ2
a

=
sin 2β

γ2
b

(8.180)

8.12 Gyrotriangular Gyration and Defect

Gyrations attract interest in hyperbolic geometry [Vermeer (2005)]. In

this section we relate the gyrotriangular defect δ, studied in Sec. 8.9, to

gyrations.

Definition 8.54 (The Gyrotriangular Gyration). Let ABC be a

gyrotriangle in a gyrovector space (G,⊕,⊗) with vertices A,B,C, sides

a,b, c, and defect δ, Fig. 8.13, p. 285. The three successive gyrations

gyr[A,	B]gyr[B,	C]gyr[C,	A] (8.181)

generated by the gyrotriangle vertices can be written as a single gyration,

Theorem 3.15,

gyr[A,	B]gyr[B,	C]gyr[C,	A] = gyr[	A⊕B,	(	A⊕C)] (8.182)

called a gyrotriangle gyration of the gyrotriangle ABC.

If the three points A,B and C are gyrocollinear, then, by the gyroline

gyration transitive law, Theorem 6.30, p. 172, the gyrotriangle gyration

(8.181) is trivial. Hence, a gyrotriangle gyration is trivial when the area of

its “gyrotriangle” vanishes (Of course, a “gyrotriangle” with vanishing area

is not considered a gyrotriangle in the usual sense). Indeed, the rotation

gyroangle that the gyrotriangle gyration (8.182) generates in the gyrotri-

angle gyroplane equals the gyrotriangle gyroangular defect δ as we will see

in Theorem 8.55 below. The gyrotriangle gyroangular defect δ, in turn,

measures the gyrotriangle area.
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Theorem 8.55 (The Gyration – Defect Theorem). Let ABC be a

gyrotriangle in a Möbius gyrovector space (Vs,⊕,⊗), Fig. 8.13, p. 285, with

vertices A, B and C, and defect δ. Furthermore, let ε be the gyroangle of

the gyrotriangular gyration gyr[	A⊕B, 	(	A⊕C)] of gyrotriangle ABC,

ε = ∠gyr[	A⊕B,	(	A⊕C)] (8.183)

defined in Defs. 3.43, p. 82, and 8.54. Then

ε = −δ (8.184)

Proof. Let ABC be a gyrotriangle in a Möbius gyrovector space

(Vs,⊕,⊗) with its standard notation shown in Fig. 8.13, p. 285. The defect

δ of ABC is given by (8.131),

tan
δ

2
=

bscs sinα

1− bscs cosα
(8.185)

where

b = 	A⊕C
c = 	A⊕B

(8.186)

and bs = ‖b‖/s, cs = ‖c‖/s.
Note that while the notation in (8.185) – (8.186) is compatible with

the notation in Fig. 8.13, it is necessarily slightly different as follows. In

Fig. 8.13 the defect δ is expressed in terms of the gyroangle γ by the equa-

tion tan(δ/2) = asbs sin γ/(1− asbs cos γ). Therefore b = ‖b‖ in Fig. 8.13

is the magnitude of the gyrovector b = 	C⊕A that emanates from the

vertex C of the gyroangle γ. Here, in (8.185), in contrast, the defect δ

is expressed in terms of the gyroangle α, rather than γ. Hence, here in

(8.186), b = ‖b‖ is the magnitude of the gyrovector b = 	A⊕C that em-

anates from the vertex A of the gyroangle α. Hence, here and in Fig. 8.13

the magnitudes b are the same while their corresponding gyrovectors b are

necessarily slightly different.

Furthermore, by Def. 3.43, p. 82, and by the second equation in (3.161),

p. 85, the gyration gyroangle ε of the gyrotriangle gyration of the gyrotrian-

gle ABC in Def. 8.54, (8.182), is given by the following chain of equations,

in which equalities are numbered for subsequent explanation.
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tan
ε

2

(1)
︷︸︸︷
=== tan 1

2∠gyr[	A⊕B,	(	A⊕C)]

(2)
︷︸︸︷
=== tan 1

2∠gyr[c,	b]

(3)
︷︸︸︷
=== − bscs sinα

1− bscs cosα
(4)
︷︸︸︷
=== − tan

δ

2

(8.187)

(1) Follows from Def. 8.54, (8.182), of the gyrotriangle gyration of a gy-

rotriangle ABC, as stated in Eq. (8.183) of the Theorem.

(2) Follows from (1) by (8.186).

(3) Follows from (2) by the second equation in (3.161), p. 85.

(4) Follows from (3) by (8.185).

Finally, for −π < ε, δ < π, (8.187) implies the identity of the Theorem,

ε = −δ. �

A synthetic proof of Theorem 8.55 for the special case of a Möbius

gyrovector plane, Vs = R2
s, is found in [Vermeer (2005)].

8.13 The Equilateral Gyrotriangle

Theorem 8.56 (The Equilateral Gyrotriangle). Let ABC be an

equilateral gyrotriangle (that is, all its sides are congruent) in a Möbius

gyrovector space (Vs,⊕,⊗), the side gyrolengths of which are a and the

gyroangles of which are α, α ≥ 0, Fig. 8.22. Then

as =
√

2 cosα− 1 (8.188)

0 < a < s, and

0 ≤ α < π

3
(8.189)

Conversely, let a ∈ R>0
s = (0, s). Then there exists an equilateral gy-

rotriangle the gyrolength of each side of which is a, and the measure α of
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PSfrag replacements

A

B

C

h

a

b

M

c

a = 	B⊕C, a = ‖a‖

b = 	C⊕B, b = ‖b‖

c = 	A⊕B, c = ‖c‖

h = 	A⊕M, h = ‖h‖

α

α

α

a = b = c

‖	M⊕B‖ = ‖	M⊕C‖

∠AMB = ∠AMC = π
2

Fig. 8.22 The Möbius Equilateral Gyrotriangle. A Möbius equilateral gyrotriangle
ABC in the Möbius gyrovector plane (R2

s ,⊕,⊗) is shown. Its sides have equal gy-
rolengths, a = b = c, its interior gyroangles have equal measures, α, and its altitude MA
bisects both the base BC and the gyroangle α at the vertex A. The gyrovectors a, b,
c, and h, rooted respectively at the points B, C, A, and again A, form the sides of the
equilateral gyrotriangle ABC and one of its heights.

each of its gyroangles is

α = cos−1 1 + a2
s

2
(8.190)

satisfying the condition

1
2 < cosα < 1 (8.191)

Furthermore, the gyrolength h of each height of the gyrotriangle is given

by the equation

hs =

√

2γ2
a − γa − 1

2γ2
a + γa − 1

(8.192)
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where hs = h
s .

Proof. By Theorem 8.49 for α = β = γ we have

a2
s =

cosα+ cos 2α

1 + cosα
= 2 cosα− 1 (8.193)

where α ≥ 0 must satisfy the condition (8.189) to insure the reality of as

and to exclude as = 0, thus verifying (8.188). Solving (8.193) for cosα

we obtain (8.190). In the proof of (8.192) we use the notation shown in

Fig. 8.22.

The midpoint M of points B and C is given by the equation, (6.87),

M = B⊕(	B⊕C)⊗ 1
2 = B⊕ 1

2⊗a (8.194)

so that, by (6.265),

	B⊕M = 1
2⊗a =

γa

1 + γa
a (8.195)

By the Möbius hyperbolic Pythagorean theorem 8.33, Fig. 8.22, we have

for the right gyroangled gyrotriangle AMB

1

s
‖	A⊕M‖2⊕1

s
‖	B⊕M‖2 =

1

s
‖c‖2 (8.196)

or equivalently, noting that ‖c‖2 = c2 = a2,

h2

s
⊕1

s

(
γa

1 + γa

)2

a2 =
a2

s
(8.197)

Hence

h2

s
=
a2

s
	1

s

(
γa

1 + γa

)2

a2 (8.198)

noting that ⊕ in (8.197) – (8.198) is a vector space operation (commutative

and associative).

Substituting, (3.132), p. 79,

a2 = s2
γ2

a − 1

γ2
a

(8.199)

in (8.198), and expressing the operation 	 in (8.198) according to (3.139)

we finally obtain (8.192). �
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Fig. 8.23 A gyroparallelogram in the
Möbius gyrovector plane (R2

s ,⊕,⊗).
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⊕
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PSfrag replacements
A

D = (B � C)	A B

C

D

α1 = α2 = δ1 = δ2 = π/4

β1 = β2 = γ1 = γ2 = ε

Fig. 8.24 A pseudo gyrosquare in the
Möbius gyrovector plane (R2

s ,⊕,⊗).

In Euclidean geometry equilateral triangles come with a unique an-

gle α = π/3, but with an arbitrary side length. In contrast, in hyper-

bolic geometry equilateral gyrotriangles come with arbitrary gyroangles α,

0 < α < π/3, but each admissible gyroangle α allows a unique equilat-

eral gyrotriangle with side gyrolength given by (8.188). Clearly, equilateral

triangles lack the richness of equilateral gyrotriangles that we see in gy-

rovector spaces. The relativistic equilateral gyrotriangle will be studied in

Sec. 12.5.

8.14 The Möbius Gyroparallelogram

A gyroparallelogram ABDC, Def. 6.41, p. 178, is shown in Figs. 8.23 and

8.24 in the Möbius gyrovector plane. By Theorem 6.46, p. 182, opposite

sides of a gyroparallelogram are equal modulo gyrations, so that they have

equal gyrolengths. Furthermore, by applying Theorem 6.46 to the gyropar-

allelogram ABDC in each of Figs. 8.23 and 8.24 we have

	A⊕B = gyr[A,	B]gyr[B,	C](	C⊕D)

	A⊕C = gyr[A,	C]gyr[C,	B](	B⊕D)
(8.200)
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(	A⊕B) � (	A⊕C) = 	A⊕D
b � c = d

b = 	A⊕B
c = 	A⊕C
d = 	A⊕D b

c
d

Fig. 8.25 The gyroparallelogram law and
the Möbius gyroparallelogram ABDC in
Fig. 8.23 give rise to the commutative gy-
roparallelogram addition law of gyrovec-
tors, shown here as a first example.

PSfrag replacements

A

B

C

DI

I

I

The Gyroparallelogram Law

(	B⊕A) � (	B⊕D) = 	B⊕C
a � d = c

a = 	B⊕A
c = 	B⊕C
d = 	B⊕D

a

c

d

Fig. 8.26 The gyroparallelogram law and
the Möbius gyroparallelogram ABDC in
Fig. 8.23 give rise to the commutative
gyroparallelogram addition of gyrovectors,
shown here as a second example.

so that,

‖	A⊕B‖ = ‖	C⊕D‖
‖	A⊕C‖ = ‖	B⊕D‖

(8.201)

Moreover, by Theorem 6.40, p. 178, the gyroparallelogram gyrodiago-

nals intersect at their gyromidpoints. The gyromidpoints of the gyrodiag-

onals AD and BC are, respectively,

Pm
A,D = 1

2⊗(A�D)

Pm
B,C = 1

2⊗(B � C)
(8.202)

and their equality follows from Def. 6.41 of the gyroparallelogram according

to which D = (B � C)	A, implying A�D = B � C.

Each gyrodiagonal of the gyroparallelogram forms two congruent gyro-

triangles, from which several congruent gyroangles can be recognized. If

two adjacent sides of the gyroparallelogram are congruent, then the gyro-

diagonals are perpendicular, as shown in Fig. 8.24. If two adjacent sides of

the gyroparallelogram are congruent and perpendicular, the gyroparallelo-

gram is called a pseudo gyrosquare. A pseudo gyrosquare in the Möbius

gyrovector plane is shown in Fig. 8.24. The term gyrosquare, by the way,

is reserved to the gyrogeometric object studied in Sec. 12.6, p. 545.
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By the gyroparallelogram law, Theorem 6.43, p. 180, we have for the

Möbius gyroparallelogram ABDC, Figs. 8.25 and 8.26,

(	A⊕B) � (	A⊕C) = 	A⊕D
(	B⊕A) � (	B⊕D) = 	B⊕C
(	C⊕A) � (	C⊕D) = 	C⊕B
(	D⊕B) � (	D⊕C) = 	D⊕A

(8.203)

The first gyroparallelogram addition in (8.203) can be written as

(	A⊕B)⊕gyr[	A⊕B,	(	A⊕C)](	A⊕C) = 	A⊕D (8.204)

as we see from the definition of the gyrogroup cooperation �, (2.2), p. 18.

Remark 8.57 Interestingly, the gyration gyr[	A⊕B,	(	A⊕C)] in

(8.204) is the gyrotriangle gyration of the gyrotriangle ABC, Fig. 8.25,

as we see from Def. 8.54. This gyration, in turn, gyrates (rotates) the

side 	A⊕C of the gyroparallelogram ABDC in Fig. 8.25 by the gyroan-

gular defect, (8.182), of the gyrotriangle ABC so as to “close” the gy-

roparallelogram. It is also interesting to realize that the gyration in (8.204)

that “closes” the gyroparallelogram ABDC is the defect of the gyrotriangle

ABC, according to Theorem 8.55.

The gyroparallelogram is a gyrovector space object, Theorem 6.39, so

that it can be moved in its gyrovector space by the gyrovector space motions

without distorting its internal structure. The gyroparallelogram internal

structure, in turn, gives rise to the gyroparallelogram law of gyrovector

addition. Figure 8.25 shows the application of the gyroparallelogram law

to the addition of the gyrovectors b = 	A⊕B and c = 	A⊕C, (8.203), the

latter being equivalence classes by Def. 5.4, p. 133.

Hence, gyrovectors are equivalence classes of directed gyrosegments that

add according to the gyroparallelogram law just like vectors, which are

equivalence classes of directed segments that add according to the common

parallelogram law.

Some gyroparallelogram properties are presented in Sec. 6.7, p. 177.

Following the gyroangle definition, Def. 8.2, p. 264, we can now explore

relationships between gyroparallelogram gyroangles.

Theorem 8.58 (Gyroparallelogram Opposite Gyroangles). Oppo-

site gyroangles of a gyroparallelogram are congruent.
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Proof. Let ABA′B′ be a gyroparallelogram in a gyrovector space, and let

α = ∠BAB′ and α′ = ∠BA′B′ be opposing gyroangles, Fig. 8.27. Then, by

(6.131) of Theorem 6.46, p. 182, we have (identifying the gyroparallelogram

abdc of Theorem 6.46 with the gyroparallelogram ABA′B′ of the present

theorem)

	A′⊕B = 	gyr[A′,	A](	A⊕B′)

	A′⊕B′ = 	gyr[A′,	A](	A⊕B)
(8.205)

so that

‖	A′⊕B‖ = ‖	A⊕B′‖
‖	A′⊕B′‖ = ‖	A⊕B‖

(8.206)

and

(	A′⊕B)·(	A′⊕B′) = gyr[A′,	A](	A⊕B′)·gyr[A′,	A](	A⊕B)

= (	A⊕B′)·(	A′⊕B)

(8.207)

since gyrations preserve the inner product. Hence,

cosα′ =
(	A′⊕A)·(	A′⊕B)

‖	A′⊕A‖‖	A′⊕B‖ =
(	A⊕B′)·(	A⊕B)

‖	A⊕B′‖‖	A⊕B‖ = cosα (8.208)

The proof of β′ = β for the opposing gyroangles β = ∠ABA′ and

β′ = ∠AB′A′ is similar. �

8.15 Gyrotriangle Defect in the Möbius Gyroparallelogram

Definition 8.59 (The Gyroparallelogram Defect). Gyroangle gy-

roparallelogram sum is always smaller than 2π. The difference between this

sum and 2π is called the defect of the gyroparallelogram

Instructively, a numerical example is found useful to illustrate gyrotri-

angle defects in the Möbius gyroparallelogram, Fig. 8.27. For our numerical

demonstration we arbitrarily select the three points

A = (0.10000000000000, 0.20000000000000)

B = (0.60882647943831, − 0.02106318956871)

B′ = (0.34782608695652, 0.69565217391304)

(8.209)
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a

a
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β dαα = ∠BAB′ = ∠BA′B′

β = ∠ABA′ = ∠AB′A′

a = 	A⊕B, a′ = 	A′⊕B′, a = ‖a‖ = ‖a′‖

b = 	A⊕B′, b′ = 	A′⊕B, b = ‖b‖ = ‖b′‖

dβ = 	A⊕A′, dβ = ‖dβ‖

dα = 	B⊕B′, dα = ‖dα‖

Fig. 8.27 Gyrotriangle defects in the Möbius gyroparallelogram in the Möbius gyrovec-
tor plane (R2

s=1,⊕,⊗). The gyroparallelogram ABA′B′ has (i) two side gyrolengths,
a and b; opposite sides are congruent; (ii) two gyroangles, α and β; opposite gyroan-
gles are congruent; and (iii) two gyrodiagonals, dα and dβ . The gyrodiagonals point of
concurrency coincides with their gyromidpoints. Alternate gyroangles are congruent.

in a Möbius gyrovector plane (R2
s=1,⊕,⊗), Fig. 8.27, and complete them

to a gyroparallelogram ABA′B′ by adding the fourth point A′ which is

determined by the gyroparallelogram condition in Def. 6.41, p. 178,

A′ = (B �B′)	A (8.210)

that is,

A′ = (0.34782608695652, 0.69565217391304) (8.211)

The resulting four gyrovectors that form the gyroparallelogram sides are
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therefore

a = 	A⊕B = (0.50000000000000, − 0.30000000000000)

b = 	A⊕B′ = (0.30000000000000, 0.60000000000000)

a′ = 	A′⊕B′ = (−0.53960557633458, 0.22096565793948)

b′ = 	A′⊕B = (−0.20584835090105, − 0.63845630737844)

(8.212)

As expected from Theorem 6.46, p. 182, opposing sides of the gyroparallel-

ogram are congruent,

‖a‖ = 0.58309518948453

‖b‖ = 0.67082039324994

‖a′‖ = 0.58309518948453

‖b′‖ = 0.67082039324994

(8.213)

The four gyroangles of the gyroparallelogram are

α = ∠BAB′ = cos−1 (	A⊕B)·(	A⊕B′)

‖	A⊕B‖‖	A⊕B′‖ = 1.64756821806467

β = ∠ABA′ = cos−1 (	B⊕A)·(	B⊕A′)

‖	B⊕A‖‖	B⊕A′‖ = 0.77010692104966

α′ = ∠B′A′B = cos−1 (	A′⊕B′)·(	A′⊕B)

‖	A′⊕B′‖	A′⊕B‖‖ = 1.64756821806468

β′ = ∠A′B′A = cos−1 (	B′⊕A′)·(	B′⊕A)

‖	B′⊕A′‖‖	B′⊕A‖ = 0.77010692104966

(8.214)

so that opposing gyroangles of the gyroparallelogram are congruent, α = α′

and β = β′, as expected from Theorem 8.58 p. 323.

According to Theorem 8.45, p. 301, the defects δ(ABA′), δ(AB′A′),
δ(BAB′), and δ(BA′B′) of the gyrotriangles ABA′, AB′A′, AB′A′, and

BA′B′, that comprise the gyroparallelogram ABA′B′ in Fig. 8.27, assume

the values

δ(ABA′) = 0.72391751447546

δ(AB′A′) = 0.72391751447546

δ(BAB′) = 0.72391751447546

δ(BA′B′) = 0.72391751447546

(8.215)
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The equalities δ(BAB′) = δ(BA′B′) and δ(ABA′) = δ(AB′A′), ob-

served numerically in (8.215), are not surprising since, according to (8.131),

they are generated by two equal side gyrolengths and equal included gy-

roangles,

δ(BAB′) = δ(BA′B′) = 2 tan−1 ab sinα

1− ab cosα

δ(ABA′) = δ(AB′A′) = 2 tan−1 ab sinβ

1− ab cosβ

(8.216)

However, on first glance, the equality δ(BAB′) = δ(ABA′), observed

numerically in (8.215), is surprising since, by (8.131), while its two sides

are generated by the same side gyrolengths they are generated by different

included gyroangles,

δ(BAB′) = 2 tan−1 ab sinα

1− ab cosα

δ(ABA′) = 2 tan−1 ab sinβ

1− ab cosβ

(8.217)

The defect δ(ABA′B′) of gyroparallelogram ABA′B′ equals the sum of

the defects of its comprising gyrotriangles,

δ(ABA′B′) = δ(ABA′) + δ(AB′A′)

= δ(BAB′) + δ(BA′B′)

= 1.44783502895092

(8.218)

which equals

2π − 2(α+ β) = 1.44783502895092 (8.219)

It follows from the defect equalities in (8.218) and (8.217) that the two

consecutive gyroparallelogram gyroangles α and β, Fig. 8.27, are related by

the equation

sinα

1− ab cosα
=

sinβ

1− ab cosβ
(8.220)

or, equivalently, by the equation

1− cos2 α

(1− ab cosα)2
=

1− cos2 β

(1− ab cosβ)2
(8.221)
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The resulting quadratic equation (8.221) admits two solutions for cosβ,

cosβ = cosα

cosβ =
2ab− (1 + a2b2) cosα

(1 + a2b2)− 2ab cosα

(8.222)

giving rise to a necessary condition for β to be the second gyroangle of a

gyroparallelogram with sides gyrolengths a and b and with an included gy-

roangle α. On first glance, it seems from the two equations in (8.222) that

a gyroparallelogram with sides gyrolengths a and b with an included gy-

roangle α, Fig. 8.27, admits two distinct gyroparallelograms corresponding

to a gyroangle β, β = α, that comes from the first condition in (8.222) and

to a different gyroangle β that comes from the second condition in (8.222).

This is, however, not the case since the first condition in (8.222) is included

in the second one as a special case, as we show below.

When β = α in the gyroparallelogram ABA′B′, Fig. 8.27, its included

gyrotriangle B′AB has two unspecified sides a and b with an included gy-

roangle α and two remaining gyroangles α/2 and α/2. The three gyroangles

α, α/2 and α/2 of gyrotriangle B′AB determine its side gyrolengths a and

b according to Theorem 8.49, obtaining

a2 = b2 =
cos α

2 + cos 3α
2

2 cos α
2

= cosα (8.223)

as in Fig. 8.20 (where the notation for sides is slightly different).

The substitution of the gyrolengths a and b from (8.223) into the second

equation in (8.222) gives cosβ = cosα, thus recovering the first equation

in (8.222). This demonstrates that the second condition in (8.222) includes

the first one as a special case. Hence, the first condition in (8.222) can be

deleted with no loss of generality, as we formalize in the following

Theorem 8.60 Let P be a gyroparallelogram in a Möbius gyrovector

space (Vs,⊕,⊗) with two distinct side gyrolengths a and b and a gyroangle

α. Then, the remaining distinct gyroangle β of P , Fig. 8.27, is given by

the equation

cosβ =
2asbs − (1 + a2

sb
2
s) cosα

1 + a2
sb

2
s − 2asbs cosα

(8.224)

In the limit of large s, s→∞, (8.224) reduces to the identity

cosβ = − cosα = cos(π − α) (8.225)
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that recovers a known result about the Euclidean parallelogram, according

to which α+ β = π.

Theorem 8.61 With the notation of Fig. 8.27, let P be a gyroparal-

lelogram in a Möbius gyrovector space (Vs=1,⊕,⊗) with two distinct side

gyrolengths a and b, two distinct gyroangles α and β, and two gyrodiagonal

gyrolengths dα and dβ. Then, the two gyrodiagonal gyrolengths are related

to the gyroparallelogram side gyrolengths by the identity

d2
αd

2
β − (d2

α + d2
β)− (a2 + b2 − 2a2b2)(a2 + b2 − 2)

(1− a2b2)2
= 0 (8.226)

or, equivalently, by the identity

γdα
γdβ

= γ2
a + γ2

b − 1 (8.227)

Proof. Applying the law of gyrocosines, Theorem 8.26, to each of the

gyroparallelogram comprising gyrotriangles ABB ′ and A′B′B, Fig. 8.27,

we respectively obtain the following two identities,

d2
α = a2⊕b2	 2β2

aaβ
2
b b cosα

1− 2β2
aaβ

2
b b cosα

d2
β = a2⊕b2	 2β2

aaβ
2
b b cosβ

1− 2β2
aaβ

2
b b cosβ

(8.228)

Here one should note that the Möbius addition ⊕ in (8.228) is a com-

mutative group operation, as remarked and presented in Remark 8.28.

Eliminating cosα and cosβ between the three equations in (8.224) and

(8.228) one recovers (8.226), which turns out to be equivalent to (8.227).

�

For the sake of simplicity it is assumed s = 1 in Theorem 8.61. However,

its extension to s > 0 is instructive and simple. Thus, (i) Identity (8.227)

remains valid for all s > 0, the parameter s being implicit in γ factors; and

(ii) Identity (8.226) takes the form

1

s4
d2

αd
2
β −

1

s2
(d2

α + d2
β)− (a2

s + b2s − 2a2
sb

2
s)(a2

s + b2s − 2)

(1− a2
sb

2
s)2

= 0 (8.229)

or, equivalently,

1

s2
d2

αd
2
β − (d2

α + d2
β)− (a2 + b2 − 2

s2 a
2b2)(a2

s + b2s − 2)

(1− 1
s4 a2b2)2

= 0 (8.230)
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In the limit of large s, s→∞, (8.230) reduces to the identity

d2
α + d2

β = 2(a2 + b2) (8.231)

that recovers the known result of Euclidean geometry, according to which

the sum of the squares of lengths of the four sides of a parallelogram equals

the sum of the squares of the lengths of the two diagonals.

The reduction of the hyperbolic identities (8.224) and (8.230) to cor-

responding familiar Euclidean identities (8.225) and (8.231) that the free

parameter s allows demonstrates the usefulness of the parameter.

8.16 Gyroparallelograms Inscribed in a Gyroparallelogram

Definition 8.62 (Gyroparallelogram Opposing Points, Pseudo

Gyrodiagonals). Let A,B,B′ be any three non-gyrocollinear points of

a gyrovector space (G,⊕,⊗) and let A′ be a forth point, given by the gy-

roparallelogram condition, (3.17),

A′ = (B �B′)	A (8.232)

so that ABA′B′ is a gyroparallelogram in G, Figs. 8.28 – 8.29. Furthermore,

let

P = A⊕(	A⊕B)⊗t0 (8.233)

t0 ∈ R, be any fixed point on the gyroline containing side AB of the gy-

roparallelogram ABA′B′. Then, the point

P ′ = A′⊕(	A′⊕B′)⊗t0 (8.234)

on the gyroline containing the opposing side A′B′, Fig. 8.29, is said to be

the point opposing P , and the points P, P ′ are said to form a pair (P, P ′) of

opposing points on the opposing sides AB and A′B′ of the gyroparallelogram

ABA′B′. The gyrosegment PP ′ that links the two opposing points P and

P ′ is called a pseudo gyrodiagonal of the gyroparallelogram ABA′B′.

Def. 8.62 is illustrated in a Möbius gyrovector plane by Figs. 8.28 and

8.29. These figures suggest that all the pseudo gyrodiagonals of a gyroparal-

lelogram are concurrent, the concurrency point being the gyroparallelogram

gyrocenter. It follows from Theorem 8.63 below that this is indeed the case.
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B′
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P ′
1

P ′
2

P ′
3

Fig. 8.28 Three pseudo gyrodiagonals,
PkP ′

k
, k = 1, 2, 3, of a gyroparallelogram

ABA′B′ in a Möbius gyrovector plane
(R2

s=1,⊕,⊗) are shown. They are con-
current, the concurrency point being the
gyroparallelogram gyrocenter, that is, the
point where the gyroparallelogram gyrodi-
agonals intersect.

PSfrag replacements

P ′ = (Q�Q′)	P
A

B

A′

B′

P

Q

P ′

Q′

Fig. 8.29 Two pseudo gyrodiagonals, PP ′

and QQ′, of a gyroparallelogram ABA′B′

in a Möbius gyrovector plane (R2
s=1,⊕,⊗)

are shown. They are related to different op-
posing sides of the gyroparallelogram and
hence are the gyrodiagonals of an inscribed
gyroparallelogram, PQP ′Q′. A common
gyroparallelogram gyrocenter emerges.

In Fig. 8.28 (Pk , P
′
k), k = 1, 2, 3, are three pairs of opposing points

on the opposing sides AB and A′B′ of a gyroparallelogram ABA′B′ in a

Möbius gyrovector plane (R2
s=1,⊕,⊗). Specifically, in Fig. 8.28,

Pk = A⊕(	A⊕B)⊗tk
P ′

k = A′⊕(	A′⊕B′)⊗tk
(8.235)

k = 1, 2, 3, where t1 = 0.4, t2 = 0.7, and t3 = 1.4.

In Fig. 8.29 (P, P ′) is a pair of opposing points on the opposing sides

AB and A′B′ and, similarly, (Q, Q′) is a pair of opposing points on the

opposing sides AB′ and A′B of the gyroparallelogramABA′B′ in a Möbius

gyrovector plane (R2
s=1,⊕,⊗). Specifically, in Fig. 8.29,

P = A⊕(	A⊕B)⊗t0
P ′ = A′⊕(	A′⊕B′)⊗t0

(8.236)

and

Q = A⊕(	A⊕B′)⊗s0
Q′ = A′⊕(	A′⊕B)⊗s0

(8.237)



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

332 Analytic Hyperbolic Geometry

where t0 = 0.5 and s0 = 0.7.

Theorem 8.63 Let ABA′B′ be a gyroparallelogram in a gyrovector space

(G,⊕,⊗), and let (P, P ′) be any pair of opposing points on the opposing

sides AB and A′B′ of the gyroparallelogram, Fig. 8.29. Then

P � P ′ = A�A′ (8.238)

and the gyromidpoint of the pseudo gyrodiagonal PP ′ coincides with the

gyroparallelogram gyrocenter.

Proof. The gyroparallelogram ABA′B′ satisfies the gyroparallelogram

condition B′ = (A′ � A)	B, Def. 6.41, p. 178, so that by the mixed gy-

roassociative law, Theorem 2.41, we have

B′ = (A′ �A)	B
= A′⊕gyr[A′,	A](A	B)

(8.239)

implying

	A′⊕B′ = gyr[A′,	A](A	B) (8.240)

By the first equation in (8.236),

P = A⊕(	A⊕B)⊗t0 (8.241)

and by the second equation in (8.236) and by (8.240),

P ′ = A′⊕(	A′⊕B′)⊗t0
= A′⊕gyr[A′	A](A	B)⊗t0
= A′	gyr[A′	A](	A⊕B)⊗t0

(8.242)

so that if we use the notation R = (	A⊕B)⊗t0, we have by (8.241), (8.242),

and Identity (2.66) of the Cogyrotranslation Theorem 2.23, p. 31,

P � P ′ = {A⊕R}� {A′	gyr[A′,	A]R}
= A�A′ (8.243)

thus verifying (8.238).

By the gyroparallelogram definition, 6.41, p. 178, the gyroparallelogram

gyrocenter CABA′B′ is the gyromidpoint of each of its gyrodiagonals. Hence,

by the gyromidpoint identity (3.114), p. 75, and by (8.238) we have

CABA′B′ = 1
2⊗(A�A′) = 1

2⊗(P � P ′) (8.244)
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so that the gyromidpoint of the pseudo gyrodiagonal coincides with the

gyroparallelogram gyrocenter. �

Theorem 8.64 Let ABA′B′ be a gyroparallelogram in a gyrovector space

(G,⊕,⊗), let (P, P ′) be any pair of opposing points on the opposing sides

AB and A′B′, and let (Q, Q′) be any pair of opposing points on the op-

posing sides AB′ and A′B of the gyroparallelogram, Fig. 8.29. Then, the

resulting two pseudo gyrodiagonals PP ′ and QQ′ of the gyroparallelogram

ABA′B′ form the inscribed gyroparallelogram PQP ′Q′ of which they are

the gyrodiagonals, Fig. 8.29.

Proof. By Theorem 8.63 we have

P � P ′ = A�A′ (8.245)

and, similarly,

Q�Q′ = B �B′ (8.246)

But, A�A′ = B�B′ since ABA′B′ is a gyroparallelogram, (6.118), p. 179.

Hence,

P � P ′ = Q�Q′ (8.247)

implying the gyroparallelogram condition

Q′ = (P � P ′)	Q (8.248)

This gyroparallelogram condition implies, by the gyroparallelogram defini-

tion 6.41, that PQP ′Q′ is a gyroparallelogram the gyrodiagonals of which

are PP ′ and QQ′, Fig. 8.29. �

8.17 Möbius Gyroparallelogram Addition Law

Fig. 8.30 illustrates graphically, in a Möbius gyrovector plane (R2
s ,⊕,⊗),

the geometric steps of the gyroparallelogram addition of two gyrovectors

rooted at two distinct tails, A1 and A2.

In Figs. 8.25 and 8.26 the gyroparallelogram addition of two gyrovec-

tors rooted at a common tail in a Möbius gyrovector plane is illustrated

graphically. In these figures, any two gyrovectors 	A⊕B and 	A⊕C with

a common tail determine three points, A,B,C. These, in turn, determine

a gyroparallelogram ABDC, where D = D
A,B,C

= (B � C)	A is given by

the gyroparallelogram condition (5.49), shown in Figs. 8.23 and 8.24. The
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gyroparallelogram addition of the gyrovectors 	A⊕B and 	A⊕C is, by

Def. 5.9, the gyrodiagonal gyrovector 	A⊕D, as shown in Fig. 8.25.

Furthermore, according to Theorem 5.10, p. 141, the gyrovector sum

	A⊕D can be written as a coaddition of its summands,

	A⊕D = (	A⊕B) � (	A⊕C) (8.249)

The liberation of gyrovectors in a gyrovector sum from their roots is

demonstrated in Fig. 8.30 as follows:

In order to apply the gyroparallelogram addition law to two gyrovectors,

	A1⊕B1 and 	A2⊕B2 (8.250)

in Fig. 8.30, which need not be rooted at a common tail, the two gyrovectors

in (8.250) are gyrovector translated to two respective gyrovectors with an

arbitrarily selected common tail X , Def. 5.6. By Theorem 5.8 the resulting

gyrovectors are

	X⊕{X⊕(	A1⊕B1)} and 	X⊕{X⊕(	A2⊕B2)} (8.251)

Algebraically, the two gyrovectors in (8.250) and in (8.251) are, respec-

tively, equivalent since the X ’s in (8.251) can be eliminated by left can-

cellations. Geometrically, however, the two rooted gyrovectors in (8.250),

rooted at distinct points, if A1 6= A2, are, respectively, different from the

two rooted gyrovectors in (8.251), which are jointly rooted at the point X .

Two distinct selections, X ′ and X ′′, for the common tail X in (8.251)

are presented in Fig. 8.30. The two gyrovectors with distinct tails in (8.250)

thus become the two gyrovectors

	X ′⊕{X ′⊕(	A1⊕B1)} =: 	X ′⊕B′
1

	X ′⊕{X ′⊕(	A2⊕B2)} =: 	X ′⊕B′
2

(8.252)

with the common tail X ′, and the two gyrovectors

	X ′′⊕{X ′′⊕(	A1⊕B1)} =: 	X ′′⊕B′′
1

	X ′′⊕{X ′′⊕(	A2⊕B2)} =: 	X ′′⊕B′′
2

(8.253)

with the common tail X ′′, as shown in Fig. 8.30.

The two gyrovectors in (8.252) determine the gyroparallelogram

X ′B′
1D

′B′
2 in Fig. 8.30. Hence, by Theorem 5.10, p. 141, their gyroparal-

lelogram addition is given by each side of the equation

(	X ′⊕B′
1) � (	X ′⊕B′

2) = 	X ′⊕D′ (8.254)
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Fig. 8.30 Möbius Gyroparallelogram Addition Law. We consider in a Möbius gyrovec-
tor plane (R2

s ,⊕,⊗) two given gyrovectors, 	A1⊕B1 and 	A2⊕B2, that need not have
a common tail, A1 6= A2. To visualize the gyroparallelogram addition of the two given
gyrovectors, the gyrovectors must be gyrovector translated to an arbitrarily selected com-
mon tail, where they form a gyroparallelogram. Thus, for instance, (i) at the tail X ′ they
form the gyroparallelogram X ′B′

1D′B′
2 with the gyrodiagonal gyrovector 	X ′⊕D′, and

(ii) at the tail X ′′ they form the gyroparallelogram X ′′B′′
1 D′′B′′

2 with the gyrodiagonal
gyrovector 	X ′′⊕D′′.
The gyrodiagonal of each resulting gyroparallelogram forms a gyrovector that gives the
sum of the two given gyrovectors. Fortunately, in full analogy with Euclidean geometry,
the resulting gyrovector sum is independent of the choice of the common tail. For the

two distinct selections of the common tail in this Figure we thus have the identity
	X′⊕D′ = 	X′′⊕D′′ = (	A1⊕B1) � (	A2⊕B2).

where D′ is given by the gyroparallelogram condition

D′ = (B′
1 �B′

2)	X ′ (8.255)

Similarly, the two gyrovectors in (8.253) determine the gyroparallelo-

gram X ′′B′′
1D

′′B′′
2 in Fig. 8.30. Hence, by Theorem 5.10, their gyroparal-
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lelogram addition is given by each side of the equation

(	X ′′⊕B′′
1 ) � (	X ′′⊕B′′

2 ) = 	X ′′⊕D′′ (8.256)

where D′′ is given by the gyroparallelogram condition

D′′ = (B′′
1 �B′′

2 )	X ′′ (8.257)

Fortunately, it follows from Theorem 5.12, p. 142, that gyroparallelo-

gram addition of two gyrovectors is independent of the choice of a common

tail to which the gyrovectors should be gyrovector translated in order to

form a gyroparallelogram. Hence, in particular, one can select the common

tail at the origin of the gyrovector space, X = O, so that the gyroparal-

lelogram addition of the two gyrovectors (	A1⊕B1) and (	A2⊕B2) in a

gyrovector space (G,⊕,⊗) can be written as their coaddition,

(	A1⊕B1) � (	A2⊕B2) (8.258)

Since the coaddition, �, in a gyrovector space is commutative, by Theorem

3.4, the gyroparallelogram addition law (8.258) is commutative, as it should

in order to conform with the gyroparallelogram symmetries.

8.18 The Gyrosquare

Definition 8.65 (Gyrosquares). A gyrosquare in a gyrovector space is

a gyroquadrilateral (a gyropolygon with four sides) in the gyrovector space,

with all four sides of equal gyrolength and all four gyroangles of equal mea-

sure. In particular, a Möbius gyrosquare is a gyrosquare in a Möbius gy-

rovector space.

A Möbius gyrosquare is shown in Figs. 8.31 – 8.34. Let a be the gy-

rolength of each side of the gyrosquare ABCD in Fig. 8.31, and let d be

the gyrolength of each gyrodiagonal of the gyrosquare. Then

a = ‖	A⊕B‖ = ‖	B⊕C‖ = ‖	C⊕D‖ = ‖	D⊕A‖
d = ‖	A⊕C‖ = ‖	B⊕D‖

(8.259)

Each gyrodiagonal divides the gyrosquareABCD into two gyrotriangles

with side gyrolengths a, a and d, and with corresponding gyroangles θ/2,

θ/2 and θ. Hence, by (8.167), each side gyrolength a of the gyrosquare and
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Fig. 8.31 The Möbius square. A Möbius
square ABCD in a special position in the
Möbius plane (R2

s ,⊕,⊗) is shown. Its gy-
rocenter is the point of intersection of its
gyrodiagonals. Its position is special in the
sense that its gyrocenter coincides with the
center of the Möbius disc R2

s.
Owing to the symmetries of the gyro-
quadrilateral ABCD in the special posi-
tion in the disc, it is graphically clear to
the inhabitants of Euclidean space that the
side gyrolengths of the gyroquadrilateral
are equal, and that also its gyroangle mea-
sures are equal. Hence, the gyroquadrilat-
eral is a gyrosquare.
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Fig. 8.32 The Möbius square ABCD of
Fig. 8.31 has been left gyrotranslated here
to the Möbius square A′B′C′D′. The mea-
sure of a gyroangle included between two
gyrosegments, say, AB and AD that em-
anate from the point A in a Möbius gy-
rovector space (and, hence, in the Poincaré
ball model of hyperbolic geometry), equals
the Euclidean measure of the angle be-
tween corresponding intersecting tangent
lines. Hence, inhabitants of Euclidean
space can see that each gyroangle of the
left gyrotranslated gyrosquare A′B′C′D′ is
equal to each gyroangle of the original gy-
rosquare ABCD in the special position.

each of its gyrodiagonal gyrolength d is related to its gyroangle θ by the

equations

a2
s =

cos θ
2 + cos 3θ

2

2 cos θ
2

= cos θ

d2
s =

2 cos θ

1 + cos θ

(8.260)

where

θ = ∠DAB = ∠ABC = ∠BCD = ∠CDA (8.261)

The gyrosquare defect is δ := 2π − 4θ. The gyrosquare gyrocenter O

is the point where its gyrodiagonals intersect. Since, by symmetry consid-
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erations, the gyrocenter of a gyrosquare ABCD coincides with the gyro-

midpoints of its gyrodiagonals AC and BD, we have by the gyromidpoint

identity (6.93),

O = 1
2⊗(A� C) = 1

2⊗(B �D) (8.262)

A gyrosquare is in a special position in the ball if its gyrocenter coincides

with the origin, 0, of the ball.

The gyrodiagonal “half gyrolength” (1/2)⊗d of a gyrosquare ABCD is

important since it gives the gyrodistance of each vertex A,B,C,D from

the gyrosquare gyrocenter O. Following “Möbius half” (6.265), with γd =

(1− d2
s)−1/2, we thus have from the second equation in (8.260),

γd =

√

1 + cos θ

1− cos θ
(8.263)

and, hence,

1
2⊗d =

γd

1 + γd

d = s

√
2 cos θ√

1 + cos θ +
√

1− cos θ
= s

√

cos θ

1 + sin θ
(8.264)

A gyrosquare ABCD in a special position in the Möbius disc (R2
s ,⊕,⊗)

is shown in Fig. 8.31. This gyrosquare has been moved into the gyrosquare

A′B′C ′D′ by a left gyrotranslation by some vector v ∈ R
2
s, as shown in

Fig. 8.32, so that

A′ = v⊕A, B′ = v⊕B, C ′ = v⊕C, D′ = v⊕D, O′ = v⊕O
(8.265)

The two gyrosquares ABCD and A′B′C ′D′ in Figs. 8.31 and 8.32 are

indistinguishable to inhabitants of the Poincaré ball model of hyperbolic

geometry.

To insure simultaneously the reality of the gyrolengths a and d in

(8.260), the nonnegative gyrosquare gyroangle θ < π must obey the condi-

tion cos θ ≥ 0. For 0 < θ < π this condition is equivalent to the condition

0 ≤ θ ≤ π

2
(8.266)

The two extreme values of θ in (8.266) are excluded. The lower extreme

value θ = 0 is excluded since it corresponds to the limiting case when

the gyrosquare vertices A,B,C,D lie on the boundary of the disc, and the

upper extreme value θ = π/2 is excluded since it corresponds to the limiting

case when the gyrosquare side gyrolength vanishes.
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We thus see that the gyrosquare gyroangle θ in a Möbius gyrovector

space (Vs,⊕,⊗) can have any value in the range

0 < θ <
π

2
(8.267)

and its side gyrolength a is uniquely determined by θ according to the first

equation in (8.260),

a = s
√

cos θ (8.268)

In contrast, the square angle θ in Euclidean geometry has the unique

value θ = π/2, but the square side length a can assume any positive value.

Like the square diagonals, the gyrosquare gyrodiagonals intersect each other

orthogonally at their gyromidpoints.

Instructively, two illustrative examples of the search for gyrosquares

with a given gyroangle are presented.

Example 8.66 (The Möbius Gyrosquare with Gyroangle π/4).

Let us calculate the vertices A,B,C,D of a gyrosquare ABCD with a

gyroangle

θ =
π

4
(8.269)

situated in a special position of the open unit disc.

It follows from (8.269) and (8.260) with s = 1 that the side gyrolength

a and the gyrodiagonal gyrolength d of the gyrosquare ABCD are given by

the equations

a =

√

cos
π

4
=

√

1√
2

d =

√

2 cos π
4

1 + cos π
4

=

√

2

1 +
√

2

(8.270)

and, by (8.264), the Möbius half of the gyrodiagonal gyrolength d is given

by

1
2⊗d =

√

cos π
4

1 + sin π
4

=
1

√

1 +
√

2

(8.271)



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

340 Analytic Hyperbolic Geometry

where (1/2)⊗d gives the gyrodistance of each vertex of the gyrosquare

ABCD, Figs. 8.33 – 8.34, from its gyrocenter.

Hence, the vertices of a gyrosquare ABCD situated in a special position

in the disc, with a gyrosquare gyroangle π/4, are

A = (
1

√

1 +
√

2
, 0)

B = (0,
1

√

1 +
√

2
)

C = (− 1
√

1 +
√

2
, 0)

D = (0, − 1
√

1 +
√

2
)

(8.272)

shown in Fig. 8.33.

One can now check that each gyroangle, θ, of the gyrosquare ABCD in

Fig. 8.33 is π/4. Indeed, for instance,

cos θ =
	A⊕B
‖	A⊕B‖·

	A⊕D
‖	A⊕D‖ =

1√
2

= cos
π

4
(8.273)

for the points A,B,D of the disc, given in (8.272).

Similarly, one can check that each side gyrolength, a, of the gyrosquare

ABCD in Fig. 8.33 is a =
√

cos(π/4) =
√

1/
√

2. Indeed, for instance,

a2 = |	A⊕B‖2 =
1√
2

= cos
π

4
(8.274)

for the points A,B of the disc, given in (8.272).

Example 8.67 (The Möbius Gyrosquare with Gyroangle π/3).

Let us calculate the vertices A,B,C,D of a gyrosquare ABCD with a

gyroangle

θ =
π

3
(8.275)

situated in a special position of the open unit disc.
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Fig. 8.33 Illustrating Example 8.66: A
gyrosquare with gyroangle θ = π/4 situ-
ated in a special position of the Möbius
disc.
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Fig. 8.34 Illustrating Example 8.67: A
gyrosquare with gyroangle θ = π/3 situ-
ated in a special position of the Möbius
disc.

It follows from (8.275) and (8.260) with s = 1 that the side gyrolength

a and the gyrodiagonal gyrolength d of the gyrosquare ABCD are given by

the equations

a =

√

cos
π

3
=

√

1

2

d =

√

2 cos π
3

1 + cos π
3

=

√

2

3

(8.276)

and, by (8.264), the Möbius half of the gyrodiagonal gyrolength d is given

by

1
2⊗d =

√

cos π
3

1 + sin π
3

=
1

√

2 +
√

3
(8.277)

where (1/2)⊗d gives the gyrodistance of each vertex of the gyrosquare

ABCD, Figs. 8.33 – 8.34, from its gyrocenter.
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Hence, the vertices of a gyrosquare ABCD situated in a special position

in the disc, with a gyrosquare gyroangle π/3, are

A = (

√
2

1 +
√

3
, 0)

B = (0,

√
2

1 +
√

3
)

C = (−
√

2

1 +
√

3
, 0)

D = (0, −
√

2

1 +
√

3
)

(8.278)

shown in Fig. 8.34.

One can now check that each gyroangle, θ, of the gyrosquare ABCD in

Fig. 8.34 is π/3. Indeed, for instance,

cos θ =
	A⊕B
‖	A⊕B‖ ·

	A⊕D
‖	A⊕D‖ =

1

2
= cos

π

3
(8.279)

for the points A,B,D of the disc, given in (8.278).

Similarly, one can check that each side gyrolength, a, of the gyrosquare

ABCD in Fig. 8.34 is a =
√

cos(π/3) =
√

1/2. Indeed, for instance,

a2 = ‖	A⊕B‖2 =
1

2
= cos

π

3
(8.280)

for the points A,B of the disc, given in (8.278).

8.19 Equidefect Gyrotriangles

Let a,b, c be any three non-gyrocollinear points of a Möbius gyrovector

space (Vs,⊕,⊗), shown in Fig. 8.35 for Vs = R2
s, and let ck, k = 1, 2, 3, . . .,

be defined recursively by the equation(2.158), p. 46,

ck+1 := ck⊕gyr[ck ,	a](a	b) (8.281)

where c0 := c. The first few points of the sequence {ck}, k = 0, 1, 2, 3, . . .,

are shown in Fig. 8.35.
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Fig. 8.35 Equidefect gyrotriangles. The points a,b, c ∈ R2
s are any three non-

gyrocollinear points of a Möbius gyrovector plane (R2
s ,⊕,⊗), and ck, k = 1, 2, 3, . . .,

are defined recursively with c0 := c. The points ck , k = 0, 1, 2, 3, . . ., lie on a circle,
Cabc, in R2, which intersects the boundary of the disc R2

s non orthogonally, and p ∈ R2
s

is a generic point on the circle Cabc. The gyrotriangles abp for a variable point p ∈ R2
s

that glides along the circle Cabc are equidefect, that is, they possess the same defect.
The proof of this statement for the special case when p = ck is presented in, and below,
(8.284).

By Theorem 2.42, p. 46, we have

gyr[a	b,	a⊕ck+1] = gyr[a	b,	a⊕ck] (8.282)

and

ck+1 = (ck � a)	b (8.283)

Identity (8.283) is the gyroparallelogram condition, (6.116), p. 178, im-

plying that the gyroquadrilateral abckck+1 is a gyroparallelogram for each

k, k = 0, 1, 2, 3, . . ..

Identity (8.282) implies, by Theorem 8.55, p. 317, that the gyrotriangles

abck and abck+1, k = 0, 1, 2, 3, . . ., share the same defect δ, Fig. 8.35.

Indeed, let δk be the defect of gyrotriangle abck. Then, by Theorem 8.55,
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we have

tan
δk
2

= − tan
εk
2

= − tan 1
2∠gyr[	a⊕b,	(	a⊕ck)]

= − tan 1
2∠gyr[a	b,	a⊕ck)]

(8.284)

The last equation in (8.284) is obtained by the inversive symmetry of gy-

rations, (2.126), p. 40, and by the gyroautomorphic inverse property, (3.3),

p. 51.

It follows from (8.282) by induction that the extreme right-hand side

of (8.284) is independent of k, k = 0, 1, 2, 3, . . .. Hence, the defects δk

are equal. In fact, this result can be generalized. The points ck of a

Möbius gyrovector plane (R2
s,⊕,⊗) lie on a circle, Cabc, that intersects the

boundary of the disc R2
s non-orthogonally, as shown in Fig. 8.35. If p is any

point of R2
s lying on the circle Cabc than the defect of gyrotriangle abp is

independent of the location of p on Cabc, as the reader may prove.

8.20 Parallel Transport

Definition 8.68 (Parallel Transport). A rooted gyrovector 	a1⊕b1

is a parallel transport (or translation) of a rooted gyrovector 	a0⊕b0, a0 6=
a1, (along the gyroline L that joins the points a0 and a1, Fig. 8.36) in a

gyrovector space (G,⊕,⊗) if

	a1⊕b1 = gyr[a1,	a0](	a0⊕b0) (8.285)

Successive parallel transports along a closed regular gyropolygonal path

that approximates a gyrocircular path is shown in Fig. 8.37. By increasing

the number of vertices of the regular gyropolygonal path one can improve

the approximation, as shown in [Ungar (2001b), Figs. 7.19 – 7.21].

In full analogy with vector spaces, a parallel transport in a gyrovector

space is a way to transport gyrovectors from a point, a0, to another point,

a1, along the gyroline, a0a1, connecting the points, Fig. 8.36, such that

they stay “parallel” in the following sense. The gyrolength of a parallel

transported gyrovector and its gyroangle with the connecting gyroline must

remain invariant.

The following theorem shows that this is indeed the case.
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Fig. 8.36 Parallel Transport. The parallel transport of a rooted gyrovector 	a0⊕b0

rooted at a0 to the rooted gyrovector 	a1⊕b1 rooted at a1 along the gyroline that links
the points a0 and a1 in the Möbius gyrovector plane (R2

s ,⊕,⊗).

Theorem 8.69 (The Parallel Transport Theorem I). Let the rooted

gyrovector 	a1⊕b1 be a parallel transport of the rooted gyrovector 	a0⊕b0

a0 6= a1, in a gyrovector space (G,⊕,⊗), let L be the gyroline passing

through the points a0 and a1, and let a be a point on L such that a1 lies

between a0 and a, Fig. 8.36. Then, the two rooted gyrovectors 	a0⊕b0 and

	a1⊕b1 have equal gyrolengths,

‖	a0⊕b0‖ = ‖	a1⊕b1‖ (8.286)

and equal gyroangles with the gyroline L,

∠b0a0a1 = ∠b1a1a (8.287)

Proof. Identity (8.286) follows immediately from (8.285) since gyrations

keep the norm invariant.

The representation of the gyroline L in terms of the points a0 and a1
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Fig. 8.37 The accrued circular gyrophase shift is approximated by the accrued polygonal
gyrophase shift θ8 = ∠b0a0b8 = ∠b0a8b8 generated by the parallel transport of a
geodesic segment along a hyperbolic regular polygonal path. Shown is a hyperbolic
regular polygon (gyropolygon) with 8 sides approximating a hyperbolic circle centered at
the center of the Möbius disc (R2

s ,⊕,⊗). An initial gyrovector 	a0⊕b0 rooted at vertex
a0 of the gyropolygon is parallel transported counterclockwise along the gyropolygonal
path back to its initial root a0 = a8, resulting in the final vector 	a8⊕b8. The angular

defect of the resulting accrued gyrophase shift is the angle θ8 formed by the initial
gyrovector 	a0⊕b0 and the final gyrovector 	a8⊕b8, both rooted at the point a8 = a0.

that it contains is

L = a0⊕(	a0⊕a1)⊗t (8.288)

so that a representation of a point a of L that is not on the gyrosegment

a0a1 is

a = a0⊕(	a0⊕a1)⊗t′ (8.289)

where t′ > 1.

The following chain of equations, in which equalities are numbered for
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subsequent explanation, verifies (8.287).

cos ∠b1a1a ===
	a1⊕b1

‖	a1⊕b1‖
· 	a1⊕a

‖	a1⊕a‖
(1)
︷︸︸︷
===

gyr[a1,	a0](	a0⊕b0)

‖gyr[a1,	a0](	a0⊕b0)‖ ·
	a1⊕{a0⊕(	a0⊕a1)⊗t′}
‖	a1⊕{a0⊕(	a0⊕a1)⊗t′}‖

(2)
︷︸︸︷
===

gyr[a1,	a0](	a0⊕b0)

‖gyr[a1,	a0](	a0⊕b0)‖

· (	a1⊕a0)⊕gyr[a1,	a0](	a0⊕a1)⊗t′
‖(	a1⊕a0)⊕gyr[a1,	a0](	a0⊕a1)⊗t′‖

(3)
︷︸︸︷
===

gyr[a1,	a0](	a0⊕b0)

‖gyr[a1,	a0](	a0⊕b0)‖

· gyr[a1,	a0]{	(	a0⊕a1)⊕(	a0⊕a1)⊗t′}
‖gyr[a1,	a0]{	(	a0⊕a1)⊕(	a0⊕a1)⊗t′}‖

(4)
︷︸︸︷
===

	a0⊕b0

‖	a0⊕b0‖
· 	(	a0⊕a1)⊕(	a0⊕a1)⊗t′
‖	(	a0⊕a1)⊕(	a0⊕a1)⊗t′‖

(5)
︷︸︸︷
===

	a0⊕b0

‖	a0⊕b0‖
· (	a0⊕a1)⊗(−1 + t′)

‖(	a0⊕a1)⊗(−1 + t′)‖
(6)
︷︸︸︷
===

	a0⊕b0

‖	a0⊕b0‖
· 	a0⊕a1

‖	a0⊕a1‖

=== cos ∠b0a0a1

(8.290)

The derivation of the numbered equalities in (8.290) follows:

(1) Follows from (8.289).

(2) Follows from the left gyroassociative law.

(3) Follows from the gyrocommutative law and the gyroautomorphic

inverse property.

(4) Follows from the invariance of the inner product under gyrations.

(5) Follows from the scalar distributive law.

(6) Follows from the scaling property, noting that −1 + t′ > 0.
�
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Fig. 8.38 Three dimensional parallel transports in the Möbius gyrovector space
(R3

c ,⊕,⊗), illustrating Theorem 8.71. Parallel transport keeps relative orientations in-
variant. Shown are two gyrovectors, 	a0⊕b0 and 	a0⊕c0, in a Möbius gyrovector
space (R3

s ,⊕,⊗) parallel transported, respectively, to the two gyrovectors 	a1⊕b1 and
	a1⊕c1 along the gyrosegment a0a1. The parallel transported included gyroangle re-
mains invariant, that is, ∠b0a0c0 = ∠b1a1c1.

Theorem 8.70 (Gyrovector Parallel Transport Head). Let

P,Q, P ′ be any three points of a gyrovector space (G,⊕,⊗). The paral-

lel transport of the rooted gyrovector PQ = 	P⊕Q to the rooted gyrovector

P ′X = 	P ′⊕X with tail P ′ determines its head X,

X = P ′⊕gyr[P ′,	P ](	P⊕Q) (8.291)

Proof. The gyrovector P ′Q′ is a parallel transport of the gyrovector PQ

along the gyroline containing points P and P ′. Hence, by Def. 8.68,

	P ′⊕X = gyr[P ′,	P ](	P⊕Q) (8.292)

from which (8.291) follows by a left cancellation. �

Theorem 8.71 (The Parallel Transport Theorem II). Let

a0,b0, c0, a1 be four given points of a gyrovector space (Vc,⊕,⊗). Let the

gyrovectors 	a0⊕b0 and 	a0⊕c0 be parallel transported to the gyrovectors

	a1⊕b1 and 	a1⊕c1, respectively, along the geodesic segment that joins

the points a0 and a1, Fig. 8.38. The gyroangle between the two gyrovectors
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remains invariant under their parallel transport, that is,

∠b0a0c0 = ∠b1a1c1 (8.293)

Proof. By the parallel transport equation (8.285), and since gyrations

preserve the inner product we have

cos ∠b1a1c1 =
gyr[a1,	a0](	a0⊕b0)

‖gyr[a1,	a0](	a0⊕b0)‖·
gyr[a1,	a0](	a0⊕c0)

‖gyr[a1,	a0](	a0⊕c0)‖

=
	a0⊕b0

‖	a0⊕b0‖
· 	a0⊕c0

‖	a0⊕c0‖

= cos ∠b0a0c0

(8.294)

�

It follows from Theorem 8.71 that any configuration of several gyrovec-

tors that are parallel transported along a gyrosegment turns as a “gyrorigid”

whole. Thus, for instance, it follows from Theorems 8.69 and 8.71 and from

SAS congruency that the gyrotriangle a0b0c0 and its parallel transported

gyrotriangle a1b1c1 in Fig. 8.38 are congruent.

Theorem 8.72 Two successive parallel transports along the same gyro-

line are equivalent to a single parallel transport along the gyroline.

Proof. Let a0, a1, a2 be three gyrocollinear points, and let L be the gyro-

line containing these points in a gyrovector space (G,⊕,⊗). Furthermore,

let the rooted gyrovector 	a2⊕b2 be the parallel transport of a rooted gy-

rovector	a1⊕b1 along L, where the latter, in turn, is the parallel transport

of a rooted gyrovector 	a0⊕b0 along L, Fig. 8.39. Then, by Def. 8.68,

	a1⊕b1 = gyr[a1,	a0](	a0⊕b0)

	a2⊕b2 = gyr[a2,	a1](	a1⊕b1)
(8.295)

Eliminating the rooted gyrovector 	a1⊕b1 from the two equations in

(8.295) we obtain the single equation

	a2⊕b2 = gyr[a2,	a1]gyr[a1,	a0](	a0⊕b0) (8.296)

Noting that the three points a0, a1, a2 are gyrocollinear, (8.296) can be

simplified by means of the gyroline gyration transitive law, (6.82), obtaining

	a2⊕b2 = gyr[a2,	a0](	a0⊕b0) (8.297)
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Fig. 8.39 Two successive parallel transports of a gyrovector along a gyroline are equiva-
lent to a single parallel transport of the gyrovector along the gyroline. This figure shows

that when the tail of a parallel transported gyrovector in a Möbius gyrovector space
(Vs,⊕,⊗) glides over a gyroline, its head glides over a circle that intersects the gyroline
on the boundary of the ball Vs.

so that, by Def. 8.68, the rooted gyrovector	a2⊕b2 is the parallel transport

of the rooted gyrovector 	a0⊕b0 along the gyroline L in Fig. 8.39. �

Parallel translation in Euclidean geometry is a degenerate translation of

two distinct hyperbolic translations in gyrogeometry. These are (i) the par-

allel transport and (ii) the gyrovector translation. The former is well-known

in hyperbolic geometry and, more generally, in differential geometry, while

the latter is unheard of in the nongyro-literature. When translated along a

closed gyropolygonal path, the latter regains its original orientation while

the former loses it, as explained in Sec. 8.21 and illustrated in Fig. 8.41.

8.21 Parallel Transport vs. Gyrovector Translation

In Fig. 8.40 a gyrovector 	a0⊕b0 is

(1) parallel transported into the gyrovector 	a1⊕b1; and is

(2) gyrovector translated into the gyrovector 	a1⊕b′
1.
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Fig. 8.40 The parallel transport in
Fig. 8.36 is contrasted here with a cor-
responding gyrovector translation in the
Möbius gyrovector plane (R2

s ,⊕,⊗). The
gyrovector 	a0⊕b0, rooted at a0, is
(i) parallel transported to the gyrovector
	a1⊕b1, rooted at a1, and (ii) gyrovector
translated to the gyrovector 	a1⊕b′

1, also
rooted at a1. The two gyrovectors 	a0⊕b0

and 	a1⊕b′
1 are equal since they belong

to the same equivalence class, Def. 5.4,
p. 133. The rooted gyrovector 	a1⊕b′

1 is
called the gyrovector translated companion
of the parallel transported rooted gyrovec-
tor 	a1⊕b1. The latter is rotated relative
to the former by the gyration gyr[a1,	a0],

as we see from (8.298).

PSfrag replacements

a0
a1

a2

a3

b0

b1

b′
1

b2

b′
2

b3

b′
3

	a0⊕b0 = 	a3⊕b′
3

a0 = a3

b0 = b′
3

Fig. 8.41 Contrasting successive parallel
translations 	ak⊕bk with successive gy-
rovector translations 	ak⊕b′

k
, k = 1, 2, 3,

of a rooted gyrovector 	a0⊕b0 along a
closed gyropolygonal path (a gyrotrian-
gular path in this figure) in the Möbius
gyrovector plane (R2

s ,⊕,⊗). Owing to
the presence of gyrations, following suc-
cessive parallel transports along a closed,
gyrotriangular path the original gyrovector
	a0⊕b0 loses its original orientation, that
is,
‖	a0⊕b0‖ = ‖	a3⊕b3‖ while
	a0⊕b0 6= 	a3⊕b3.
The gyrovector translated companion, in
contrast, regains its original orientation,

that is, 	a0⊕b0 = 	a3⊕b′
3.

Hence, by (8.285) of Def. 8.68 and (5.17) of Theorem 5.7, p. 135, we

have in Fig. 8.40,

	a1⊕b1 = gyr[a1,	a0](	a0⊕b0)

	a1⊕b′
1 = 	a0⊕b0

(8.298)

The two translations of the gyrovector 	a0⊕b0 in (8.298) differ by the

presence of a gyration in the parallel transport and its absence in the gy-

rovector translation. The first translation in (8.298), the parallel transport,

is well-known in differential geometry in the context of manifolds. Here,

in the context of gyrovector spaces, it involves a gyration. The second

translation in (8.298), the gyrovector translation, is gyration free. The gy-
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rovector translation was suggested in Def. 5.6, p. 135, by the introduction

of gyrovectors as equivalence classes in Def. 5.4, p. 133.

A vector space is a special case of a gyrovector space in which all gy-

rations are trivial. In this special case, the concepts of parallel transport

and gyrovector translation, therefore, coincide as we see from (8.298). It is

interesting to visualize geometrically, in Fig. 8.41, the significant difference

between these two kinds of translations, which emerges in the passage from

vector to gyrovector spaces.

As Fig. 8.41 indicates,

(1) following successive gyrovector translations along a closed gy-

ropolygonal path, a rooted gyrovector returns to its original po-

sition. In contrast,

(2) following successive parallel transports along a closed gyropolygo-

nal path, a rooted gyrovector does not return to its original posi-

tion.

In Fig. 8.41 we see three successive gyrovector translations and parallel

transports along a closed, gyrotriangular path a0a1a2a3, where a3 = a0.

The three successive gyrovector translations in Fig. 8.41 are

	a1⊕b′
1 = 	a0⊕b0

	a2⊕b′
2 = 	a1⊕b′

1

	a3⊕b′
3 = 	a2⊕b′

2

(8.299)

implying

	a3⊕b′
3 = 	a0⊕b0 (8.300)

But the path is closed, a3 = a0, so that

b′
3 = b0 (8.301)

as shown in Fig. 8.41. Hence, following the three successive gyrovector

translations along a closed path of the original gyrovector 	a0⊕b0, the

final gyrovector coincides with the original one,

	a3⊕b3 = 	a0⊕b0 (8.302)
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The three successive parallel transports in Fig. 8.41 are

	a1⊕b1 = gyr[a1,	a0](	a0⊕b0)

	a2⊕b2 = gyr[a2,	a1](	a1⊕b′
1)

	a3⊕b3 = gyr[a3,	a2](	a2⊕b′
2)

(8.303)

so that

	a3⊕b3 = gyr[a3,	a2]gyr[a2,	a1]gyr[a1,	a0](	a0⊕b0) (8.304)

Hence, by employing the equality a3 = a0 and the gyrocommutative gy-

rogroup identity (3.34), p. 57, we have

	a3⊕b3 = gyr[a3,	a2]gyr[a2,	a1]gyr[a1,	a0](	a0⊕b0)

= gyr[a0,	a2]gyr[a2,	a1]gyr[a1,	a0](	a0⊕b0)

= gyr[	a0⊕a2,	(	a0⊕a1)](	a0⊕b0)

(8.305)

It follows from (8.305) that the final gyrovector, 	a3⊕b3, equals the origi-

nal gyrovector, 	a0⊕b0, gyrated by the gyration

gyr[	a0⊕a2,	(	a0⊕a1)] (8.306)

The gyration (8.306) of the Möbius gyrovector plane turns out to be

the gyrotriangular gyration of Def. 8.54, studied in Sec. 8.12. Furthermore,

this gyration appears in the gyroparallelogram law in (8.204), illustrated in

Fig. 8.26, p. 322. It represents a rotation of the gyroplane about its origin

by a gyroangle that equals the gyrotriangular defect of the gyrotriangle

a0a1a2; see Theorem 8.55 and 8.57.

8.22 Gyrocircle Gyrotrigonometry

Gyrotrigonometry, along with parallel transport of gyrosegments, enables

us to develop gyrocircle gyrotrigonometry in a way fully analogous to circle

trigonometry. This, in turn, gives rise to gyro-Cartesian and gyropolar

coordinates for the Möbius gyrovector plane (R2
s,⊕,⊗), shown in Fig. 8.42.

Let us arbitrarily select a point O, and construct two mutually orthogo-

nal gyrolines passing through the point. The two gyrolines, called “x-axis”

and “y-axis” form a coordinate system with origin O for the Möbius gy-

rovector plane. In Fig. 8.42 the x-axis is the gyroline containing the points

A,O,B and the y-axis is the gyroline containing the points C,O,D.
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Fig. 8.42 Gyrocircle Gyrotrigonometry. Gyro-Cartesian coordinates (x, y) and gyropo-
lar coordinates (r, θ) of any point P = P (x, y) = P (r, θ) of the Möbius gyrovector plane
(R2

s ,⊕,⊗) are shown. Here −s < x, y < s, 0 < r < s, and 0 ≤ θ < 2π. The trans-
formation from gyropolar coordinates (r, θ) of a point to its gyro-Cartesian coordinates
(x, y) is given by (8.312); and its inverse transformation, the transformation from gyro-
Cartesian coordinates (x, y) of a point to its gyropolar coordinates (r, θ) is given by
(8.310) – (8.311).

Let P be any point of the Möbius gyrovector plane other than O. We

wish to describe it as the point P = P (x, y) relative to the gyro-Cartesian

coordinate system (x, y) or, equivalently, as the point P = P (r, θ) relative

to a corresponding gyropolar coordinate system (r, θ).

Denoting the gyrodistance of P from O by r, we have r = ‖	O⊕P‖.
Let P (r) be the gyrocircle of radius r centered at the coordinates origin O.

The gyrocircle P (r) intersects the x-axis at the points A and B and the

y-axis at the points C and D, Fig. 8.42. Let θ be the gyroangle

θ = ∠AOP (8.307)

so that the point P is uniquely determined by its gyropolar coordinates,
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P = P (r, θ). Furthermore, let Px be the point on the x-axis such that

∠OPxP =
π

2
(8.308)

and let

x = ‖	O⊕Px‖

y = ‖	Px⊕P‖
(8.309)

be the gyrolengths of sides OPx and PxP of the right gyroangled gyro-

triangle OPxP . Then, by the Hyperbolic Pythagorean Theorem 8.33, we

have

x2

s
⊕y

2

s
=
r2

s
(8.310)

By (8.91) and Def. 8.36, as shown in Fig. 8.14, p. 289, we have

cos θ =
β2

x

β2
r

x

r
=
s2 + r2

s2 + x2

x

r

sin θ =
γ2

y

γ2
r

y

r
=
s2 − r2
s2 − y2

y

r

(8.311)

Solving the system (8.311) of two equations for the unknowns x and y

we have

x =
1

Qx
r cos θ

y =
1

Qy
r sin θ

(8.312)

where

Qx = 1
2{1 + r2

s2 +
√

1 + r4

s4 − 2 r2

s2 cos 2θ}

Qy = 1
2{1− r2

s2 +
√

1 + r4

s4 − 2 r2

s2 cos 2θ}
(8.313)

Let Py be the point on the y-axis between points O and D, Fig. 8.42,

such that

y = ‖	O⊕Py‖ (8.314)
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in analogy with the first equation in (8.309). Then, the gyrosegments OPy

and PxP in Fig. 8.42 are related to one another by a parallel transport.

Parallel transporting the gyrovector OPy to a gyrovector with tail at Px

gives the gyrovector PxP . We may recall here that the parallel transport

of a gyrovector along a gyroline keeps the gyrolength of the transported

gyrovector and its gyroangle with the gyroline invariant, Fig. 8.39.

In Euclidean geometry parallel transport and gyrovector translations

coincide, as we found in Sec. 8.21. Hence, in the Euclidean counterpart of

Fig. 8.42 the vectors OPy and PxP are equal. In gyrogeometry, in contrast,

parallel transports and gyrovector translations are different notions. Hence,

the gyrovectors OPy and PxP are different in general.

The pair (x, y) represents the gyro-Cartesian coordinates of the point

P , and the pair (r, θ) represents the gyropolar coordinates of the point P

relative to the xy-coordinate system in Fig. 8.42.

(1) The conversion from gyro-Cartesian coordinates (x, y) of a point

to its gyropolar coordinates (r, θ) is given by (8.310) – (8.311); and

(2) The conversion from gyropolar coordinates (r, θ) of a point to its

gyro-Cartesian coordinates (x, y) is given by (8.312).

In the limit of large s, s→∞, the conversions between gyro-Cartesian

and gyropolar coordinates reduce to the familiar conversions between Carte-

sian and polar coordinates. Thus, in particular, (8.310) reduces to the fa-

miliar relation x2 +y2 = r2 between polar and Cartesian coordinates of the

Euclidean plane, as explained in Remark 8.34.

8.23 Cogyroangles

Definition 8.73 (Unit Cogyrovectors). Let 	a � b be a nonzero

rooted cogyrovector, Def. 5.13, p. 143, in a gyrovector space (G,⊕,⊗). Its

cogyrolength is ‖	a � b‖ and its associated rooted cogyrovector

	a � b

‖	a � b‖ (8.315)

is called a unit cogyrovector.

We may note that by (2.47), p. 28, and Theorem 3.4, p. 52, we have

	a � b = �a � b = b � a (8.316)
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Fig. 8.43 The cogyroangle α generated by
the two rooted cogyrovectors b�a and d�c

in the Möbius gyrovector plane is shown.
Its cosine is given by (8.317), and is nu-
merically equal to the Euclidean angle α′

generated by the corresponding supporting
diameters.

PSfrag replacements

a

b

c

d α

β

γ

α′
β′

γ′

Fig. 8.44 The cogyroangle between co-
geodesics and its associated Euclidean an-
gle between corresponding supporting di-
ameters are equal. Hence, by inspection,
the sum of the cogyroangles of a cogyrotri-
angle is π. α = α′, β = β′, γ = γ′, and
α′ + β′ + γ′ = π.

Unit cogyrovectors represent “cogyrodirections”. A cogyroangle is, accord-

ingly, a relation between two cogyrodirections.

Definition 8.74 (Cogyroangles). Let 	a � b and 	c � d be two

nonzero rooted cogyrovectors in a gyrovector space (G,⊕,⊗). The gyro-

cosine of the measure of the cogyroangle α that the two rooted cogyrovectors

generate is given by the equation, Fig. 8.43,

cosα =
	a � b

‖	a � b‖ ·
	c � d

‖	c � d‖ (8.317)

If a = c then cogyroangle α in (8.317) is denoted by α = ∠bad or, equiva-

lently, α = ∠dab (it should always be clear from the context whether α is

a gyroangle or a cogyroangle). Two cogyroangles are congruent if they have

the same measure.

Cogyroangles are invariant under automorphisms of their gyrovector

spaces. However, unlike gyroangles, cogyroangles are not invariant under

left gyrotranslations.

Theorem 8.75 The cogyroangle between two cogyrolines equals the cogy-

roangle (which is also a gyroangle) between the two corresponding origin-
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intercept cogyrolines (which are also gyrolines).

Origin-intercept gyrolines, Def. 6.17, p. 165, are origin-intercept cogyroline

by Theorem 6.18. The origin-intercept gyroline that corresponds to a given

cogyroline is defined in Def. 6.68, p. 196. The origin-intercept gyroline-

cogyroline in the Möbius gyrovector space (that is, in the Poincaré ball

model of hyperbolic geometry) turns out to be the supporting gyrodiameter,

as remarked in Remark 6.70, p. 196, and illustrated in Fig. 8.43.

Proof. Let us consider two cogyrolines that contain, respectively, the

cogyrosegments ab and cd, Fig. 8.43. The gyrocosine of the cogyroangle α

between these cogyrolines is given by the equation, Def. 8.74,

cosα =
b � a

‖b � a‖ ·
d � c

‖d � c‖ (8.318)

By Theorem 6.69, the cogyrodifference b�a lies on the origin-intercept

cogyroline that corresponds to the cogyroline containing the cogyrosegment

ab and, similarly, the cogyrodifference d� c lies on the origin-intercept co-

gyroline that corresponds to the cogyroline containing the cogyrosegment

cd (as shown in Fig. 8.43, where corresponding origin-intercept cogyro-

lines are corresponding supporting gyrodiameters). The gyrocosine of the

cogyroangle α′ (which is also a gyroangle) between these corresponding

origin-intercept cogyroline (which are also gyrolines) is given by the equa-

tion

cosα′ =
(b � a) � 0

‖(b � a) � 0‖ ·
(d � c) � 0

‖(d � c) � 0‖

=
b � a

‖b � a‖ ·
d � c

‖d � c‖

= cosα

(8.319)

�

We may remark that α′,

α′ = ∠(b � a)0(d � c) (8.320)

is treated in (8.319) as a cogyroangle. However, it can equivalently be

treated as a gyroangle simply by replacing “�0” by “	0” in (8.319). Hence,

α′ is both a gyroangle and a cogyroangle.

In the models that we study in this book, a gyroline that coincides with

a cogyroline turns out to be a Euclidean line and, similarly, a gyroangle
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that coincides with a cogyroangle turns out to be a Euclidean angle. The

importance of understanding when a gyrosegment or a gyroangle coincides

with its corresponding Euclidean segment or angle is revealed, for instance,

in the proof of Theorem 8.48.

Theorem 8.76 Cogyroangles are invariant under gyrovector space auto-

morphisms.

Proof. We have to show that the cogyroangle α = ∠bac for any points

a, b, c of a gyrovector space (G,⊕,⊗) is invariant under the gyrovector

space automorphisms, Def. 6.5, p. 156. Equivalently, we have to show that

∠bac = ∠(τb)(τa)(τc) (8.321)

for all a,b, c∈G and all τ∈Aut(G). Indeed, by (2.76), p. 33, and the third

identity in (6.9) we have

cos ∠(τb)(τa)(τc) =
	τa � τb

‖	τa � τb‖ ·
	τa � τc

‖	τa � τc‖

=
τ(	a � b)

‖τ(	a � b)‖ ·
τ(	a � c)

‖τ(	a � c)‖

=
τ(	a � b)

‖	a � b‖ ·
τ(	a � c)

‖	a � c‖

=
	a � b

‖	a � b‖ ·
	a � c

‖	a � c‖

= cos ∠bac

(8.322)

�

Theorem 8.77 The measure of a cogyroangle is model independent.

Proof. Following Def. 6.89, p. 227, let (G1,⊕1,⊗1) and (G2,⊕2,⊗2) be

two isomorphic gyrovector spaces with isomorphism φ : G1 → G2. Fur-

thermore, let α1 be a cogyroangle in G1 given by

cosα1 =
	1a1 �1 b1

‖	1a1 �1 b1‖
· 	1c1 �1 d1

‖	1c1 �1 d1‖
(8.323)

and let α2 be the corresponding gyroangle in G2,

cosα2 =
	2a2 �2 b2

‖	2a2 �2 b2‖
· 	2c2 �2 d2

‖	2c2 �2 d2‖
(8.324)
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where a2 = φ(a1), b2 = φ(b1), c2 = φ(c1), and d2 = φ(d1).

Then, by (6.324) and (6.321), p. 225, we have

cosα2 =
	2a2 �2 b2

‖	2a2 �2 b2‖
· 	2c2 �2 d2

‖	2c2 �2 d2‖

=
	2φ(a1) �2 φ(b1)

‖	2φ(a1) �2 φ(b1)‖ ·
	2φ(c1) �2 φ(d1)

‖	2φ(c1) �2 φ(d1)‖

=
φ(	1a1 �1 b1)

‖φ(	1a1 �1 b1)‖ ·
φ(	1c1 �1 d1)

‖φ(	1c1 �1 d1)‖

=
	1a1 �1 b1

‖	1a1 �1 b1‖
· 	1c1 �1 d1

‖	1c1 �1 d1‖

= cosα1

(8.325)

so that α1 and α2 have the same measure, α1 = α2. �

To calculate the gyrocosine of a cogyroangle α generated by two directed

cogyrolines we place on the two cogyrolines two nonzero rooted cogyrovec-

tors 	a � b and 	c � d or, equivalently, 	a′ � b′ and 	c′ � d′, Fig. 8.43.

The measure of the cogyroangle α is given by the equation

cosα =
	a � b

‖	a � b‖ ·
	c � d

‖	c � d‖ (8.326)

where it is represented by the points a,b, c and d or, equivalently, by the

equation

cosα =
	a′ � b′

‖	a′ � b′‖·
	c′ � d′

‖	c′ � d′‖ (8.327)

where it is represented by the points a′,b′, c′ and d′.
In the following theorem we show that, as anticipated in the cogyroangle

calculation, (8.326) and (8.327) give the same cogyroangle measure for the

cogyroangle α.

Theorem 8.78 The cogyroangle generated by two directed cogyrolines is

representation independent.

Proof. Let

Lab = (b � a)⊗t⊕a

Lcd = (d � c)⊗t⊕c
(8.328)
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be two cogyrolines in a gyrovector space (G,⊕,⊗), Fig. 8.43. Let a′ and b′

be two distinct points on Lab and, similarly, let c′ and d′ be two distinct

points on Lcd. Then

a′ = (b � a)⊗t1⊕a

b′ = (b � a)⊗t2⊕a

c′ = (d � c)⊗t3⊕c

d′ = (d � c)⊗t4⊕c

(8.329)

for some tk ∈ R, k = 1, . . . , 4. Furthermore, we assume that the cogyrolines

are directed such that t2 > t1 and t4 > t3.

The cogyroangle α generated by the two directed cogyrolines (directed

in the direction of increasing their parameter t) Lab and Lcd is given by

cosα =
	a′ � b′

‖	a′ � b′‖·
	c′ � d′

‖	c′ � d′‖ (8.330)

where it is represented by the points a′ and b′ on Lab and the points c′

and d′ on Lcd.

Let us express a′ and b′ (c′ and d′) in terms of a and b (c and d).

As in the derivation of (6.165), p. 189, by Identity (2.68), p. 31, of the

Cogyrotranslation Theorem 2.23, p. 31, and the scalar distributive law we

have

b′ � a′ = {(b � a)⊗t2⊕a}� {(b � a)⊗t1⊕a}
= (b � a)⊗t2 � (b � a)⊗t1
= (b � a)⊗t2	(b � a)⊗t1
= (b � a)⊗(t2 − t1)

(8.331)

and, similarly,

d′ � c′ = (d � c)⊗(t4 − t3) (8.332)

Hence, by the scaling property (V 4) of gyrovector spaces, noting that t2 −
t1 > 0 and t4 − t3 > 0, we manipulate the representation of cosα by the
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points a′ and b′ on Lab and c′ and d′ on Lcd,

cosα =
b′ � a′

‖b′ � a′‖·
d′ � c′

‖d′ � c′‖

=
(b � a)⊗(t2 − t1)

‖(b � a)⊗(t2 − t1)‖ ·
(d � c)⊗(t4 − t3)

‖(d � c)⊗(t4 − t3)‖

=
b � a

‖b � a‖ ·
d � c

‖d � c‖

(8.333)

obtaining a representation of cosα by the points a and b on Lab and

the points c and d on Lcd. Hence, the value of cosα is representation

independent. �

8.24 The Cogyroangle in the Three Models

It follows from (3.136), p. 80, that the cogyroangle α generated by the

cogyrolines Lab and Lcd in a Möbius gyrovector space, Fig. 8.43, p. 357, is

given by the equation

cosα =
b �

M
a

‖b �
M

a‖ ·
d �

M
c

‖d �
M

c‖

=

γ2
bb−γ2

aa

γ2
a+γ2

b
−1

‖ γ2
b
b−γ2

aa

γ2
a+γ2

b
−1
‖
·

γ2
dd−γ2

cc

γ2
c+γ2

d
−1

‖ γ2
d
d−γ2

cc

γ2
c+γ2

d
−1
‖

=
γ2
bb− γ2

aa

‖γ2
bb− γ2

aa‖
· γ

2
dd− γ2

cc

‖γ2
db− γ2

ca‖

(8.334)

Similarly, it follows from (3.195), p. 92, that the cogyroangle α generated

by the cogyrolines Lab and Lcd in an Einstein gyrovector space is given by

the equation

cosα =
b �

E
a

‖b �
E

a‖ ·
d �

E
c

‖d �
E

c‖

=
γbb− γaa
‖γbb− γaa‖

· γdd− γcc‖γdb− γca‖

(8.335)

Finally, it follows from (3.211), p. 95, that the cogyroangle α generated

by the cogyrolines Lab and Lcd in a PV gyrovector space is given by the
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equation

cosα =
b �

U
a

‖b �
U

a‖ ·
d �

U
c

‖d �
U

c‖

=
b− a

‖b− a‖ ·
d− c

‖b− a‖

(8.336)

Interestingly, cogyrolines in PV gyrovector spaces are straight lines, as

we see from Figs. 6.13, 6.14 and 6.15, p. 224, and cogyroangles that co-

gyrolines generate have the same measure as their Euclidean counterparts,

as we see from (8.336). As a result, the cogyrotriangle cogyroangle sum is

π in all gyrovector space models that are isomorphic to a PV gyrovector

space. We will see in Theorem 8.80 that the resulting “π-Theorem” is, in

fact, valid in any gyrovector space.

8.25 Parallelism in Gyrovector Spaces

Theorem 8.79 (Hyperbolic Alternate Interior Cogyroangles

Theorem). Let L1 and L2 be two parallel cogyrolines in gyrovector space

(G,⊕,⊗) that are intersected by a cogyroline at the points P1 and P4 of L1

and L2 respectively. Furthermore, let P2 and P3 be points on L1 and L2 re-

spectively, located on opposite sides of the intersecting cogyroline, Fig. 8.45.

Then, the two alternate interior cogyroangles are equal,

∠P1P4P3 = ∠P4P1P2 (8.337)

Proof. Let

L1 : a⊗t⊕v1, P1 = a⊗t1⊕v1, P2 = a⊗t2⊕v1

L2 : a⊗t⊕v2, P3 = a⊗t3⊕v2, P4 = a⊗t4⊕v2

(8.338)

t ∈ R, be two parallel cogyrolines where P1 and P2 are two points on L1,

and P3 and P4 are two points on L2 in a gyrovector space (G,⊕,⊗), as

shown in Fig. 8.45 for the Möbius gyrovector plane. The points P1 and P2

on L1 and the points P3 and P4 on L2 correspond to selected values t1, t2,

t3 and t4 of the parameter t in (8.338). These values are arbitrarily selected

such that t1 − t2 and t4 − t3 have opposite signs so that the points P2 and

P3 are located on opposite sides of the cogyroline passing through P1 and

P4, as shown in Fig. 8.45.
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The alternate cogyroangles α and α′, Fig. 8.45, are given by the equa-

tions

cosα =
�P4 � P1

‖� P4 � P1‖
· �P4 � P3

‖� P4 � P3‖

cosα′ =
�P1 � P4

‖� P1 � P4‖
· �P1 � P2

‖� P1 � P2‖

=
�P4 � P1

‖� P4 � P1‖
· �P2 � P1

‖� P2 � P1‖

(8.339)

By (8.338), and by Identity (2.68), p. 31, of the Cogyrotranslation The-

orem 2.23, we have

�P4 � P3 = �(a⊗t4⊕v2) � (a⊗t3⊕v2)

= �a⊗t4 � a⊗t3
= a⊗(−t4 + t3)

(8.340)

and

�P2 � P1 = �(a⊗t2⊕v1) � (a⊗t1⊕v1)

= �a⊗t2 � a⊗t1
= a⊗(−t2 + t1)

(8.341)

By assumption, t1−t2 and t3−t4 have equal signs so that, by the scaling

property (V 4) of gyrovector spaces, we have

�P4 � P3

‖� P4 � P3‖
=

a⊗(t3 − t4)

‖a⊗(t3 − t4‖
= ± a

‖a‖

�P2 � P1

‖� P2 � P1‖
=

a⊗(t1 − t2)

‖a⊗(t1 − t2‖
= ± a

‖a‖

(8.342)

where the ambiguous signs go together, so that

�P4 � P3

‖� P4 � P3‖
=

�P2 � P1

‖� P2 � P1‖
(8.343)
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Fig. 8.45 Alternate interior cogyroangles,
α and α′, generated by a cogyroline inter-
secting two parallel cogyrolines, are equal.
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Fig. 8.46 The cogyrotriangle cogyroangle
sum, π, is shown in the Möbius gyrovector
plane.

Hence, finally, by (8.339) and (8.343) we have

cosα =
�P4 � P1

‖� P4 � P1‖
· �P4 � P3

‖� P4 � P3‖

=
�P4 � P1

‖� P4 � P1‖
· �P2 � P1

‖� P2 � P1‖

= cosα′

(8.344)

�

Theorem 8.80 (The π-Theorem). The sum of the three cogyroangles

of any cogyrotriangle in a gyrovector space is π, Fig. 8.46.

Proof. The proof, fully analogous to its Euclidean counterpart, follows

from Theorem 8.79 and Fig. 8.46. �

8.26 Reflection, Gyroreflection, and Cogyroreflection

In this section we show graphically (leaving the proof to interested readers)

that the notions of (i) Euclidean reflection relative to a circle, (ii) gyroreflec-

tion, and (iii) cogyroreflection relative to a gyroline in a Möbius gyrovector

plane are coincident.
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Fig. 8.47 Reflection, Gyroreflection, Cogyroreflection. The point P ′ is the Euclidean
reflection of the point P relative to the circle L in the Poincaré disc R2

s=1 or, equiva-
lently, in the Möbius gyrovector plane (R2

s=1,⊕,⊗). The circle L, in turn, is the circle

that carries the unique gyroline that passes through any two given points, P1 and P2,
of the disc. Coincidentally, the point P ′ is also the gyroreflection and cogyroreflection
of the point P relative to the gyroline L. Interestingly, (i) the gyroline L intersects
the gyrosegment PP ′ at the gyrosegment gyromidpoint m

PP ′ ; and also (ii) the gyro-
line L intersects the cogyrosegment PP ′ at the cogyrosegment cogyromidpoint m′

PP ′ .
Moreover, (i) the gyroline L is perpendicular to the gyrosegment PP ′; and also (ii) the
gyroline L is “perpendicular” to the cogyrosegment PP ′ in the sense that the gyroline
L is perpendicular to the cogyrosegment supporting diameter. Accordingly, this figure
illustrates remarkable duality symmetries that the gyromidpoint and the cogyromidpoint
share.

Let P1 and P2 be two distinct points of the Poincaré unit disc, that

is, the Möbius gyrovector plane (R2
s=1,⊕,⊗), let L be the gyroline passing

through these points, and let P be a point of the unit disc R2
s=1 not on L,

Fig. 8.47. Furthermore, let O and r be the Euclidean center and radius of

the circle L that carries the gyroline L in the Euclidean plane R2. The two

points P and P ′ are said to be symmetric relative to the gyroline L if O,
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P and P ′ are Euclidean-collinear and if, in the Euclidean geometry sense,

‖P −O‖‖P ′ −O‖ = r2 (8.345)

The points P and P ′ lie on opposite sides of L in the Poincaré disc, Fig. 8.47,

and are said to be reflections of each other relative to the circle L.

Coincidentally, (i) the gyroline L intersects the gyrosegment PP ′ at its

gyromidpoint mPP ′ ; and also (ii) the gyroline L is perpendicular to the

gyrosegment PP ′. Hence, the gyroline L is the perpendicular bisector of

the gyrosegment PP ′, Fig. 8.47, and the points P and P ′ are said to be

gyroreflections of each other relative to the gyroline L.

Furthermore, coincidentally (i) the Euclidean line containing the points

P and P ′ intersects the supporting gyrodiameter of the cogyroline contain-

ing the same points P and P ′ at the center O of circle L; (ii) the gyroline

L intersects the cogyrosegment PP ′ at its cogyromidpoint m′
PP ′ ; and also

(iii) the gyroline L is perpendicular to the cogyrosegment PP ′ in the fol-

lowing sense: The supporting gyrodiameter of the cogyrosegment PP ′ is

perpendicular to L, as shown in Fig. 8.47. Noting that the orientation

of the cogyrosegment PP ′ is the Euclidean orientation of its supporting

gyrodiameter, the cogyrosegment PP ′ is perpendicular to the gyroline L.

Hence, the gyroline L is the perpendicular bisector of the cogyrosegment

PP ′, Fig. 8.47, and the points P and P ′ are said to be cogyroreflections of

each other relative to the gyroline L.

Employing the Möbius gyrovector plane and its underlying Euclidean

open unit disc we have thus observed the remarkable coincidence of the no-

tions of reflection relative to a circle in Euclidean geometry, gyroreflection in

hyperbolic geometry and cogyroreflection in cohyperbolic geometry relative

to a gyroline. The bifurcation of non-Euclidean geometry into hyperbolic

geometry and cohyperbolic geometry is explained in Fig. 8.50, p. 370.

8.27 Tessellation of the Poincaré Disc

For any given triangle one can reflect each of its vertices relative to its

opposite side obtaining three new triangles. Starting with a single trian-

gle and applying successive reflections in its sides, and in the sides of the

newly obtained triangles, one may attempt to arrive at a complete trian-

gulation of the Euclidean or hyperbolic plane. Let the angles of the initial

triangle be π/k, π/l, π/m, where k, l,m are integers. A complete triangu-

lation of the Euclidean plane is obtained by successive triangle reflections
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Fig. 8.48 Tessellation of the Möbius gy-
rovector plane (R2

c=1,⊕,⊗)) or, equiva-
lently, the Poincaré disc, by equilateral gy-
rotriangles with gyroangle α = π/4. The
gyrolength of each side of each equilateral

gyrotriangle in the tessellation is
√√

2 − 1
in accordance with Theorem 8.56.

Fig. 8.49 Tessellation of the Möbius gy-
rovector plane (R2

c=1,⊕,⊗)) by equilat-
eral gyrotriangles with gyroangle α = π/5.
The gyrolength of each side of each equi-
lateral gyrotriangle in the tessellation is
√

2 cos(π/5) − 1 in accordance with The-
orem 8.56, p. 318.

if [Carathéodory (1954), p. 174]

1

k
+

1

l
+

1

m
= 1 (8.346)

Following Poincaré’s theorem [Poincaré (1882)] a complete triangulation of

the hyperbolic plane is obtained by successive hyperbolic triangle reflections

(that is, gyrotriangle gyroreflections) if

1

k
+

1

l
+

1

m
< 1 (8.347)

Elementary proof of Poincaré’s theorem is found in [Carathéodory (1954),

pp. 174–184] and in [Maskit (1971)].

Complete triangulations of the hyperbolic plane by equilateral trian-

gles are special tessellations of the hyperbolic plane [Magnus (1974)], giv-

ing elegant demonstrations of hyperbolic reflectional symmetry. Owing

to condition (8.346) the Euclidean plane allows only the single case of

k = l = m = 3. In contrast, owing to condition (8.347), the hyperbolic

plane allows the infinitely many cases of k = l = m ≥ 4. Two of these

cases, k = l = m = 4 and k = l = m = 5, are shown in Figs. 8.48
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and 8.49. Evidently, the hyperbolic plane is richer in structure than the

Euclidean plane. Various tilings of the Poincaré disc by triangles are avail-

able in the literature [Goodman-Strauss (2001)]. For instance, the case of

(k, l,m) = (2, 3, 7) is presented in [Mumford, Series and Wright (2002),

p. 382], and the cases of (7, 3, 2) and (6, 4, 2) are presented in [Montesinos

(1987), p. 178].

Let abc be an equilateral triangle. The reflection a′ of a relative to its

opposite side bc is given by the equation

a′ = (b + c)− a (8.348)

in the Euclidean plane (R2,+), and by the equation

a′ = (b � c)	a (8.349)

in the Möbius gyrovector plane (R2
s ,⊕). The latter, (8.349), is obviously

related to the gyroparallelogram in Def. 6.41, p. 178. Indeed, the hyperbolic

triangulations in Figs. 8.48 and 8.49 were obtained by the use of (8.349).

The analogies that (8.348) and (8.349) share demonstrate that in order

to capture analogies between Euclidean and hyperbolic geometry both the

gyrogroup operation⊕ and the gyrogroup cooperation � must be employed.

8.28 Bifurcation Approach to Non-Euclidean Geometry

Non-Euclidean geometry emerged from the denial of parallelism in Eu-

clidean geometry. However, we have seen in Sec. 8.25 that parallelism

reappears in the cogyrolines of cohyperbolic geometry of non-Euclidean ge-

ometry, Figs. 6.6, p. 212, 6.15, p. 224, 8.45, and 8.46. We thus observe a

Euclidean property which is denied in hyperbolic geometry, but reappears

in cohyperbolic geometry.

The result that the Euclidean parallelism is retained in a branch of

non-Euclidean geometry that has gone unnoticed, is a part of the bi-

furcation pattern demonstrated in Fig. 8.50. Some Euclidean proper-

ties that have seemingly been lost in the passage from Euclidean geom-

etry to non-Euclidean geometry reappear in cohyperbolic geometry. Evi-

dently, Euclidean geometry bifurcates into two non-Euclidean complemen-

tary branches, one of which is the hyperbolic geometry of Bolyai and

Lobachevsky. Naturally, the branch that has gone unnoticed is called

cohyperbolic geometry. The Euclidean geometry bifurcation into the two
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Fig. 8.50 The Hyperbolic Bifurcation Diagram.

complementary branches of non-Euclidean geometry is illustrated schemat-

ically in Fig. 8.50.

The two branches, hyperbolic and cohyperbolic geometry, of non-

Euclidean geometry complement each other in the sense that they retain

all the basic properties of Euclidean geometry. Those Euclidean proper-
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ties that have seemingly been lost in the passage to hyperbolic geometry

reappear in cohyperbolic geometry. Moreover, the two branches of non-

Euclidean geometry share duality symmetries in (i) gyrovectors and cogy-

rovectors, (ii) gyrolines and cogyrolines, (iii) gyroangles and cogyroangles.

These duality symmetries include, for instance, Theorem 2.28, p. 33, and

the gyroline and cogyroline gyration transitive law in Theorems 6.30, p. 172,

and 6.63, p. 192.

Owing to the bifurcation of Euclidean geometry properties in the tran-

sition to non-Euclidean geometry, any set of axioms that determines Eu-

clidean geometry can be classified into the following three classes,

(1) Euclidean axioms that are valid in hyperbolic geometry but invalid

in cohyperbolic geometry (like the congruence axioms).

(2) Euclidean axioms that are valid in cohyperbolic geometry but in-

valid in hyperbolic geometry (like the parallel axiom).

(3) Euclidean axioms that are valid in both hyperbolic and cohyper-

bolic geometry.

The three classes of Euclidean geometry axioms are disjoint. The Bi-

furcation Principle, that Fig. 8.50 demonstrates, states that the union of

these three disjoint classes of Euclidean geometry axioms equals the set

of all Euclidean geometry axioms. It follows from the Bifurcation Princi-

ple that there is no axiom of Euclidean geometry that is invalid in both

hyperbolic and cohyperbolic geometry [Ungar (2000c)].

8.29 Exercises

(1) Verify Theorem 8.16 in detail.

(2) Let ABC and A′B′C ′ be two gyrotriangles with equal defects.

Show by numerical examples that their gyrotriangle constants,

SABC and SA′B′C′ , Def. 8.43, p. 299, need not be equal.

(3) Show that if two gyrotriangle gyroangles are congruent their oppo-

site sides are congruent.

(4) Show that if two gyrotriangle sides are congruent their opposite

gyroangles are congruent. Hint: Use Theorem 8.49, p. 307.

(5) Translate the gyrotriangle defect formula (8.134), p. 301, for sin δ

in a Möbius gyrovector space into a corresponding formula for sin δ

in an Einstein gyrovector space.

Hints: (i) Use the translation identities in (6.340), p. 233; and
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Fig. 8.51 Gyrotrigonometry in Einstein gyrovector plane (R2
s ,⊕,⊗).

(ii) show that your result coincides with [Chen and Ge (1998),

Eq. (14)].

(6) Verify the cos γ equation in Fig. 8.13, p. 285.

(7) Figure 8.51 is the translation of Fig. 8.14, p. 289, from a Möbius

to an Einstein gyrovector plane. Verify the identities presented in

Fig. 8.51. Hint: Employ the translation identities in (6.340), p. 233,

noting that also the notation aβ , aγ , etc., must be translated. See

Chap. 12.

(8) Verify Equation (8.178b), p. 315.

(9) Verify Equation (8.180), p. 316.

(10) Use the law of gyrocosines in Theorem 8.37, p. 294, to calculate

an alternative expression for c in (8.178c), p. 315. Show that the

alternative expression for c and (8.178c) are equivalent.

(11) Show that the Möbius gyroparallelogram identity (8.227), p. 329,

gives rise to the corresponding Einstein gyroparallelogram identity
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Fig. 8.52 The gyrocircle of Fig. 8.42 is shown here (i) as a gyrocircle with its gyrocenter
Oh, gyroradius rh, and a gyroangle θh, 0 ≤ θh < 2π; and (ii) as a circle with its
(Euclidean) center Oe, (Euclidean) radius re, and an angle θe, 0 ≤ θe < 2π. The
gyroangle θh that corresponds to the points A and P = P (rh, θh) on the circumference
of the gyrocircle is the gyroangle between the gyrorays OhA and OhP , θh = ∠AOhP .
The gyrocosine of the gyroangle θh, cos θh, is shown. The angle θe that corresponds
to the same points A and P = P (re, θe) on the circumference of the circle is the angle
between the rays OeA and OeP , θe = ∠AOeP . The cosine of the angle θe, cos θe, is
shown.

√

1 + γdα

√

1 + γdβ
= γa + γb (8.350)

Hint: Use the relationship γ2
vm

= (1 + γve
)/2, (6.341), p. 233.

(12) Figure 8.52 presents analogies between the gyroangle θh and the

angle θe of a gyrocircle/circle about its gyrocenter/center. Show

that in general the numerical values of θh and θe are different.

What is the special case when θh = θe?

(13) Prove that a gyrosquare is a gyroparallelogram.
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Chapter 9

Bloch Gyrovector of Quantum

Information and Computation

Bloch vector in the open unit ball B3 = R3
s=1 of the Euclidean 3-space R3 is

well-known in quantum information and computation (QIC) theory [Bellac

(2006)]. Following a brief introduction, we will find in this chapter that

Bloch vector is, in fact, a gyrovector rather than a vector. Accordingly,

we will discover that the geometry of QIC theory is the hyperbolic geom-

etry of Bolyai and Lobachevsky, and its underlying algebra is the algebra

of gyrovector spaces. The importance of this discovery lies in the result

that the observed geometric phase [Chruściński and Jamio lkowski (2004)]

in the quantum mechanics of Bloch vector can be interpreted in terms of

its parallel transports in a gyrovector space, Fig. 8.36, p. 345.

9.1 The Density Matrix for Mixed State Qubits

In general, a quNit is an N -state quantum system [Chen, Fu, Ungar and

Zhao (2002)]. A qubit [Bellac (2006)] is a two state quantum system com-

pletely described by the qubit density matrix ρv,

ρv = 1
2 (1 + σ·v) = 1

2

(
1 + v3 v1 − iv2
v1 + iv2 1− v3

)

(9.1)

i =
√
−1, parametrized by the vector v = (v1, v2, v3)∈B3. Here 1 is the

unit 2×2 matrix and σ = (σ1, σ2, σ3) represents the Pauli matrices in vector

notation [Chen and Ungar (2001)] [Arfken (1985), p. 211],

1 =

(
1 0

0 1

)

, σ1 =

(
0 1

1 0

)

, σ2 =

(
0 −i
i 0

)

, σ3 =

(
1 0

0 −1

)

(9.2)

Using vector notation we thus have σ·v = v1σ1+v2σ2+v3σ3 for any v ∈ B3.

375
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In quantum mechanics matrices A are usually constructed to be Her-

mitian, that is, self adjoint, A† = A, where the adjoint A† of a complex

matrix A is its transpose conjugate [Arfken (1985), p. 210]. Indeed, the

qubit density matrix ρv is Hermitian, ρ†v = ρv, parametrized by v∈B
3.

The density matrix [Blum (1996)] dates back to the early indepen-

dent work of Landau and von Neumann, has proved useful in physics
[Urbantke (1991); Chen, Ungar and Zhao (2002); Chen, Fu, Ungar and

Zhao (2002)]. Researchers have devoted substantial efforts in describ-

ing the spaces defined by density matrices [Bloore (1976)], in using

them to analyze the separability of quantum systems [Życzkowski (1998);

Slater (1999)], in comparing information-theoretic properties of various

probability distributions over them [Slater (1998)], as well as study-

ing the question of parallel transport in this context [Uhlmann (1986);

Uhlmann (1993); Uhlmann (1987); Urbantke (1991); Lévay (2004a); Lévay

(2004b)].

The parameter v of the density matrix ρv is known as the Bloch vector
[Nielsen and Chuang (2000)], and accordingly, the ball B3 is called the Bloch

ball (or, sphere, in the jargon of QIC). The determinant of ρv is given by

the equation

det(ρv) =
1

4γ2
v

=
1

22
(1− ‖v‖2) > 0 (9.3)

v∈B3, where γv is the Lorentz gamma factor (3.131) with s = 1, that is,

γ−2
v = 1− ‖v‖2.

All the postulates of quantum mechanics can be reformulated in terms

of the density matrix language [Nielsen and Chuang (2000), p. 99]. The

generic density matrix for a mixed state qubit turns out to be the 2×2

qubit density matrix ρv in (9.1) [Nielsen and Chuang (2000), p. 105]. The

qubit density matrix obeys the constraints of unit trace (tr(ρv) = 1) and

positivity (det(ρv) > 0) [Spekkens and Rudolph (2002)]. The qubit is, thus,

a two state quantum system completely described by the qubit density

matrix ρv, parametrized by the Bloch vector v = (v1, v2, v3)∈B3.

Remarkable identities linking the qubit density matrices ρv to the

Möbius gyrovector space (B3,⊕,⊗) of their Bloch vector parameter v∈B3

will be presented, demonstrating that this Möbius gyrovector space forms

the natural home of Bloch vector, so that Bloch vector deserves the title

“gyrovector” rather than “vector”.

Let ρu and ρv be two qubit density matrices generated by the two Bloch

vectors u,v∈B3, and let ρu⊕v be the qubit density matrix generated by the
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Möbius sum u⊕v of u and v, where ⊕ = ⊕
M

is Möbius addition (3.129),

so that u⊕v ∈ B3. Furthermore, let R(u,v) be the 2×2 matrix

R(u,v) = ρ−1
u⊕vρuρv (9.4)

with the notation ρ−1
v = (ρv)−1 and, more generally, ρr

v = (ρv)r, r∈R.

Remarkably, the matrix R(u,v), defined in terms of Möbius addition ⊕
in (9.4), has an elegant form,

R(u,v) = 1
2

(

1 + u·v + i(u× v)3 (u× v)2 + i(u× v)1

−(u× v)2 + i(u× v)1 1 + u·v − i(u× v)3

)

(9.5)

and an elegant positive determinant,

4det(R(u,v)) = (1 + u·v)2 + ‖u× v‖2 (9.6)

u,v∈B3. Hence, R(u,v) can be written as

R(u,v) =

(
a −b̄
b ā

)

∈PSU(2) (9.7)

for some complex numbers a and b, with a positive determinant, where an

overbar denotes complex conjugation.

The matrix R(u,v) in (9.7) is a positively scaled unitary unimodular

matrix in the sense that it can be written as a positive number,
√

|a|2 + |b|2,

times a unitary unimodular matrix. It is, thus, an element of the group

PSU(2) = (0,∞)×SU(2) of all 2×2 positively scaled unitary unimodular

matrices, a group isomorphic to the multiplicative group of nonzero quater-

nions [Altmann (1986)]. Moreover, it enjoys the following two features,

tr(R(u,v)) = 2tr(ρuρv) = 1 + u·v (9.8)

and

R(u,v) = R̄t(v,u) (9.9)

for all u,v∈B3, R̄t being the transpose, complex conjugate of R.

The special unitary matrix Rs(u,v)∈SU (2), u,v∈B3, associated with
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R(u,v) is

Rs(u,v) =
R(u,v)

√

det(R(u,v))

=

(

1 + u·v + i(u× v)3 (u× v)2 + i(u× v)1

−(u× v)2 + i(u× v)1 1 + u·v − i(u× v)3

)

√

(1 + u·v)2 + ‖u× v‖2

(9.10)

It satisfies the functional equations

Rs(u,v) = Rs(−u,−v) (9.11)

R−1
s (u,v) = Rs(v,u) (9.12)

and

Rs(u⊕v,v) = Rs(u,v) (9.13)

Rs(u,v⊕u) = Rs(u,v) (9.14)

for all u,v∈B
3. Furthermore, if u and v are parallel, u‖v, then

Rs(u,v) = I, u‖v (9.15)

I being the identity 2×2 matrix. Identities (9.13) – (9.14) further indicate

the link between Bloch vector and Möbius addition ⊕ in B3.

The denominator in (9.10),

F (u,v) =
√

(1 + u·v)2 + ‖u× v‖2 > 0 (9.16)

u,v∈B3, the square of which appears in the denominator of Möbius addi-

tion law (3.129), can be written as, (3.130), p. 79,

F (u,v) =
γu⊕v

γuγv
(9.17)

where γv is the Lorentz gamma factor of special relativity, (3.131), with

s = 1, as in (9.3).

Furthermore, the function F (u,v) satisfies the Möbius cocycle func-

tional equation and normalization conditions (3.134) – (3.135), p. 80,

F (u,v⊕w)F (v,w) = F (v⊕u,w)F (u,v)

F (u,0) = F (0,v) = 1
(9.18)
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Coincidentally, the Möbius cocycle equation (9.18) with an ordinary

addition, +, rather than Möbius addition, ⊕, arises in several branches

of mathematics, as pointed out by B. R. Ebanks and C. T. Ng [Ebanks

and Ng (1993)]. It is thus interesting to realize that with Möbius addition

⊕ replacing the ordinary vector addition, the well-known cocycle equation

appears in the study of gyrogroups [Rózga (2000)], in general, and in the

present study of the qubit density matrix, in particular.

The matrices R(u,v), u,v ∈ B3, play a role in the definition of the

gyrator gyr of the gyrocommutative gyrogroup of qubit density matrices.

We define the gyration gyr[ρu, ρv] generated by the qubit density matrices

ρu and ρv in terms of its effects on a qubit density matrix ρw by the

equation

gyr[ρu, ρv]ρw = R(u,v)ρwR
−1(u,v) (9.19)

u,v,w∈B3, where we use the notation R−1(u,v) = (R(u,v))−1.

The right hand side of (9.19) is interesting. It is in a form that describes

the evolution of a closed quantum system by the unitary operator Rs(u,v),

(9.10), according to [Nielsen and Chuang (2000), p. 99].

The left hand side of (9.19) is interesting too. It satisfies the identity

gyr[ρu, ρv]ρw = ρgyr[u,v]w (9.20)

for all u,v,w∈B3, where

gyr[u, v] ∈ SO(3) (9.21)

are the gyrations of the Möbius gyrogroup (B3,⊕).

Interested readers may verify that (9.20) follows from (9.19) by lengthy

but straightforward algebra that can be done by computer algebra, that

is, by a computer software for symbolic manipulation, like MATHEMAT-

ICA and MAPLE. Remarkably, identities (9.19) – (9.20) give a quantum

mechanical interpretation for the Möbius gyrogroup gyration.

Finally, we define a binary operation � on the set

D = {ρv : v∈B
3} (9.22)

of all mixed state qubit density matrices by the equation

ρu�ρv = ρu⊕v (9.23)

for all u,v∈B3. Identity (9.20) relates the gyration of (D,�), generated

by ρu, ρv∈D, (9.19), to the gyration (9.21) of the parameter space (B3,⊕)
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of D, generated by u,v∈B3.

The groupoid (D,�) involves the Bloch vector parameter space B3; and

its composition law is given in (9.23) by parameter composition in B3. The

parameter composition in B3 = (B3,⊕), in turn, is given by Möbius addition

⊕. The groupoid (D,�) is thus a gyrocommutative gyrogroup which is an

isomorphic copy of the Möbius gyrogroup (B3,⊕), with isomorphism given

by (9.23). The elements of B3, Bloch vectors, now reveal themselves as

gyrovectors. The identity element of the gyrocommutative gyrogroup D

is ρ0, where 0 ∈ B3 is the zero vector of the Euclidean 3-space R3. The

gyrogroup inverse ρ	1
v of ρv∈(D,�) is ρ	1

v = ρ	v where 	v = −v in B3.

Indeed, by (9.23) we have,

ρ	1
v �ρv = ρ	v�ρv

= ρ	v⊕v

= ρ0

(9.24)

Hence, for instance, the gyration effects in (9.19) can also be written,

according to Theorem 2.10(10) and (9.24), as

gyr[ρu, ρv]ρw = ρ	u	v�{ρu�(ρv�ρw)} (9.25)

as interested readers may verify by computer algebra.

The relationship between the generic qubit density matrix ρv∈D and

its Bloch gyrovector parameter v∈B3 is described by the following commu-

tative diagram (9.26).

v
u⊕−−−−→ u⊕v

gyr[v,u]−−−−−→ v⊕u
w⊕−−−−→



yρ



yρ



yρ

ρv
ρu�−−−−→ ρu�ρv

gyr[ρv ,ρu]−−−−−−→ ρv�ρu
ρw�−−−−→

(9.26)

w⊕(v⊕u)
=−−−−→ (w⊕v)⊕gyr[w,v]u



yρ



yρ

ρw�(ρv�ρu)
=−−−−→ (ρw�ρv)�gyr[ρw, ρv]ρu

Relationships for qubit density matrices with Einstein addition ⊕
E

,

rather than Möbius addition ⊕ = ⊕
M

, are presented in [Chen and Ungar

(2002b)], and will be encountered in (9.64).
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Density matrices for pure state qubits are given by (9.1) with a Bloch

vector v ∈ ∂B3 on the boundary of the Bloch ball B3, that is, ‖v‖ = 1,
[Nielsen and Chuang (2000), p. 100]. The qubit composition law (9.23) for

u,v∈B3 remains valid on the closure B̄3 of B3 with one exception. The

composition

ρv�ρ	v = ρv	v (9.27)

	v = −v, which is well-defined for all v∈B3 as ρ0, does not exist on ∂B3

in terms of a limit for any v∈B3 approaching v∈∂B3.

In special relativity the seemingly unfortunate failure of the limit of

v	
E
v to exist when v approaches the boundary, ∂B3, of the ball B3 of

relativistically admissible velocities turns out to be a blessing. It repre-

sents the physical experimental fact that, unlike subluminal particles, the

photon has no rest frame. The role of the non-existence of v	v for any

v ∈ ∂B3 in the quantum mechanical interpretation needs to be explored.

Here v	
E
v = v⊕

E
(−v), ⊕

E
being the Einstein addition of relativistically

admissible velocities. The relationship between Möbius and Einstein addi-

tion, ⊕ = ⊕
M

and ⊕
E

is presented in Table 6.1, p. 226, and in (6.325).

9.2 Bloch Gyrovector

Identity (9.4) can be presented as the polar decomposition,

ρuρv = ρu⊕vR(u,v) = F (u,v)ρu⊕vRs(u,v) (9.28)

demonstrating that, in general, the matrix product of two qubit density

matrices is not equivalent to a qubit density matrix but, rather, to a qubit

density matrix preceded, or followed, by a positively scaled unitary uni-

modular matrix. Indeed, Identity (9.28), in which the positively scaled

unitary unimodular matrix R(u,v) ∈ PSU(2) precedes the qubit density

matrix ρu⊕v, is associated with the polar decomposition

ρuρv = R(u,v)ρv⊕u = F (u,v)Rs(u,v)ρv⊕u (9.29)

in which the positively scaled unitary unimodular matrix R(u,v)∈PSU (2)

follows the qubit density matrix ρv⊕u.

We may note that the qubit density matrix on the right hand side of

(9.28) is parametrized by the Möbius sum u⊕v of Bloch gyrovectors, while

the qubit density matrix on the right hand side of (9.29) is parametrized

by the Möbius sum v⊕u of Bloch gyrovectors.
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In general, the matrix product of several qubit density matrices is not

equivalent to a single qubit density matrix, as we see from Identities (9.28)

and (9.29). However, there are special cases in which the matrix product of

several qubit density matrices is equivalent to a single qubit density matrix

with a positive coefficient. Each of these cases corresponds to a symmetric

matrix product of qubit density matrices that we define below. These cases

clearly exhibit the nature of Bloch vector as a gyrovector in the Möbius

gyrovector space (B3,⊕,⊗) rather than a vector in the open unit ball B3

of the Euclidean 3-space R3.

Definition 9.1 (Symmetric Sums and Symmetric Products). A

symmetric sum of 1 + n elements v0 ∈ G and vk ∈ G, k = 1, . . . , n, of a

gyrogroup (G,⊕) or a gyrovector space (G,⊕,⊗), is given by the equation

n∑

k=0

⊕ vk = vn⊕((. . .v3⊕((v2⊕((v1⊕(v0⊕v1))⊕v2))⊕v3)) . . .⊕vn) (9.30)

Note that in this nonassociative symmetric sum, (9.30), one starts the gyro-

summation with the central element v0, which is the only term that appears

in the symmetric sum once (Naturally, the central element v0 could be the

neutral element of G). Then, one gyro-adds v1 to v0 on both right (first)

and left (second). Then, similarly, one gyro-adds v2 to the result on both

right (first) and left (second), etc., as in (2.167), p. 48.

A symmetric product of 2n+1 qubit density matrices parametrized by the

n+ 1 Bloch gyrovectors v0,v1,v2, . . . ,vn∈B3, and raised to the respective

powers r0, r1, r2, . . . , rn∈R is the matrix product

ρs =

n∏

k=0

ρrk
vk

⊗ = ρrn
vn
ρrn−1
vn−1

. . . ρr2
v2
ρr1
v1
ρr0
v0
ρr1
v1
ρr2
v2
. . . ρrn−1

vn−1
ρrn
vn

(9.31)

(Naturally, the central density matrix ρr0
v0

could be the identity matrix).

Let ρs =
∏n

k=1⊗ ρrk
vk

be a symmetric matrix product of qubit density ma-

trices. Its Bloch gyrovector w (or, equivalently, the Bloch gyrovector w that

it possesses) is given by the equation

w =
n∑

k=0

⊕ (rk⊗vk) (9.32)

in the Möbius gyrovector space (B3,⊕,⊗).

Examples illustrating Def. 9.1 follow. The matrix product

ρs = ρuρvρu (9.33)
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is symmetric, possessing the Bloch gyrovector

w = u⊕(v⊕u) (9.34)

Similarly, the matrix product

ρs = ρuρvρvρu (9.35)

is symmetric, possessing the Bloch gyrovector

w = u⊕(2⊗v⊕u) = 2⊗(u⊕v) (9.36)

simplified by employing the Two-Sum Identity in Theorem 6.7, p. 156.

Theorem 9.2 Let ρs be a symmetric matrix product of qubit density

matrices, (9.31), possessing the Bloch gyrovector w∈B3, (9.32). Then

ρs = tr(ρs )ρw (9.37)

Theorem 9.2 states that up to a positive coefficient, tr(ρs ), a symmetric

matrix product of qubit density matrices, ρs , is equivalent to a single qubit

density matrix ρw parametrized by the Bloch gyrovector w that it possesses.

The latter, in turn, is a gyrovector in the Möbius gyrovector space (B3,⊕,⊗)

generated by the operations ⊕ and ⊗ in B3, as (9.32) indicates.

Illustrative examples of results that follow from Theorem 9.2 are pre-

sented in Examples 1 – 4 below.

Example 1. Let

ρs = ρn
v (9.38)

where n is a positive integer. By Def. 9.1, ρs is symmetric, possessing the

Bloch gyrovector, (9.32),

w =

n terms
︷ ︸︸ ︷

v ⊕ · · · ⊕ v = n⊗v (9.39)

Hence, by Theorem 9.2,

ρn
v = tr(ρn

v)ρn⊗v (9.40)

for all v∈B3 and n∈R . Remarkably, Identity (9.40) remains valid for any

real n as well, expressing any real power n∈R of a qubit density matrix

as a qubit density matrix with a positive coefficient. We may note that

this remarkable result follows readily from the spectral theorem [Korányi

(2001)].
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Let u = n⊗v so that v = (1/n)⊗u in B3. Then, by (9.40),

ρu =
ρn
(1/n)⊗u

tr(ρn
(1/n)⊗u

)
(9.41)

for all n∈R, n 6= 0. Hence, for m = 1/n (9.41) can be written as

ρu =
ρ
1/m
m⊗u

tr(ρ
1/m
m⊗u)

(9.42)

for all u∈B3 and m∈R, m 6= 0.

Renaming m and u as n and v, (9.42) can be written as

ρn
v =

ρn⊗v

(tr(ρ
1/n
n⊗v))n

(9.43)

Finally, comparing (9.40) and (9.43) we have,

tr(ρn
v)(tr(ρ

1/n
n⊗v))n = 1 (9.44)

for all v∈B3 and n∈R , n 6= 0.

Identity (9.40) of Example 1 can be used to determine by inspection the

matrix ρr
v and its trace tr(ρr

v) for all r∈R. Let

A = 1 + ‖v‖
B = 1− ‖v‖

(9.45)

v∈B3. Then, it follows from (9.1) and (6.250), p. 205, that

ρr⊗v =
1

Ar +Br

1

2‖v‖M (9.46)

where M is the matrix

M =

(
(Ar +Br)‖v‖+ (Ar −Br)v3 (Ar −Br)(v1 − iv2)

(Ar −Br)(v1 + iv2) (Ar +Br)‖v‖ − (Ar −Br)v3

)

(9.47)

v 6= 0, so that from (9.40) and by inspection,

tr(ρr
v) =

Ar +Br

2r
(9.48)
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and

ρr
v = tr(ρr

v)ρr⊗v

=
Ar +Br

2r

1

Ar +Br

1

2‖v‖M

=
1

2r+1‖v‖M

(9.49)

Finally, (9.40) can be extended to a power of any real number, obtaining

ρr
v = tr(ρr

v)ρr⊗v

=
Ar +Br

2r
ρr⊗v

(9.50)

for all v∈B
3 and r∈R.

Example 2. Let

ρs = ρuρ
2
vρu (9.51)

By Def. 9.1, ρs is symmetric, possessing the Bloch gyrovector, (9.32),

w = u⊕(v⊕(v⊕u))

= u⊕(2⊗v⊕u)

= 2⊗(u⊕v)

(9.52)

In (9.52) we use the left gyroassociative law and the Two-Sum Identity in

Theorem 6.7.

Hence, by Theorem 9.2,

ρuρ
2
vρu = tr(ρuρ

2
vρu)ρw

= tr(ρuρ
2
vρu)ρ2⊗(u⊕v)

(9.53)

But, by (9.40),

ρ2⊗(u⊕v) =
ρ2
u⊕v

tr(ρ2
(u⊕v))

(9.54)

and by (9.44),

1

tr(ρ2
(u⊕v))

= (tr(ρ
1/2
2⊗(u⊕v)))

2 (9.55)
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Hence, (9.53) can be written as

ρuρ
2
vρu = tr(ρuρ

2
vρu)(tr(ρ

1/2
2⊗(u⊕v)))

2ρ2
u⊕v (9.56)

Example 3. We wish to calculate [tr(
√
ρv)]2 for later reference. By

(9.44) and (6.265), p. 209, we have

[tr(
√
ρv)]2 = [tr(ρ2

(1/2)⊗v)]−1

= [tr(ρ2
γvv/(1+γv))]

−1

=
1 + γv
γv

(9.57)

where the extreme right hand side of (9.57) is calculated by straightforward

algebra. Coincidently, the extreme right hand side of (9.57) appears in

(6.265), p. 209, as well.

Example 4. Let

ρs = ρm
u ρ

2n
v ρm

u (9.58)

By Def. 9.1, ρs is symmetric, possessing the Bloch gyrovector, (9.32),

w = m⊗u⊕((2n)⊗v⊕m⊗u)

= m⊗u⊕(2⊗(n⊗v)⊕m⊗u)

= 2⊗(m⊗u⊕n⊗v)

(9.59)

as, similarly, in (9.51) and (9.52).

Hence, by Theorem 9.2,

ρm
u ρ

2n
v ρm

u

tr(ρm
u ρ

2n
v ρm

u )
= ρw = ρ2⊗(m⊗u⊕n⊗v)

=
ρ2

m⊗u⊕n⊗v

tr(ρ2
m⊗u⊕n⊗v)

(9.60)

Square rooting both sides of (9.60) we have

√

ρm
u ρ

2n
v ρm

u =

√

tr(ρm
u ρ

2n
v ρm

u )

tr(ρ2
m⊗u⊕n⊗v)

ρm⊗u⊕n⊗v (9.61)

Tracing both sides of (9.61) we have

tr(
√

ρm
u ρ

2n
v ρm

u ) =

√

tr(ρm
u ρ

2n
v ρm

u )

tr(ρ2
m⊗u⊕n⊗v)

(9.62)
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noting that ρw = 1 for all w∈B3. Hence, finally, by squaring both sides of

(9.62) we obtain the identity

[

tr(
√

ρm
u ρ

2n
v ρm

u )
]2

=
tr(ρm

u ρ
2n
v ρm

u )

tr(ρ2
m⊗u⊕n⊗v)

(9.63)

for all u,v∈B3 and m,n∈R.

The special case when m = n = 1/2 is interesting. In this case the

left hand side of (9.63) reduces to the so called Bures fidelity F(ρu, ρv)
[Nielsen and Chuang (2000); Chen and Ungar (2002a)], which is also known

as Uhlmann’s transition probability for mixed qubit states [Scutaru (1998);

Uhlmann (1976)]. In this special case Identity (9.63) gives rise to the fol-

lowing chain of identities, which are numbered and subsequently verified.

F(ρu, ρv)

(1)
︷︸︸︷
===

[

tr(
√√

ρu ρv
√
ρu )

]2

(2)
︷︸︸︷
===

tr(
√
ρu ρv

√
ρu )

tr(ρ2
(1/2)⊗u⊕(1/2)⊗v

)

(3)
︷︸︸︷
===

[

tr(
√

ρ2⊗((1/2)⊗u⊕(1/2)⊗v) )
]2

tr(
√
ρu ρv

√
ρu)

(4)
︷︸︸︷
===

[

tr(
√
ρu⊕

E
v )
]2

tr(
√
ρu ρv

√
ρu)

(5)
︷︸︸︷
===

1 + γu⊕
E
v

γu⊕
E
v

tr(
√
ρu ρv

√
ρu)

(6)
︷︸︸︷
=== 1

2

1+γu⊕
E

v

γ
u⊕

E
v

(1 + u·v)

(7)
︷︸︸︷
=== 1

2

1+γu⊕
E

v

γ
u⊕

E
v

γu⊕
E

v

γuγv

=== 1
2

1+γu⊕
E

v

γuγv

def
︷︸︸︷
=== F(u,v)

(9.64)

for all u,v∈B3.
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The equalities in (9.64) are numbered for the respective explanation

below.

(1) Presents the definition of Bures fidelity.

(2) Follows from (9.63) with m = n = 1/2.

(3) Follows from tracing both sides of (9.43) with n = 2.

(4) Follows from the isomorphism (6.325) between ⊕ = ⊕
M

and ⊕
E

.

(5) Follows from (9.57).

(6) Follows from (9.67).

(7) Follows from (3.177) with s = 1.

Identity (9.64) expresses Bures fidelity in terms of Einstein addition
[Chen and Ungar (2002a)],

F(ρu, ρv) = F(u,v) = 1
2

1 + γu⊕
E
v

γuγv
(9.65)

From (9.64) and (3.179), p. 89, with s = 1, we obtain the elegant,

obvious identity

tr(
√
ρu ρv

√
ρu) = 1

2

γu⊕
E

v

γuγv
= 1

2 (1 + u·v) (9.66)

Indeed,

tr(
√
ρu ρv

√
ρu) = tr(ρuρv) =

1 + u·v
2

(9.67)

Substituting (3.179), with s = 1, in (9.65) we have, by (3.131), p. 79,

F(ρu, ρv) = 1
2

{

1 + u·v +
1

γuγv

}

= 1
2

{

1 + u·v +
√

1− ‖u‖2
√

1− ‖v‖2
}

(9.68)

thus recovering a well-known identity for Bures fidelity [Jozsa (1994)], and

a link with Einstein’s special relativity theory.

In Examples 1 – 4 we uncovered the tip of the giant iceberg of the rich

gyro-algebra that qubit density matrices possess in terms of their Bloch

gyrovector parameter in the Möbius gyrovector space (B3,⊕,⊗).

Exploiting the convex structure of the space of all qubit density ma-

trices, the evolution of a density matrix ρ(u) into another density matrix

ρ(v) through continuously successive density matrices is demonstrated by



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

The Bloch Gyrovector 389

the convex sum

(1− t)ρ(u) + tρ(v), 0 ≤ t ≤ 1 (9.69)

At “time” t = 0 the expression (9.69) gives the density matrix ρ(u) and at

“time” t = 1 the expression (9.69) gives the density matrix ρ(v) [Preskill

(2004), Sec. 2.5.1], thus evolving ρ(u) into ρ(v).

However, rather than exploiting the convex structure of the space of all

qubit density matrices, it is more natural from the geometric viewpoint to

exploit the rich gyrostructure and its gyrogeometry rather than the convex

structure of the space. Among the advantages in employing the gyrostruc-

ture of the space is that the associated geometric phase emerges naturally as

a result in the gyrogeometry of gyrovector spaces, which is just the common

hyperbolic geometry of Bolyai and Lobachevsky.

Exploiting the gyroline (6.58), p. 166, of the Poincaré ball model of

hyperbolic geometry, Fig. 6.1, p. 210, we generate the evolution of a den-

sity matrix ρ(u) into another density matrix ρ(v) through continuously

successive density matrices by the parameter transport of “time” along a

gyroline,

ρ(u⊕(	u⊕v)⊗t), 0 ≤ t ≤ 1 (9.70)

At “time” t = 0 the expression (9.70) gives the density matrix ρ(u) and

at “time” t = 1 the expression (9.70) gives the density matrix ρ(v). As t

evolves from t = 0 to t = 1, the Bloch gyrovector parameter of the qubit

density matrix in (9.70) travels from u to v along the geodesic segment (that

is, the gyrosegment) joining the points u and v of the Möbius gyrovector

space (B3,⊕,⊗).

The parallel transport, Fig. 8.36, p. 345, of a Bloch gyrovector v

along a closed path in B
3 results in a geometric angular defect, stud-

ied in Chap. 8 and in [Ungar (2001b)]. The study of the resulting

geometric phase [Chruściński and Jamio lkowski (2004)] of the evolu-

tion of the associated density matrix ρ(v) [Bengtsson and Życzkowski

(2006), p. 138] could be of interest in geometric quantum computation
[Ekert, Ericsson, Hayden, Inamori, Jones, Oi and Vedral (2000)] and

in the geometry of quantum states [Bengtsson and Życzkowski (2006);

Anandan (2000)]. It, thus, remains to harness the gyrostructure of the

qubit density matrix for work in geometric quantum computation and its

associated geometric phase.
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9.3 Trace Distance and Bures Fidelity

Following [Nielsen and Chuang (2000), p. 403] we use the notation |A| =√
A†A, and define the trace distance D(ρu, ρv) between two qubit matrices

ρu and ρv by the equation

D(ρu, ρv) := 1
2 tr|ρu − ρv| (9.71)

where tr(A) is the trace of a square matrix A. It turns out that the trace

distance satisfies the identity

D(ρu, ρv) = 1
2 |u− v| (9.72)

which has an obvious interpretation in Euclidean geometry as half the or-

dinary Euclidean distance between points of the Bloch sphere [Nielsen and

Chuang (2000), p. 404][Chen, Ungar and Zhao (2002)]. In (9.72) Bloch

vectors u and v in the ball seemingly behave like Euclidean vectors. This,

however, is not the case with the more important measure between two

qubit matrices ρu and ρv, known as Bures fidelity.

Two Bloch vectors u and v generate the two density matrices ρu and ρv
that, in turn, generate the Bures fidelity F(ρu, ρv) that we may also write

as F(u,v). The concept of fidelity is a basic ingredient in quantum commu-

nication theory [Jozsa (1994)]. A good quantum communication channel

must be capable of transferring output quantum states which are close to

the input states. To quantify this idea of closeness, it is often necessary to

provide a measure to distinguish different quantum states. To do so, one

introduces the idea of fidelity. A fidelity of unity implies identical states

whereas a fidelity of zero implies orthogonal states. Indeed this idea of fi-

delity is not just confined to quantum communication. It is also important

in quantum optics, quantum computing and quantum teleportation [Wang

(2001)]. Furthermore, the corresponding Bures distance has been used [Ve-

dral, Rippin and Knight (1997)] to define a measure of the entanglement as

the minimal Bures distance of an entangled state to the set of disentangled

states.

The Bures fidelity F(u,v) is a most important distance measure be-

tween quantum states ρu and ρv of the qubit in quantum computation and

quantum information [Nielsen and Chuang (2000); Wang, Kwek and Oh

(2000)], given by (9.65),

F(u,v) =

[

tr
√√

ρuρv
√
ρu

]2

= 1
2

1 + γu⊕
E
v

γuγv
(9.73)
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Its values range over the interval (0, 1], quantifying the extent to which ρu

and ρv can be distinguished from one another. From the physical point of

view, the properties that the Bures fidelity F(u,v) possesses are natural,

as indicated in [Chen, Ungar and Zhao (2002)].

Unfortunately, Bures fidelity F(u,v), u,v∈B3, is not invariant under

left gyrotranslations of its Möbius gyrogroup (B3,⊕). A different defini-

tion of fidelity that retains some properties of Bures fidelity while being

invariant under left gyrotranslations in its Möbius gyrogroup (B3,⊕), is

the gyrocovariant fidelity, given by the equation

Fc(u,v) = 1− ‖u	v‖ (9.74)

Like Bures fidelity, the values of the gyrocovariant fidelity range over the

interval (0, 1] so that F(v,v) = F c(v,v) = 1. Unlike Bures fidelity, the

gyrocovariant fidelity is simple and it possesses geometric significance in

the Poincaré three-dimensional ball model of hyperbolic geometry and in

its algebraic structure, the Möbius gyrovector spaces (B3,⊕,⊗).

The realization that the home of Bloch vector is the Poincaré ball model

of hyperbolic geometry, where it becomes a gyrovector in a Möbius gyrovec-

tor space, motivated Péter Lévay to explore the relationship between the

Bures metric that results from Bures fidelity [Lévay (2004b), p. 4597] and

the Möbius metric ‖u	v‖, (6.286), in the ball B3, where ⊕ = ⊕
M

is Möbius

addition (7.11) in the ball. He discovered [Lévay (2004a), p. 1838] [Lévay

(2004b), p. 4603] that the Bures metric is conformally equivalent to the

standard Poincaré metric which is, in turn, equivalent to Möbius gyromet-

ric, as shown in Sec. 6.17, p. 216. Accordingly, Uhlmann’s parallel transport
[Uhlmann (1986)], used to determine geometric phases [Lévay (2004b)] is

equivalent to the parallel transport, Fig. 8.36, p. 345, in the Möbius gy-

rovector space (B3,⊕,⊗).

Bures fidelity has particularly wide currency today in quantum compu-

tation and quantum information geometry. However, much to their chagrin,

Nielsen and Chuang admit in [Nielsen and Chuang (2000), p. 410]:

“Unfortunately, no similarly [alluding to the trace dis-

tance and its Euclidean geometric interpretation, (9.72)]

clear geometric interpretation is known for the [Bures] fi-

delity between two states of a qubit”.

The lack of geometric interpretation makes mathematical objects diffi-

cult to manipulate. Indeed, Bengtsson and Życzkowski emphasize the im-
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portance of geometry in quantum mechanics in [Bengtsson and Życzkowski

(2006), Preface]:

“The geometry of quantum states is a highly interesting

subject in itself, but it is also relevant in view of possible

applications in the rapidly developing fields of quantum

information and quantum computing.”

Fortunately, following the study of Bloch gyrovector in this chapter we

realize that the elusive geometric interpretation for the fidelity between two

states of a qubit lies in the hyperbolic geometry of Bolyai and Lobachevsky.

It is this realization that led Péter Lévay to propose in [Lévay (2004b)]

a proof that the Bures metric of the space of all 2×2 density matrices,

up to a conformal factor, is just the Poincaré metric of the Poincaré ball

model of hyperbolic geometry, (6.286), p. 216, also known in this book as

the Möbius gyrodistance function. Furthermore, it led Lévay to uncover

in [Lévay (2004a)] an interesting connection between Uhlmann’s parallel

transport in the study of geometric phases in quantum mechanics and the

phenomena of Thomas gyration and parallel transport as studied in this

book.

9.4 The Real Density Matrix for Mixed State Qubits

The complex 2× 2 density matrix ρv in (9.1), v ∈ B3, proves useful in

quantum information and computation owing to the following properties

that it possesses.

(1) Hermiticity: The matrix ρv is Hermitian, that is,

ρ†v = ρv (9.75)

(2) Unit trace: The matrix ρv has a unit trace,

tr(ρv) = 1 (9.76)

(3) Positivity: The matrix ρv has a positive determinant,

det(ρv) > 0 (9.77)

(4) Symmetric Product Property: If ρs is a symmetric matrix product

of qubit density matrices, (9.31), whose Bloch gyrovector is w,
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(9.32), then, by (9.37) in Theorem 9.2,

ρs = tr(ρs )ρw (9.78)

Thus, in particular, the matrix ρv possesses the Möbius gyrovector

space properties, (9.40) and (9.53),

ρn
v = tr(ρn

v)ρn⊗v

ρuρ
2
vρu = tr(ρuρ

2
vρu)ρ2⊗(u⊕v)

(9.79)

where ⊕ and ⊗ are Möbius addition and Möbius scalar multiplica-

tion in the ball B3.

Unlike property (4), properties (1) – (3) are well known in the literature.

Property (4) of the density matrix ρv demonstrates that the natural home

of Bloch vector v ∈ B3 that parametrizes ρv is the Möbius gyrovector space

(B3,⊕,⊗) where, if parallel transported, it experiences a geometric phase
[Lévay (2004a); Chruściński and Jamio lkowski (2004)], which is the angular

defect in hyperbolic geometry as studied in Chap. 8. Since related Möbius

and Einstein gyrovector spaces are isomorphic, Table 6.1, p. 226, the three-

dimensional Einstein gyrovector space can be considered as the natural

home of Bloch vector as well. Accordingly, Bloch vector is a gyrovector

rather than a vector.

The fact that the density matrix ρv is complex is not accidental, as

noted by Helmuth Urbantke [Urbantke (1991)]:

“The standard formulation of quantum mechanics uses

complex Hilbert space and thus complex numbers in an

essential way. Of course, it would be possible to do with

real numbers alone, but then the formalism would “cry for

complex numbers.””

The set of density matrices ρv, that is, the set of 2×2 Hermitian matrices,

is a four-dimensional real vector space. The condition of unit trace reduces

to a three dimensional submanifold in which one has to locate the domain of

positivity. The density matrix ρv is parametrized by v∈B3 and represents

two-level quantum systems.

Progress in the quantum spin 1/2 case was triggered by the use of Bloch

vector v∈B3 as the parameter of the density matrix ρv. Naturally, explor-

ers search for generalized Bloch vectors that can illuminate the study of

arbitrary spins. Owing to its importance, there is an intensive work in

the extension of the density matrices ρv, and their Bloch vectors v∈B3,
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to higher-level quantum mechanical systems; see, for instance, [Arvind,

Mallesh and Mukunda (1997)], [James et al. (2001)] and [Altepeter, James

and Kwiat (2004)]. Naturally, attempts to generalize the density matrix ρv
in (9.1) are guided by its properties. Thus, for instance, in the extension

from two-level quantum mechanical systems, qubits, to three-level quan-

tum mechanical systems, qutrits, Arvind, Mallesh and Mukunda [Arvind,

Mallesh and Mukunda (1997)] replace the 2×2 three Pauli Hermitian matri-

ces (9.2) by the 3×3 eight Gelmann Hermitian matrices. Further extension

is proposed by James, Kwiat, Munro and White [James et al. (2001)], who

replace the three Pauli matrices and the eight Gelmann matrices by a set

of 16 Hermitian 4×4 matrices.

Being complex, and having no geometric interpretation [Urbantke

(1991)], it is difficult to extend the density matrix ρv into a density matrix

that is parametrized by a generalized Bloch vector v = (v1, v2, . . . , vn)∈Bn,

n > 3, and that represents higher-level quantum mechanical systems. We

therefore present in this section the real counterpart, µv, v ∈ B3, of ρv,

which naturally admits an obvious extension from the three-dimensional

open unit ball B3 to the n-dimensional open unit ball Bn of the Euclidean

n-space Rn for any n ≥ 1.

For n = 3, let µv = µ3,v be the 4×4 real, symmetric matrix

µv = µ3,v = 1
2











1− 1
2γ2

v
v1 v2 v3

v1
1

2γ2
v

+ v2
1 v1v2 v1v3

v2 v1v2
1

2γ2
v

+ v2
2 v2v3

v3 v1v3 v2v3
1

2γ2
v

+ v2
3











(9.80)

parametrized by the vector v = (v1, v2, v3) ∈ B3. We will find that this

vector v possesses all the useful properties of Bloch vector.

Clearly, the matrix µv = µ3,v has trace 1 and positive determinant in

the ball B3,

tr(µv) = 1

det(µv) =
1

28
(1− ‖v‖2)4 > 0

(9.81)

The similarity between the second identity in (9.81) and (9.3), p. 376, is

remarkable. Furthermore, as readers may find, the matrix µv = µ3,v pos-

sesses properties (1) – (4) of the density matrix ρv, listed in Sec. 9.4, where

v ∈ B3 and where Hermiticity reduces to symmetry in property (1).
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The properties that the complex density matrix ρv, (9.1), for mixed

state qubits shares with its real counterpart µv, (9.80) – (9.81), are enhanced

by their trace equations

tr(ρuρv) =
1

2
(1 + u·v) and tr(µuµv) =

1

4
(1 + u·v)2 (9.82)

for all u,v ∈ B3. The identities in (9.82) are useful, allowing the inner

product of u and v to be extracted from the trace of the product of their

corresponding density matrices.

Furthermore, if v∈∂B3 lies on the boundary ∂B3 of the ball B3 then

‖v‖=1 and both ρv and µv reduce to density matrices for pure state qubits,

satisfying the idempotency relations

ρ2
v = ρv and µ2

v = µv, (‖v‖ = 1) (9.83)

which prove important in quantum mechanics.

Hence, in the study of two-level quantum mechanical systems, one may

replace the Hermitian 2×2 density matrix ρv in (9.1) by its real counterpart,

the symmetric 4×4 matrix µv in (9.80). The latter, in turn, has the advan-

tage of being susceptible of obvious generalization into higher dimensions,

as we will see in Sec. 9.5.

9.5 Extending the Real Density Matrix

Let µn,v be the (n+1)× (n+1) symmetric matrix, called a Möbius matrix,

µn,v =

2γ2
v

(n− 3) + 4γ2
v


















1− 1
2γ2

v
v1 v2 v3 · · · vn

v1
1

2γ2
v

+ v2
1 v1v2 v1v3 · · · v1vn

v2 v1v2
1

2γ2
v

+ v2
2 v2v3 · · · v2vn

v3 v1v3 v2v3
1

2γ2
v

+ v2
3 · · · v3vn

...
...

...
...

. . .
...

vn v1vn v2vn v3vn · · · 1
2γ2

v
+ v2

n


















(9.84)
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for any n ≥ 2, parametrized by the vector v = (v1, v2, . . . , vn)∈Bn. The

matrix µn,v has trace 1 and positive determinant in the ball Bn,

tr(µn,v) = 1

det(µn,v) =

(
1− ‖v‖2

(n+ 1)− (n− 3)‖v‖2
)n+1

> 0
(9.85)

Clearly, the real density matrix µn,v of (9.84), n ≥ 2, generalizes the real

density matrix µv = µ3,v of (9.80), to which it reduces when n = 3. Fur-

thermore, for any n ≥ 2 the matrix µn,v in (9.84) possesses properties

(1) – (4) in (9.75) – (9.78), where v ∈ Bn and where, in property (1), Her-

miticity reduces to symmetry. Moreover, if v∈∂Bn lies on the boundary

∂Bn of the ball Bn then ‖v‖ = 1 and, as in the special case of n = 3, µn,v

is idempotent,

µ2
n,v = µn,v, (‖v‖ = 1) (9.86)

for all n ≥ 2. Hence, suggestively, one may explore whether the matrix µn,v

with n > 3 remains useful as a density matrix in the study of higher-level

quantum states as well.

Remark 9.3 (Decomplexification II). We see here that the decom-

plexification of the complex qubit density matrix ρv in (9.1) into the real

qubit density matrix µv in (9.80) is rewarding. Unlike the former, the lat-

ter admits in (9.84) a natural generalization into higher dimensions. This

rewarding decomplexification bears an intriguing resemblance to the decom-

plexification in Remark 3.41, p. 78, which proved rewarding as well.

9.6 Exercises

(1) Show that Identity (9.20) follows from Identity (9.19).

(2) Verify Identity (9.25).

(3) Show that the coefficient tr(ρs ) in Identity (9.37) of Theorem 9.2

is positive in the ball B3.

(4) Prove Theorem 9.2. Hint: Use Theorem 2.44, p. 48.

(5) Verify Identity (9.72).

(6) Prove the identities in (9.81).

(7) Prove the identities in (9.85).

(8) Show that the matrix µn,v in (9.84) possesses properties (1) – (4)

in Sec. 9.4, where Hermiticity reduces to symmetry.
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Chapter 10

Special Theory of Relativity: The

Analytic Hyperbolic Geometric

Viewpoint

Part I: Einstein Velocity Addition

and its Consequences

If you are out to describe the truth,

leave elegance to the tailor.

Albert Einstein (1879 – 1955)

When the time is ripe to revive the truth,

elegance stands triumphant.

In a quartet of papers in the “miracle year” of 1905 Einstein proposed

the special theory of relativity, provided proof of the existence of atoms,

put quantum mechanics on a solid empirical foundation, and unveiled what

would become the most famous equation in science, E = mc2 [Einstein

(1998); Einstein and Calaprice (2005)]. It is the 1905 paper [Einstein (1905)]

that founded the special theory of relativity, a term that Einstein coined

about ten years later.

This chapter brings the special relativity theory of Einstein and the hy-

perbolic geometry of Bolyai and Lobachevsky to vivid life under the same

umbrella. As we will see throughout this chapter, in the framework of

analytic hyperbolic geometry (gyrogeometry), Einstein’s special theory of

397



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

398 Analytic Hyperbolic Geometry

relativity reveals more of its intricate beauty, where Einstein velocity addi-

tion law turns out to be given by gyrovector addition just as the classical

velocity addition law is given by vector addition. Analytic hyperbolic geom-

etry, thus, significantly extends Einstein’s unfinished symphony. As such,

this chapter prepares non-Euclidean geometers and physicists to practice

twenty-first century special theory of relativity.

The majestic scientific achievement of the 20th century in mathemat-

ical beauty and experimental verifications has been the special theory of

relativity that Einstein introduced a century ago in 1905 [Einstein (1905)]

[Einstein (1998), p. 141]. Einstein’s special relativity theory is one of the

foundation blocks of modern theoretical physics. Yet, Einstein’s special

relativity appears the first classical theory that defies common sense. Ded-

icated to the promotion of special relativity theory, this book presents the

analytic theory of hyperbolic geometry in terms of analogies that it shares

with the analytic theory of Euclidean geometry. The resulting unification

of analytic Euclidean and hyperbolic geometry allows the extension of our

intuitive understanding from Euclidean to hyperbolic geometry, and simi-

larly, from classical mechanics to relativistic mechanics as well.

Coincidentally, it is the mathematical abstraction of the relativistic ef-

fect known as “Thomas precession” that allows the unification and, hence,

the extension of our intuitive understanding. The brief history of the discov-

ery of Thomas precession is described in [Ungar (2001b), Sec. 1, Chap. 1].

For a historical account, including the ensuing discussion, see [Mehra and

Rechenberg (1982)].

We add physical appeal to Einstein velocity addition law (3.168), p. 86,

of relativistically admissible velocities, thereby gaining new analogies with

classical mechanics and invoking new insights into the special theory of

relativity. We place Einstein velocity addition in the foundations of both

special relativity and its underlying hyperbolic geometry, enabling us to

present special relativity in full three space dimensions rather than the usual

one-dimensional space, using three-geometry instead of four-geometry. Do-

ing so we uncover unexpected analogies with classical results, enabling the

modern and unfamiliar to be studied in terms of the classical and familiar.

In particular, we show in this chapter that while it is well-known that

the relativistic mass does not mesh up with the four-geometry of special

relativity [Adler (1987)][Beisbart and Jung (2004)][Ungar (2001b), pp. 358 –

359], it meshes extraordinarily well with the three-geometry, providing un-

expected insights that are not easy to come by, by other means. Our novel

approach provides powerful, far reaching insights into the Lorentz transfor-
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mation of Minkowski’s four-vectors that could be comprehended, and its

beauty appreciated, by the reader. Hence, readers of this book will find

this chapter interesting and useful regardless of whether they are familiar

with the special theory of relativity.

10.1 Introduction

In the small arena of terrestrial and planetary measurements, Euclidean

geometry is the shoe that fits the foot. Over the vast reaches of intergalactic

spacetime, Lorentzian geometry, the geometry of general relativity, appears

to be what is wanted. Neglecting gravitation, the geometry needed is the

hyperbolic geometry of Bolyai and Lobachevsky, the geometry of Einstein’s

special relativity, [Criado and Alamo (2001)].

The mere mention of hyperbolic geometry is enough to strike fear in the

heart of the undergraduate mathematics and physics student. Some regard

themselves as excluded from the profound insights of hyperbolic geometry

so that this enormous portion of human achievement is a closed door to

them. But this book opens the door on its mission to make the hyperbolic

geometry of Bolyai and Lobachevsky, which underlies the special theory of

relativity, accessible to a wider audience in terms of gyrogeometry, the super

analytic geometry that unifies analytic Euclidean and hyperbolic geometry.

Special relativity was introduced by Einstein more than a century ago

in order to explain the massive experimental evidence against ether as

the medium for propagating electromagnetic waves. It has rich struc-

ture [Giulini (2006)], and has recently gained importance and applica-

tions in technology [Ashby (2003); Lämmerzahl, Everitt and Hehl (2001);

Lämmerzahl (2006)].

As studied in all modern physics books, special relativity is not Ein-

steinian special relativity, the special theory of relativity as was originally

formulated by Einstein in 1905 [Einstein (1905)]. Rather, it is Minkowskian

special relativity, the special theory of relativity as was subsequently refor-

mulated by Minkowski in 1908 [Lorentz, Einstein, Minkowski and Weyl

(1952)]. Einsteinian and Minkowskian special relativity form two different

approaches to the same special theory of relativity. In Minkowskian special

relativity four-velocities and their Lorentz transformation law appear as a

primitive, rather than as a derived, concept. In contrast, in Einsteinian

special relativity three-velocities and their Einstein velocity addition law

appear as a primitive concept, from which four-velocities and their Lorentz
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transformations are derived. The reason we have the Minkowski spacetime

formalism of four-vectors today is that Minkowski’s friend Sommerfeld took

it upon himself to rewrite Minkowski’s formalism and make it look like or-

dinary vector analysis.

As a result of the dominant position of Minkowskian special relativity

some authors of relativity books omit the concept of Einstein’s relativistic

mass since it does not mesh up with Minkowskian special relativity [Adler

(1987)].

In contrast, Einstein’s relativistic mass meshes extraordinarily well with

Einsteinian special relativity. We uncover analogies that the relativistic

mass captures when it is studied in the context of Einsteinian special rela-

tivity and its underlying gyrogeometry.

Employing gyrovector space theoretic techniques, crucial analogies be-

tween the pairs

(
Euclidean Geometry

Newtonian Mechanics

)

↔
(

Gyrogeometry

Einsteinian Mechanics

)

(10.1)

get discovered in diverse situations one of which, concerning the notion

of the relativistic Center of MomentuM (CMM) velocity, is displayed in

Figs. 10.2 and 10.3, pp. 412 – 413. Remarkably, the novel analogies in these

figures stem from the relativistic mass correction, according to which the

mass of moving objects is velocity dependent [Anderson (1967), p. 199][Tsai

(1986)]. We use here a nonstandard notation, CMM, rather than the stan-

dard one, CM, in order to avoid confusion with our novel relativistic Center

of MasS (CMS) that will be studied in Sec. 11.18. Eventually, however, we

will find in (11.292), p. 524, that, as in the classical case, CMS=CMM.

Einstein velocity addition, the consequences of which are studied in the

present Chap. 10, provides powerful insights into the Lorentz transforma-

tion, studied in Chap. 11, as well. Einsteinian velocities and space rotations

parameterize the Lorentz transformation group of relativistic mechanics

just as Newtonian velocities and space rotations parameterize the Galilei

transformation group of classical mechanics. Furthermore, the novel com-

position law of Lorentz transformations in terms of parameter composition

is fully analogous to the well-known composition law of Galilei transfor-

mations in terms of parameter composition. This and other related novel

analogies the Lorentz transformation group shares with its Galilean coun-

terpart, as seen through the novel insights that Einstein velocity addition

law provides, are presented in Sec. 11.1. Following these analogies, readers

who intuitively understand the parameterized Galilei transformation group
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can straightforwardly extend their intuitive understanding to the param-

eterized Lorentz transformation group. Applications of the latter to the

gyrocovariant CMM velocity are presented in Secs. 11.3 and 11.6, giving

rise to the notion of the gyrobarycentric coordinates in Sec. 11.13.

Being guided by analogies with classical results we thus place Einstein

velocity addition in the foundations of special relativity, enabling us to

present special relativity in full three space dimensions rather than the

usual one-dimensional space in four-geometry.

10.2 Einstein Velocity Addition

Attempts to measure the absolute velocity of the earth through the hy-

pothetical ether had failed. The most famous of these experiments is one

performed by Michelson and Morley in 1887 [Feynman and Sands (1964)].

It was 18 years later before the null results of these experiments were finally

explained by Einstein in terms of a new velocity addition law that bears his

name, that he introduced in his 1905 paper that founded the special theory

of relativity [Einstein (1905); Einstein (1998)].

The two basic postulates of the resulting special theory of relativity are

(1) the principle of relativity, according to which the laws of physics

are of the same form in all inertial frames; and

(2) the constancy of the speed of light, according to which there exists

a maximum signal velocity in nature, the velocity of light in empty

space.

The second postulate will be discussed below, following the reintroduction

of Einstein velocity addition law, and the first postulate will be discussed

in Sec. 11.18 following the study of the Lorentz transformation.

Contrasting Newtonian velocities, which are vectors in the Euclidean 3-

space R3, Einsteinian velocities must be relativistically admissible, that is,

their magnitude must not exceed the vacuum speed of light c. Let, (3.165),

R
3
c = {v ∈ R

3 : ‖v‖ < c} (10.2)

be the c-ball of all relativistically admissible velocities. It is the ball of

radius c, centered at the origin of the Euclidean 3-space R3, consisting of

all vectors v in R3 with magnitude ‖v‖ smaller than c. Einstein addition

⊕ in the ball is given by the equation [Einstein (1905)] [Einstein (1998),
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p. 141], (3.168),

u⊕v =
1

1 + u·v
c2

{

u +
1

γu
v +

1

c2
γu

1 + γu
(u·v)u

}

(10.3)

satisfying the gamma identity, (3.177),

γu⊕v = γuγv

(

1 +
u·v
c2

)

(10.4)

for all u,v∈R3
c where γu, the hallmark of equations of special relativity, is

the Lorentz gamma factor

γu =
1

√

1− ‖u‖
2

c2

(10.5)

Einstein addition gives rise to the Einstein gyrogroup (R3
c ,⊕) of Einsteinian

velocities, studied in Sec. 3.8.

It follows from the representation (10.3) of Einstein addition in the open

ball R3
c that the latter can be extended to the closure of the ball with one

exception: the operation c	c, where c is a velocity with magnitude c, is

undefined. This, in turn, expresses the result that there is no transformation

from the rest frame of a photon to a lab rest frame. The extended Einstein

sum v⊕
E
c has magnitude c, thus obeying the second postulate of special

relativity according to which the speed of light c is a universal constant,

being the same for all observers, independent of their motion relative to the

light source.

It is clear from (10.4) that ‖u⊕v‖ = ‖v⊕u‖. However, it follows from

(10.3) that, in general, u⊕v 6= v⊕u. Indeed, Einstein’s exposé of velocity

composition for two inertial systems emphasizes the lack of symmetry in

the formula for the direction of the relative velocity vector [Einstein (1905),

pp. 905 — 906] [Walter (1999b), p. 117]. Borel’s attempt to “repair” the

seemingly “defective” Einstein velocity addition in the years following 1912

is described in [Walter (1999b), p. 117].

Remarkably, we will see that there is no need to “repair” the break-

down of commutativity and associativity in Einstein velocity addition law.

While counterintuitively Einstein velocity addition law is neither commuta-

tive [Vrcelj (1972)] nor associative [Ungar (2006d); Ungar (1989c)], it reveals

intriguing features of hyperbolic geometry. In particular, it gives rise to a

gyroparallelogram addition law which is commutative and fully analogous

to the common Euclidean parallelogram addition law, Figs. 10.6 and 10.7,
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pp. 418 – 419. Furthermore, we will see that Einstein velocity addition law

gives rise to a higher dimensional gyroparallelepiped law, which is commu-

tative and even associative in some generalized sense, (10.72), Fig. 10.13,

p. 435.

For the sake of simplicity some normalize the vacuum speed of light

to c = 1. We, however, prefer to leave it as a free positive parameter

enabling Einstein addition to be reduced to ordinary vector addition in

the Newtonian limit, when c → ∞. Thus, in the Newtonian limit the

gyrocommutative gyrogroup of Einsteinian velocities, (R3
c ,⊕), reduces to

the commutative group of Newtonian velocities, (R3,+).

In general, Einstein velocity addition is neither commutative nor as-

sociative. However, in the special case when Einstein velocity addition

is restricted to parallel velocities, (3.188), p. 91, it is both commutative

and associative. When it is necessary to contrast Einstein velocity addi-

tion (10.3) with its restricted velocity addition (3.188), we use the term

general (as opposed to restricted) Einstein velocity addition for the binary

operation ⊕ in (10.3).

10.3 From Thomas Gyration to Thomas Precession

Thomas gyration is the link between ordinary vector addition and Einstein

addition. Einstein addition (10.3), in turn, gives rise to the Einstein gy-

rogroup (R3
c ,⊕) of relativistically admissible velocities. Hence, its Thomas

gyrations gyr[u,v] : R3
c → R3

c are generated by Einstein addition according

to the formula in Theorem 2.10(10), p. 19,

gyr[u,v]w = 	(u⊕v)⊕(u⊕(v⊕w)) (10.6)

u,v,w∈R3
c . The velocity gyr[u,v]w is said to be the velocity w gyrated by

the gyration gyr[u,v] generated by the velocities u and v. For u = v = 0

we have

gyr[0,0]w = w (10.7)

so that the gyration gyr[0,0] is trivial, being the identity map of R3
c .

It is clear from (10.6) that gyrations measure the nonassociativity of

Einstein addition. Since Einstein addition of parallel velocities (3.188) is

associative, gyrations generated by parallel velocities are trivial. Accord-
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ingly, one can show that

gyr[u,v]w = w, u‖v (10.8)

for all w∈R3
c , whenever u and v, u,v∈R3

c , are parallel in R3.

Owing to the breakdown of associativity in Einstein velocity addition,

the self-map gyr[u,v] of the ball R
3
c is, in general, non-trivial. It turns out

to be an element of the group SO(3) of all 3×3 real orthogonal matrices

with determinant 1. Indeed, the map gyr[u,v] can be written as a 3×3

real orthogonal matrix with determinant 1, as shown in [Ungar (1988a)].

As such, the map gyr[u,v] represents a rotation of the Euclidean 3-space

R3 about its origin. It preserves the inner product in the ball,

gyr[u,v]a·gyr[u,v]b = a·b (10.9)

and, hence, it also preserves the norm in the ball,

‖gyr[u,v]a‖ = ‖a‖ (10.10)

for all a,b,u,v∈R3
c , where · and ‖ ‖ are the inner product and the norm

that the ball R3
c inherits from its space R3.

Furthermore, gyr[u,v] turns out to be an automorphism of the relativis-

tic groupoid (R3
c ,⊕) in the following sense.

An automorphism gyr[u,v], u,v∈R3
c , of the groupoid (R3

c ,⊕) is a bi-

jective (one-to-one onto) self-map of R3
c that preserves its binary operation

⊕. Indeed, we have

(gyr[u,v])−1 = gyr[v,u] (10.11)

where (gyr[u,v])−1 is the inverse of gyr[u,v], so that gyr[u,v] is bijective;

and

gyr[u,v](a⊕b) = gyr[u,v]a⊕gyr[u,v]b (10.12)

for all u,v, a,b∈R3
c , so that gyr[u,v] preserves the Einstein addition ⊕ in

the ball R3
c .

The automorphism gyr[u,v], u,v∈R3
c , is called the Thomas gyration

generated by u and v. It is the mathematical abstraction of the relativistic

effect known as Thomas precession [Møller (1952), pp. 53 – 56] [Jackson

(1975), pp. 541 – 547], as we will see soon.

Remarkably, Thomas gyration “repairs” the breakdown of commuta-

tivity and associativity in Einstein velocity addition, giving rise to their
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following gyro-counterparts,

u⊕v = gyr[u,v](v⊕u) Gyrocommutative Law

u⊕(v⊕w) = (u⊕v)⊕gyr[u,v]w Left Gyroassociative Law

(u⊕v)⊕w = u⊕(v⊕gyr[v,u]w) Right Gyroassociative Law

(10.13)

for all u,v,w ∈ R3
c . The gyrocommutative and the gyroassociative laws

of Einstein velocity addition share obvious analogies with the common

commutative and associative laws of vector addition, allowing the classical

picture of velocity addition to be restored. Accordingly, the gyrocommu-

tative and the gyroassociative laws of Einstein velocity addition give rise

to the mathematical group-like object, the gyrocommutative gyrogroup in

Def. 2.8, p. 18.

Moreover, Thomas gyration possesses a rich structure, including the left

and right loop property

gyr[u⊕v,v] = gyr[u,v] Left Loop Property

gyr[u,v⊕u] = gyr[u,v] Right Loop Property
(10.14)

for all u,v∈R3
c . For the proof of the identities in (10.9) – (10.14) see Exercise

(1) at the end of the chapter.

The prefix “gyro” that stems from Thomas gyration is extensively used

to emphasize analogies with classical terms as, for instance, gyrocom-

mutative, gyroassociative binary operations in gyrogroups and gyrovec-

tor spaces. Owing to the gyrocommutative law in (10.13), Thomas gy-

ration is recognized as the familiar Thomas precession. The gyrocommu-

tative law was already known to Silberstein in 1914 [Silberstein (1914)]

in the following sense. The Thomas precession generated by u,v ∈ R3
c

is the unique rotation that takes v⊕u into u⊕v about an axis perpen-

dicular to the plane of u and v through an angle < π in R
3 [Mocanu

(1992)], thus giving rise to the gyrocommutative law. Obviously, Sil-

berstein did not use the terms “Thomas precession” and “gyrocommu-

tative law”. These terms have been coined later, respectively, follow-

ing Thomas’ 1926 paper [Thomas (1926)], and in 1991 [Ungar (1991b);

Ungar (1997)].

A description of the 3-space rotation, which since 1926 is named af-

ter Thomas, is found in Silberstein’s 1914 book [Silberstein (1914)]. In

1914 Thomas precession did not have a name, and Silberstein called it

in his 1914 book a “certain space-rotation” [Silberstein (1914), p. 169].
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An early study of Thomas rotation, made by the famous mathematician

Emile Borel in 1913, is described in his 1914 book [Borel (1914)] and, more

recently, in [Stachel (1995)]. According to Belloni and Reina [Belloni and

Reina (1986)], Sommerfeld’s route to Thomas precession dates back to 1909.

However, prior to Thomas discovery the relativistic peculiar 3-space rota-

tion had a most uncertain physical status [Walter (1999b), p. 119]. The

only knowledge Thomas had in 1925 about the peculiar relativistic gyro-

scopic precession [Jonson (2007)], however, came from De Sitter’s formula

describing the relativistic corrections for the motion of the moon, found

in Eddington’s book [Eddington (1924)], which was just published at that

time [Ungar (2001b), Sec. 1, Chap. 1].

The physical significance of the peculiar rotation in special relativity

emerged in 1925 when Thomas relativistically re-computed the precessional

frequency of the doublet separation in the fine structure of the atom, and

thus rectified a missing factor of 1/2. This correction has come to be

known as the Thomas half [Chrysos (2006)]. Thomas’ discovery of the

relativistic precession of the electron spin on Christmas 1925 thus led to

the understanding of the significance of the relativistic effect which became

known as Thomas precession. Llewellyn Hilleth Thomas died in Raleigh,

NC, on April 20, 1992. A paper [Chen and Ungar (2002a)] dedicated to the

centenary of the birth of Llewellyn H. Thomas (1902 – 1992) describes the

Bloch gyrovector of Chap. 9.

Once identified as gyr[u,v], it is clear from its definition in (10.6) that

Thomas precession owes its existence solely to the nonassociativity of Ein-

stein addition of Einsteinian velocities. Accordingly, Thomas precession has

no classical counterpart since the addition of classical, Newtonian velocities

is associative.

It is widely believed that special relativistic effects are negligible when

the velocities involved are much less than the vacuum speed of light c.

Yet, Thomas precession effect in the orbital motion of spinning electrons

in atoms is clearly observed in resulting spectral lines despite the speed

of electrons in atoms being small compared with the speed of light. One

may, therefore, ask whether it is possible to furnish a classical background

to Thomas precession [MacKeown (1997)]. Hence, it is important to real-

ize that Thomas precession stems from the nonassociativity of Einsteinian

velocities, so that it has no echo in Newtonian velocities.

In 1966, Ehlers, Rindler and Robinson [Ehlers, Rindler and Robinson

(1966)] proposed a new formalism for dealing with the Lorentz group. Their

formalism, however, did not find its way to the mainstream literature.
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Therefore, thirty three years later, two of them suggested considering the

“notorious Thomas precession formula” (in their words, p. 431 in [Rindler

and Robinson (1999)]) as an indicator of the quality of a formalism for

dealing with the Lorentz group. The idea of Rindler and Robinson to use

the “notorious Thomas precession formula” as an indicator works fine in

the analytic hyperbolic geometric viewpoint of special relativity, where the

ugly duckling of special relativity, the “notorious Thomas precession for-

mula”, becomes the beautiful swan of analytic hyperbolic geometry. The

resulting gyro-algebra of the Lorentz group will be presented in Sec. 11.1.

10.4 The Relativistic Gyrovector Space

If integer scalar multiplication n⊗v is defined in the Einstein gyrogroup

(R3
c ,⊕) by the equation

n⊗v = v⊕ . . . ⊕v (n gyroadditions) (10.15)

for any positive integer n and v∈R3
c then it follows from Einstein addition

law, (10.3), that

n⊗v = c
(1 + ‖v‖/c)n − (1− ‖v‖/c)n

(1 + ‖v‖/c)n + (1− ‖v‖/c)n

v

‖v‖ (10.16)

for any positive integer n and v∈R3
c . Suggestively, the scalar multiplication

that Einstein addition admits in the relativistic velocity gyrogroup (R3
c ,⊕)

is defined by the equation, (6.250),

r⊗v = c
(1 + ‖v‖/c)r − (1− ‖v‖/c)r

(1 + ‖v‖/c)r + (1− ‖v‖/c)r

v

‖v‖

= c tanh

(

r tanh−1 ‖v‖
c

)
v

‖v‖

(10.17)

where r is any real number, r∈R, v∈R3
c , v 6= 0, and r⊗0 = 0, and with

which we use the notation v⊗r = r⊗v.

Einstein scalar multiplication turns the Einstein gyrogroup (R3
c ,⊕) of

relativistically admissible velocities into a gyrovector space (R3
c ,⊕,⊗) that
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possesses the following properties.

1⊗v = v

(r
1

+ r
2
)⊗v = r

1
⊗v⊕r

2
⊗v Scalar Distributive Law

(r
1
r
2
)⊗v = r

1
⊗(r

2
⊗v) Scalar Associative Law

for all real numbers r, r
1
, r

2
∈R and admissible velocities v∈R3

c .

Unlike vector spaces, the Einstein gyrovector space (R3
c ,⊕,⊗) does not

possess a distributive law since, in general,

r⊗(u⊕v) 6= r⊗u⊕r⊗v (10.18)

for r∈R and u,v∈R3
c .

Remarkably, the Einstein gyrovector space (R3
c ,⊕,⊗) of Einsteinian ve-

locities with its gyrodistance function given by the equation

d⊕(u,v) = ‖u	v‖ (10.19)

u,v ∈ R3
c , forms the setting for the Beltrami-Klein ball model of 3-

dimensional hyperbolic geometry just as the vector space (R3,+, ·) of New-

tonian velocities with its Euclidean distance function

d+(u,v) = ‖u− v‖ (10.20)

forms the setting for the standard model of 3-dimensional Euclidean geom-

etry.

The connection between Einstein velocity addition and the Beltrami-

Klein ball model of 3-dimensional hyperbolic geometry, already noted by

Fock [Fock (1964), p. 39], follows from the Einstein gyrodistance function

(10.19) between two infinitesimally nearby points in R
3
c , the square of which

is given by the equation

ds2 = ‖w	(w + dw)‖2 (10.21)

The squared Einsteinian distance ds2 in (10.21) between a point w and an

infinitesimally nearby point w + dw in R3
c turns out to be a Riemannian

line element. The resulting Riemannian line element, presented in (7.55),

is called the Beltrami-Klein–Riemannian line element and is recognized as

the Riemannian line element of the Beltrami-Klein ball model of hyperbolic

geometry.

The Euclidean rigid motions of the Euclidean space R3 are the transfor-

mations of R3 that keep the Euclidean distance function (10.20) invariant.
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These transformations, called isometries, are translations w → v + w, and

rotations, w→ Vw, where v,w∈R3 and V ∈SO(3). Similarly, The hyper-

bolic rigid motions of the hyperbolic ball space R3
c are the transformations

of R
3
c that keep the hyperbolic distance function (10.19) invariant. These

isometries are left gyrotranslations w → v⊕w, and rotations, w → Vw,

where v,w∈R3
c and V ∈SO(3).

10.5 Gyrogeodesics, Gyromidpoints and Gyrocentroids

A point v in the Einstein gyrovector space (R3
c ,⊕,⊗), or the Einstein gy-

rovector plane (R2
c ,⊕,⊗) shown in Fig. 10.1, represents all the inertial

frames Σv with relativistically admissible velocity v relative to a rest frame

Σ0. Accordingly, the relativistic velocity of frame Σv relative to frame Σu

is 	u⊕v, and the relativistic velocity of frame Σu relative to frame Σv

is 	v⊕u. Remarkably, these two Einsteinian reciprocal velocities are not

reciprocal in the classical sense since they are related by the identity

	u⊕v = 	(u	v) = 	gyr[u,	v](	v⊕u) (10.22)

that involves a Thomas precession. Identity (10.22) is obtained by employ-

ing the gyroautomorphic inverse property, Def. 3.1 and Theorem 3.2, p. 51,

of Einstein addition, according to which 	(a⊕b) = 	a	b, and the gyro-

commutative law of Einstein addition. The classical counterpart of (10.22),

−u + v = −(−v + u), is known as the principle of reciprocity.

For any points u,v∈R3
c , and the real parameter t∈R that may represent

“time”, −∞ < t <∞, the gyroline

u⊕(	u⊕v)⊗t (10.23)

traces a geodesic line in the Beltrami-Klein ball model of hyperbolic geom-

etry. The gyrosegment uv, given by (10.23) with 0 ≤ t ≤ 1, is shown in

Fig. 10.1.The gyroline (10.23) is the unique gyrogeodesic passing through

the points u and v. It passes through the point u at “time” t = 0, and

through the point v at “time” t = 1. Geodesics in the Beltrami-Klein ball

model of hyperbolic geometry are the analog of straight lines in Euclidean

geometry, representing paths that minimize arc lengths measured by the

Einsteinian distance function (10.19).

For t = 1/2 in (10.23) we have the hyperbolic midpoint, or the gyro-



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

410 Analytic Hyperbolic Geometry

PSfrag replacements

u

v

muv

‖u	muv‖ = ‖v	muv‖
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Fig. 10.1 The Einstein Gyrovector Plane. Points of the disc R2
c={v∈R2 : ‖v‖ < c}

represent two-dimensional relativistically admissible velocities v relative to some inertial
rest frame with velocity 0. The latter, accordingly, is represented by the origin of the
disc. While the disc origin is distinguished in the Euclidean geometry of the disc, it
is indistinguishable in its hyperbolic geometry. The disc R2

c is endowed with Einstein
addition ⊕ and scalar multiplication ⊗, giving rise to the Einstein gyrovector plane
(R2

c ,⊕,⊗), that turns out in Sec. 7.5 to be the Beltrami disc model of two-dimensional
hyperbolic geometry. The geodesic segment, or gyrosegment, uv joining the points
u and v in the Einstein relativistic gyrovector plane (R2

c ,⊕,⊗) and the gyromidpoint

muv = m
hyperbolic
uv between u and v are shown. The expressions that generate the gy-

rosegment uv and its gyromidpoint muv exhibit obvious analogies with their Euclidean

counterparts.

midpoint, muv,

muv = u⊕(	u⊕v)⊗ 1
2 (10.24)

shown in Fig. 10.1, satisfying, (6.88), p. 173,

muv = mvu (10.25)
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and, (6.89), p. 173,

d⊕(u,muv) = d⊕(v,muv) (10.26)

The gyromidpoint muv can also be written as, (6.331), p. 230,

muv =
γuu + γvv

γu + γv
(10.27)

and as, (6.93),

muv = 1
2⊗(u � v) (10.28)

so that in the Newtonian limit, c → ∞, the gyromidpoint in (10.24) –

(10.28) reduces to its Euclidean counterpart, the midpoint (u + v)/2.

10.6 The Midpoint and the Gyromidpoint –

Newtonian and Einsteinian Mechanical Interpretation

The relativistic mass and its analogies with the classical mass are the key

to unlocking the secret of an old problem in hyperbolic geometry, the de-

termination of various hyperbolic centroids, called gyrocentroids. Thus,

the problem of the gyrotriangle gyrocentroid [Bottema (1958)] is solved in

Fig. 10.3 by analogies that the relativistic mass and its hyperbolic geometry

share with the classical mass and its Euclidean geometry.

Let us consider two particles with equal masses m moving with Newto-

nian velocities u and v, u,v∈R3. Their respective momenta are mu and

mv so that their classical CMM velocity is the point, Fig. 10.2,

cnewtonian
uv =

mu +mv

m+m
=

u + v

2
(10.29)

in the Newtonian velocity space R3.

It turns out that the Newtonian CMM velocity (10.29) coincides with

the Euclidean midpoint, Fig. 10.2,

meuclidean
uv =

u + v

2
(10.30)

of u,v∈R3. The Euclidean midpoint (10.30) thus has the Newtonian classi-

cal mechanical interpretation (10.29) as a classical center of mass [Hausner

(1998); Berger (1987)] or, equivalently, a classical CMM velocity,

meuclidean
uv = cnewtonian

uv (10.31)
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PSfrag replacements
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muv
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mvw = v+w
2
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Fig. 10.2 A particle with mass m is located at each of the three vertices u,v and w

of triangle uvw in the Euclidean 3-space R3 of Newtonian velocities. The midpoints
of the sides of triangle uvw are muv , muw and mvw. The centroid muvw of triangle
uvw is equal to the CM velocity of the three particles that are moving with Newtonian
velocities u, v and w relative to some inertial rest frame. This mechanical interpretation
of the Euclidean triangle centroid is well-known [Hausner (1998); Krantz (2003)][Berger
(1987), Fig. 3.4.10.1, p. 79]. A straightforward extension of the interpretation to the
relativistic regime, based on the concept of the relativistic mass, is shown in Fig. 10.3.

By analogy with (10.29) and (10.30) let us consider two particles with

equal rest masses m moving with Einsteinian velocities u,v ∈R
3
c . Their

respective momenta must be relativistically corrected so that they are, re-

spectively, mγuu and mγvv [Tsai (1986)]. Their CMM velocity in the

Einsteinian velocity space R3
c is, accordingly, the point

ceinsteinian
uv =

mγuu +mγvv

mγu +mγv
=
γuu + γvv

γu + γv
(10.32)

shown in Fig. 10.3.

It turns out that the Einsteinian CMM velocity (10.32) coincides with

the gyromidpoint (10.27),

mhyperbolic
uv =

γuu + γvv

γu + γv
(10.33)

of u,v ∈R3
c , shown in Fig. 10.1. The gyromidpoint (10.33) thus has the
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Fig. 10.3 Putting to rest the relativistic mass misconceptions. The hyperbolic centroid,
gyrocentroid, m

hyperbolic
uvw = muvw of a gyrotriangle uvw in the Einsteinian velocity

gyrovector space (R2
c ,⊕,⊗) coincides with the CM velocity of three particles with equal

rest masses m situated at the vertices u, v, and w, of the triangle uvw, as shown in
(10.37). The analogous Newtonian counterpart is obvious, Fig. 10.2, and is recovered in
the Newtonian limit, c → ∞.

Einsteinian relativistic mechanical interpretation (10.32) as a relativistic

CMM velocity,

mhyperbolic
uv = ceinsteinian

uv (10.34)

in full analogy with the Newtonian classical mechanical interpretation

(10.29) of the Euclidean midpoint (10.30), presented in (10.31).

The analogy (10.31) ↔ (10.34) between the pairs (10.1) is shown in

Figs. 10.2 and 10.3. It demonstrates that the relativistic mass possesses

hyperbolic geometric, or gyrogeometric, significance along with its well-

known physical significance.

Figure 10.3 illustrates the hyperbolic/Einsteinian interpretation of

the gyrotriangle gyrocentroid in a way fully analogous to the Eu-
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clidean/Newtonian interpretation of the triangle centroid in Fig. 10.2. In

Fig. 10.3 we extend the observations made in Fig. 10.1 from the gyromid-

point muv of a gyrosegment uv, determined by its two endpoints u and v,

to the gyrocentroid of a gyrotriangle uvw, determined by its three vertices

u, v and w.

The three vertices of the gyrotriangle uvw in Fig. 10.3 represent

three particles with equal rest masses m moving with relativistic veloci-

ties u,v,w∈R3
c relative to a rest frame Σ0. Relativistically corrected, the

relativistic momenta of the three particles are, respectively, mγuu, mγvv,

and mγww, so that their relativistic CMM velocity is

ceinsteinian
uvw =

mγuu +mγvv +mγww

mγu +mγv +mγw

=
γuu + γvv + γww

γu + γv + γw

(10.35)

This turns out, by Theorem 6.93, to be the gyrocentroid muvw =

mhyperbolic
uvw ,

mhyperbolic
uvw =

γuu + γvv + γww

γu + γv + γw
(10.36)

of the gyrotriangle uvw, Fig. 10.3.

The gyrosegment in gyrotriangle uvw, Fig. 10.3, joining a gyromidpoint

of a side with its opposite vertex is called a gyromedian. As in Euclidean

geometry, the three gyrotriangle gyromedians are concurrent [Greenberg

(1993)], the point of concurrency being the gyrotriangle gyrocentroid. Fig-

ure 10.3 shows that, as expected, the three gyromedians of the gyrotriangle

uvw are concurrent, giving rise to the gyrocentroid of the gyrotriangle

uvw.

The gyrotriangle gyrocentroid mhyperbolic
uvw , (10.36), of gyrotriangle uvw

in the Einstein gyrovector space (R3
c ,⊕,⊗) is calculated by standard meth-

ods of elementary linear algebra for determining line intersections, owing to

the result that gyrolines in the Beltrami-Klein model are Euclidean straight

lines.

Following (10.35) and (10.36) we have

mhyperbolic
uvw = ceinsteinian

uvw (10.37)

Equation (10.37) extends the identity in (10.34) from a system of two par-

ticles with equal rest masses and velocities u and v to a system of three



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Special Relativity 415

particles with equal rest masses and velocities u,v and w. It demonstrates

that the gyrotriangle gyrocentroid can be interpreted as a relativistic CMM

velocity of three moving particles with equal rest masses.

The Euclidean analog of (10.36) is clearly the Euclidean centroid [Pedoe

(1988); Hausner (1998); Krantz (2003)],

meuclidean
uvw =

u + v + w

3
(10.38)

of the Euclidean triangle uvw, also known as the triangle barycenter
[Berger (1987), p. 79].

Moreover, the Newtonian-classical analog of the Einsteinian-relativistic

CMM velocity (10.35) is the Newtonian-classical CMM velocity of three

particles with equal masses, moving with Newtonian velocities u,v,w∈R3

relative to a rest frame Σ0,

cnewtonian
uvw =

u + v + w

3
(10.39)

Hence, by (10.38) and (10.39), we have

meuclidean
uvw = cnewtonian

uvw (10.40)

thus obtaining the classical counterpart of (10.37). Identity (10.40) demon-

strates that the Euclidean triangle centroid can be interpreted as a classical

CMM velocity. The analogy (10.40)↔ (10.37) extends the analogy (10.31)

↔ (10.34) between the pairs in (10.1) from a system of two particles to a

system of three particles.

Further extension to four particles is shown in Figs. 10.4 and 10.5. In

these figures we see four particles with equal rest masses m, represented

by the points u,v,w,x of the Einstein gyrovector space (R3
c ,⊕,⊗) of Ein-

steinian velocities. The four particles, accordingly, have the respective rel-

ativistic velocities u,v,w, and x. The relativistic CMM velocity is given

by the equation

ceinsteinian
uvwx =

mγuu +mγvv +mγww +mγxx

mγu +mγv +mγw +mγx

=
γuu + γvv + γww + γxx

γu + γv + γw + γx

(10.41)

and the hyperbolic centroid of the hyperbolic tetrahedron uvwx, shown in
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Fig. 10.4 The hyperbolic tetrahedron
uvwx, called a gyrotetrahedron, is shown
in the Einstein gyrovector space R3

c =
(R3

c ,⊕,⊗), which underlies the Beltrami

ball model of hyperbolic geometry, as ex-
plained in Sec. 7.5. The gyrotetrahedron
uvwx is shown inside the c-ball R3

c of the
Euclidean 3-space R3 where it lives. Its
vertices are u,v,w,x ∈ R3

c ; and its faces
are gyrotriangles. Gyromidpoints, gyrome-
dians, and gyrocentroids in the gyrotetra-
hedron are shown in Fig. 10.5.
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Fig. 10.5 The gyromidpoints of the 6
sides and the gyrocentroids of the four
faces of the gyrotetrahedron in Fig. 10.4
are shown. The gyroline joining a vertex

of a gyrotetrahedron and the gyrocentroid
of the opposite face is called a gyrotetra-
hedron gyromedian. The four gyromedi-
ans of the gyrotetrahedron uvwx, deter-
mined by the four indicated gyrocentroids,
are concurrent. The point of concurrency is
the gyrotetrahedron gyrocentroid muvwx

given by (10.41).

Fig. 10.5, is

mhyperbolic
uvwx =

γuu + γvv + γww + γxx

γu + γv + γw + γx
(10.42)

so that

mhyperbolic
uvwx = ceinsteinian

uvwx (10.43)

Understanding the hyperbolic geometry that underlies (10.42) thus en-

ables us to improve our understanding of the physics of the relativistic

CMM velocity (10.41).

As an example illustrating the physical understanding that we gain from

geometry, we note that it follows from the geometric significance of the

hyperbolic triangle centroid that it remains covariant under the hyperbolic
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rigid motions. Let us therefore left gyrotranslate the points in (10.42) by

	y∈R3
c , obtaining

	y⊕mhyperbolic
uvwx

=
γ	y⊕u(	y⊕u) + γ	y⊕v(	y⊕v) + γ	y⊕w(	y⊕w) + γ	y⊕x(	y⊕x)

γ	y⊕u + γ	y⊕v + γ	y⊕w + γ	y⊕x

(10.44)

as explained in Figs. 6.16 and 6.17, pp. 229 and 231.

Hence, by means of the equality (10.43) between hyperbolic triangle

centroids, gyrocentroids, and the relativistic CMM velocity we have from

(10.44),

	y⊕ceinsteinian
uvwx

=
γ	y⊕u(	y⊕u) + γ	y⊕v(	y⊕v) + γ	y⊕w(	y⊕w) + γ	y⊕x(	y⊕x)

γ	y⊕u + γ	y⊕v + γ	y⊕w + γ	y⊕x

(10.45)

so that (hyperbolic) geometric significance implies (relativistic) physical

significance.

A result that significantly generalizes (10.45), verified by means of the

linearity of the Lorentz transformation, is presented in (11.112), p. 473.

Clearly, (10.41) gives the relativistic CMM velocity as measured by an

observer who is at rest relative to the rest frame Σ0 and, similarly, (10.45)

gives the relativistic CMM velocity as seen by an observer who is at rest

relative to the inertial frame Σy.

The relativistic CMM velocity, as a result, is observer covariant in the

same way that the hyperbolic centroid, or gyrocentroid, of the hyperbolic

tetrahedron, the gyrotetrahedron in Figs. 10.4 and 10.5, is covariant under

the hyperbolic rigid motions of the gyrotetrahedron. Contrasting the opin-

ion in [Adler (1987), pp. 742 – 743], the hyperbolic geometric interpretation

of the relativistic CMM velocity demonstrates that Einstein’s relativistic

mass is an asset rather than a liability. Hence, it will be no longer easy to

dismiss Einstein’s relativistic mass as an artifact. The hyperbolic geometric

interpretation of gyrocentroids thus supports Rindler’s view in favour of the

relativistic mass [Rindler (1990)]. Other hyperbolic geometric interpreta-

tion of diverse physical phenomena are found in [Dubrovskii, Smorodinskii

and Surkov (1984)].
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	c⊕d = gyr[c,	b]gyr[b,	a](	a⊕b)

	b⊕d = gyr[b,	c]gyr[c,	a](	a⊕c)

(	a⊕b) � (	a⊕c) = 	a⊕d

Fig. 10.6 The Einstein gyroparallelogram and its addition law. Let a,b, c be any three
nongyrocollinear points in an Einstein gyrovector space (Vs,⊕,⊗), Vs being the s-ball
of the real inner product space (V, +, ·), and let d = (b � c)	a. Then the four points
a,b, c,d are the vertices of the Einstein gyroparallelogram abdc, Def. 6.41, and, by
Theorem 6.46, opposite sides are equal modulo gyrations. Shown are three expressions
for the gyrocenter mabdc = mad = mbc of the Einstein gyroparallelogram abdc, which
can be obtained by CMM velocity considerations. See also Fig. 10.10 for the Einstein
gyroparallelogram law.

10.7 Einstein Gyroparallelograms

Einstein noted in 1905 that

“Das Gesetz vom Parallelogramm der Geschwindigkeiten

gilt also nach unserer Theorie nur in erster Annäherung.”

A. Einstein [Einstein (1905)]

[Thus the law of velocity parallelogram is valid according to our theory only

to a first approximation.]
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d = (b � c)	a

(	a⊕b) � (	a⊕c) = 	a⊕d

Fig. 10.7 The two gyrodiagonals ad and bc of a gyroparallelogram abdc intersect at
the gyroparallelogram gyrocenter m = mabdc and divide the gyroparallelogram into the
four gyrotriangles bcd, acd, abd and abc. The gyrocentroids of these gyrotriangles,
which are, respectively, mabm, mbdm, mdcm and mcam, form a gyroparallelogram.
Interestingly, the gyroparallelogram gyrocenter m is the midpoint of the two opposite
gyrotriangle gyrocentroids mabm and mdcm (mbdm and mcam).

The important “velocity parallelogram” notion that appears in Ein-

stein’s 1905 original paper [Einstein (1905)] as “Parallelogramm der

Geschwindigkeiten” does not appear in its English translation [Einstein

(1998)]. It can be found, however, in other English translations as, for in-

stance, the translation by H. Lorentz, H. Weyl and H. Minkowski [Lorentz,

Einstein, Minkowski and Weyl (1952), pp. 37 – 65; p. 50].

Fortunately, while Einstein’s velocity addition law does not obey the

law of velocity parallelogram as pointed out by Einstein, it does obey the

law of velocity gyroparallelogram, as shown in Figs. 10.6 – 10.7.

An Einstein gyroparallelogram is a gyroparallelogram, Def. 6.41, p. 178,

in an Einstein gyrovector space.
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Let a,b, c be any three nongyrocollinear points in an Einstein gyrovector

space (G,⊕,⊗), and let

d = (b � c)	a (10.46)

be a point given by the gyroparallelogram condition (6.116).

Then the four points a,b, c,d are the vertices of the Einstein gyropar-

allelogram abdc, Def. 6.41, with gyrocenter mabdc, Figs. 10.6 – 10.7. The

two gyrodiagonals, ad and bc, of the gyroparallelogram intersect at their

gyromidpoints mad and mbc, Fig. 10.6,

mad = 1
2⊗(a � d)

mbc = 1
2⊗(b � c)

mad = mbc = mabdc

(10.47)

By CMM velocity considerations similar to those shown in Fig. 10.3,

the gyrocenter mabcd of the Einstein gyroparallelogram abdc is given by

each of the following three expressions, Fig. 10.6.

mad =
γaa + γdd

γa + γd

mbc =
γbb + γcc

γb + γc

mabdc =
γaa + γbb + γcc + γdd

γa + γb + γc + γd

(10.48)

The gyroparallelogram gyrocenter m = mabdc in Fig. 10.7 is (i) the

gyromidpoint of the two opposite gyrotriangle gyrocentroids mabm and

mdcm, and (ii) the gyromidpoint of the two opposite gyrotriangle gyrocen-

troids mbdm and mcam as shown in Fig. 10.7. Hence, it follows from the

Einstein gyromidpoint identity (10.27) that the gyroparallelogram gyrocen-

ter and the four gyrotriangle gyrocentroids in Fig. 10.7 are related by the

two equations

mabdc =
γmabm

mabm + γmdcm
mdcm

γmabm
+ γmdcm

(10.49)

and

mabdc =
γmbdm

mbdm + γmcam
mcam

γmbdm
+ γmcam

(10.50)
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Fig. 10.8 The gyroparallelogram of the
previous figure, Fig. 10.7, before left gy-
rotranslating it by 	m to the origin of
its Einstein gyrovector plane (R2

s ,⊕,⊗) in
Fig. 10.9. To the Euclidean eye the gy-
roparallelogram does not look like a Eu-
clidean parallelogram.
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Fig. 10.9 The gyroparallelogram of the
previous figure, Fig. 10.8, has been left gy-
rotranslated in this figure so that its gy-
rocenter coincides with the center of its
Einstein gyrovector disk. As such, the gy-
roparallelogram now looks as a Euclidean
parallelogram.

As a result, the four gyrotriangle gyrocentroids, mabm, mbdm, mdcm

and mcam, in Fig. 10.7 form a gyroparallelogram that shares its gyrocenter

with the original gyroparallelogram abdc.

To recognize graphically an Einstein gyroparallelogram with gyrocenter

m in an Einstein gyrovector plane one may left gyrotranslate it by 	m. The

resulting gyroparallelogram has gyrocenter m = 0. The left gyrotranslated

gyroparallelogram then looks like a Euclidean parallelogram, as shown in

Figs. 10.8 and 10.9, where m = mabdc is given by (10.48), and

a′ = 	m⊕a

b′ = 	m⊕b

c′ = 	m⊕c

d′ = 	m⊕d

(10.51)

In the following theorem we will find that any vertex of an Einstein

gyroparallelogram is a linear combination of the other three vertices, with

coefficients that are expressed in terms of the gamma factors of the three

vertices and their gyrodifferences.
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Theorem 10.1 Let a,b, c ∈ Vs be any three points of an Einstein gy-

rovector space (Vs,⊕,⊗) of the s-ball of an inner product space (V,+, ·),
and let abdc be their gyroparallelogram, Fig. 10.6. Then

γaa + γdd

γa + γd
=
γbb + γcc

γb + γc
(10.52)

d =
γa(1 + γb	c)a− (γa	b + γa	c)(γbb + γcc)

γa(1 + γb	c)− (γa	b + γa	c)(γb + γc)
(10.53)

and

γd = −γa +
(γa	b + γa	c)(γb + γc)

1 + γb	c

(10.54)

Proof. By the gyroparallelogram condition, Def. 6.41, we have

d = (b � c)	a (10.55)

implying, by a right cancellation,

a � d = b � c (10.56)

Identity (10.52) follows from (10.56) by (3.195).

Solving (10.52) for d as a function of a,b, c, γa, γb, γc and γd, and

employing the identity ‖d‖2 = (γ2
d − 1)/γ2

d and similar ones for a,b, c,

gives an equation for γd in terms of γa, γb, γc , a·b, a·c and b·c. The

inner product a·b can be expressed by (3.178) in terms of γa, γb and γa	b

and similarly for a·c and b·c. These allow one to express γd in terms of

γa, γb, γc , γa	b, γa	c and γb	c, obtaining (10.54). Finally, (10.53) follows

from (10.52) and (10.54). �

One should note that Identities (10.53) and (10.54) of Theorem 10.1 can

be viewed as the unique solution of (10.52) for the two dependent unknowns

d and its gamma factor γd.

Identity (10.54) can be written as

γa + γd =
γa	b + γa	c

1 + γb	c

(γb + γc) (10.57)

Owing to the gyroparallelogram symmetry between the two pairs of oppo-

site vertices, (10.57) implies its symmetric copy

γb + γc =
γa	b + γb	d

1 + γa	d

(γa + γd) (10.58)
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so that

γa	b + γa	c

1 + γb	c

γa	b + γb	d

1 + γa	d

= 1 (10.59)

Theorem 10.2 Let a,b, c,d ∈ Vs be the four vertices of a gyroparal-

lelogram abdc in an Einstein gyrovector space (Vs,⊕,⊗) of the s-ball of

an inner product space (V,+, ·), Fig. 10.6. Then the two gyrodiagonal gy-

rolengths, ‖	a⊕d‖ and ‖	b⊕c‖ of the gyroparallelogram are related to the

gyroparallelogram side gyrolengths by the identity

√

1 + γ	a⊕d

√

1 + γ	b⊕c = γ	a⊕b + γ	a⊕c (10.60)

Proof. The gyroparallelogram is a gyrogeometric object and its vertices

are, accordingly, gyrocovariant; see Def. 3.25 and Example 3.26, p. 67.

Hence, identities between the vertices of a gyroparallelogram, like (10.52) –

(10.59), are gyrocovariant as well. Thus, in particular, the left gyrotrans-

lation of Identity (10.54) by 	a gives the following new identity.

γ	a⊕d = −γ	a⊕a +
(γ(	a⊕a)	(	a⊕b) + γ(	a⊕a)	(	a⊕c))(γ	a⊕b + γ	a⊕c)

1 + γ(	a⊕b)	(	a⊕c)

= −1 +
(γ	a⊕b + γ	a⊕c)(γ	a⊕b + γ	a⊕c)

1 + γ	b⊕c

(10.61)

implying

(1 + γ	a⊕d)(1 + γ	b⊕c) = (γ	a⊕b + γ	a⊕c)2 (10.62)

as desired.

The first identity in (10.61) is obtained by a left gyrotranslation of

Identity (10.54) by 	a. The second identity in (10.61) is obtained by noting

that γ	a⊕a = γ0 = 1, and by employing the Gyrotranslation Theorem 3.13,

noting that a gamma factor is invariant under gyrations. �

We may note that Identity (10.60) of Theorem 10.2 can be obtained from

Identity (8.227) of Theorem 8.61 by translation from Möbius gyrovector

spaces to Einstein gyrovector spaces; see an exercise in Sec. 8.29, p. 371.
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w = 	A⊕D

u � v = w

Fig. 10.10 The Einstein gyroparallelogram addition law of relativistically admissible
velocities. Let A,B, C∈Rn

s be any three nongyrocollinear points of an Einstein gyrovec-
tor space (Rn

s ,⊕,⊗), giving rise to the two gyrovectors u = 	A⊕B and v = 	A⊕C.
Furthermore, let D be a point of the gyrovector space such that ABDC is a gyroparal-
lelogram, that is, D = (B � C)	A. Then, Einstein coaddition of u and v, u � v = w,
obeys the gyroparallelogram law, w = 	A⊕D. Einstein coaddition, �, thus gives rise to
the gyroparallelogram addition law of Einsteinian velocities, which is commutative and
fully analogous to the parallelogram addition law of Newtonian velocities.

10.8 The Relativistic Gyroparallelogram Law

By the gyroparallelogram law, Theorem 6.43, in an Einstein gyrovector

space (Rn
s ,⊕,⊗) we have, Fig. 10.10,

u � v = w (10.63)

where u,v,w∈Rn
s are relativistically admissible velocities determined by

the vertices of the parallelogram ABDC, Fig. 10.10, according to the equa-
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tions

u = 	A⊕B
v = 	A⊕C
w = 	A⊕D

(10.64)

Here u and v are two gyrovectors with a common tail A and respective

heads B and C, forming the gyroparallelogram ABDC, Fig. 10.10. The

gyrovector w with tail A and head D forms the gyrodiagonal 	A⊕D of the

gyroparallelogram.

Similarly, the gyrodiagonal gyrovector 	B⊕C of gyroparallelogram

ABDC satisfies the identity

(	B⊕A) � (	B⊕D) = 	B⊕C (10.65)

Since Einstein coaddition in (10.63) turns out to be the gyroparallelo-

gram law of addition of two relativistically admissible velocities, it would be

useful to rewrite it in a form that admits extension to k summands, k > 2.

The extension, accordingly, should uncover the k-dimensional gyroparal-

lelepiped law of addition of k relativistically admissible velocities. Following

(3.196) we thus rewrite the gyroparallelogram addition law (10.63) as

v1 �2 v2 =
γv1

v1 + γv2
v2

γv1
+ γv2

− γ	v1⊕v2
+1

γv1
+γv2

+ 0

(10.66)

Here we use the notation �
E

= � = �2 to emphasize that Einstein coaddi-

tion is a kind of addition of only two gyrovectors. The addition of a zero is

included in the subexpression γv1
+ γv2

+ 0 of (10.66) in order to suggest

the extension of (10.66) into (10.67) below.

The extension of the gyroparallelogram addition law (10.66) from Ein-

stein coaddition �2 of two summands to higher ordered Einstein coadditions

�k, k > 2, of k summands in an Einstein gyrovector space (Rn
s ,⊕,⊗) is

given by the k-gyroparallelepiped addition law (a term that will be justified

in Sec. 10.11)

v1 �k v2 �k . . . �k vk =

∑k
i=1 γvi

vi

∑k
i=1 γvi

−
∑

ij γ	vi⊕vj
+Nk

∑
k
i=1 γvi

+Mk

(10.67)

vk∈Rn
s , k = 2, 3, 4, . . ., where

∑

ij is the sum over all pairs (i, j) such that

1 ≤ i < j ≤ k.
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The integers Mk and Nk in (10.67) are uniquely determined by the

compatibility condition that �k reduces to �k−1, for all k > 2, when one of

its k summands vanishes. Thus, for instance, the compatibility condition

for k = 3 is

v1 �3 v2 �3 0 = v1 �2 v2 (10.68)

It follows from the compatibility condition that (i) the integer Mk in (10.67)

is given by the equation

Mk = 2− k (10.69)

and that (ii) the integer Nk in (10.67) is given by the recursive equation

N1 = 0

Nk = Nk−1 − k + 3
(10.70)

k = 2, 3, . . .

Let N be the set of all natural numbers, N = {1, 2, 3, . . .}, and let Z

be the set of all integers, Z = {. . . − 3,−2,−1, 0, 1, 2, 3, . . .}. A function

Nk : N→ Z that obeys the recursive relation (10.70) is given by

Nk = −1

2
(k − 1)(k − 4) (10.71)

Hence, by (10.67), (10.69), and (10.71), Einstein coaddition of kth order,

�k, is given by the k-gyroparallelepiped addition law

v1 �k v2 �k . . . �k vk =

∑k
i=1 γvi

vi

∑k
i=1 γvi

−
∑

ij γ	vi⊕vj
−(k−1)(k−4)/2

∑
k
i=1 γvi

−(k−2)

(10.72)

Remarkably,

1. Einstein kth order coaddition (10.72) of k gyrovectors is commu-

tative and associative in the generalized sense according to which

the kth order coaddition of k gyrovectors is symmetric in the k

gyrovectors.

2. In the Newtonian limit of large speed of light c, c → ∞, the sum
∑

ij γ	vi⊕vj
reduces to k(k − 1)/2, so that the kth order coaddi-

tion (10.72) of k gyrovectors reduces in that limit to the common

addition of k vectors,

lim
c→∞

(v1 �k v2 �k . . . �k vk) = v1 + v2 . . . + vk (10.73)
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as expected.

As an example, Einstein coaddition of order three, �3, is given by the

3-gyroparallelepiped addition law

v1 �3 v2 �3 v3 =
γv1

v1 + γv2
v2 + γv3

v3

γv1
+ γv2

+ γv3
− γ	v1⊕v2

+γ	v1⊕v3
+γ	v2⊕v3

+1

γv1
+γv2

+γv3
−1

(10.74)

and one can readily check that the compatibility condition (10.68) is satis-

fied.

The geometric and relativistic significance of the 3-gyroparallelepiped

addition law will be uncovered in Secs. 10.11 – 10.12 following related intro-

ductory studies in Secs. 10.9 – 10.10. We may note that while v�2v = 2⊗v,

in general v�3v�3v 6= 3⊗v. Furthermore, while v�2 (−v) = 0, in general

v �3 (−v) �3 v 6= v.

10.9 The Parallelepiped

We present the parallelepiped definition as a guide for the definition of the

gyroparallelepiped that we will uncover in Sec. 10.11.

Definition 10.3 (The Parallelepiped). Let a,b, c,d ∈ R
n be any

four points of the Euclidean n-space Rn, n ≥ 3, such that the three vectors

−a + b, −a + c and −a + d are linearly independent. The points a,b, c,d

and a′,b′, c′,d′ in Rn are the vertices of the parallelepiped abcda′b′c′d′,
Fig. 10.11, if

(a′) The point a′ is given by the equation

−a + a′ = (−a + b) + (−a + c) + (−a + d) (10.75)

(known as the parallelepiped addition law);

(b′) The point b′ is given by the equation

−b + b′ = (−b + a) + (−b + a′) (10.76)

(that is, equivalently, aba′b′ is a parallelogram in Fig. 10.11, so

that (10.76) is a parallelogram addition in that parallelogram);

(c′) The point c′ is given by the equation

−c + c′ = (−c + b) + (−c + b′) (10.77)
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Fig. 10.11 The Euclidean parallelepiped abcda′b′c′d′. Any three linearly independent
vectors −a+b, −a+b, −a+d, that emanate from a common point a in the Euclidean
3-space R3 form a parallelepiped by Definition 10.3. The parallelepiped gives rise to the
parallelepiped (addition) law, (10.75). Faces of the parallelepiped are parallelograms.
Hence, for instance, −a+b′ = (−a+ c)+ (−a+d) by the parallelogram (addition) law.
The parallelepiped also contains 6 diagonal parallelograms as, for instance, ada′d′.
Each vertex of the parallelepiped has an opposite triangle in the parallelepiped the
centroid of which lies on the segment that joins the vertex and its opposite one. Thus,
for instance, the centroid Ca of the triangle bcd opposite to the vertex a lies on the
diagonal segment aa′. The four diagonal segments are concurrent, the concurrency
point, C, being the midpoint of each diagonal segment. The point C is called the center
of the parallelepiped.

(that is, equivalently, bc′b′c is a parallelogram in Fig. 10.11, so

that (10.77) is a parallelogram addition in that parallelogram);

(d′) The point d′ is given by the equation

−d + d′ = (−d + a) + (−d + a′) (10.78)

(that is, equivalently, ada′d′ is a parallelogram in Fig. 10.11, so

that (10.78) is a parallelogram addition in that parallelogram).

We call the parallelograms aba′b′, bc′b′c, ada′d′, etc., diagonal

(as opposed to face) parallelograms of the parallelepiped abcda′b′c′d′ in

Fig. 10.11.
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It is well-known that the parallelepiped possesses the following prop-

erties (PD1) – (PD6). The eight vertices a,b, c,d, a′,b′, c′,d′ of a paral-

lelepiped abcda′b′c′d′ in a Euclidean 3-space, Fig. 10.11, form 12 paral-

lelograms. These are

(PD1) the 6 diagonal-parallelograms of the parallelepiped: (i) aba′b′, (ii)

dc′d′c, (iii) aca′c′, (iv) db′d′b, (v) ada′d′, (vi) bcb′c′; and

(PD2) the 6 face-parallelograms of the parallelepiped: (i) abc′d, (ii)

a′b′cd′, (iii) bd′a′c′, (iv) b′dac, (v) a′b′dc′, (vi) abd′c.

(PD3) Each vertex of the parallelepiped abcda′b′c′d′, Fig. 10.11, admits

a parallelepiped vector addition. These are, Fig. 10.11,

−a + a′ = (−a + b) + (−a + c) + (−a + d)

−b + b′ = (−b + a) + (−b + c′) + (−b + d′)

−c + c′ = (−c + a) + (−c + b′) + (−c + d′)

−d + d′ = (−d + a) + (−d + b′) + (−d + c′)

−a′ + a = (−a′ + b′) + (−a′ + c′) + (−a′ + d′)

−b′ + b = (−b′ + a′) + (−b′ + c) + (−b′ + d)

−c′ + c = (−c′ + a′) + (−c′ + b) + (−c′ + d)

−d′ + d = (−d′ + a′) + (−d′ + b) + (−d′ + c)

(10.79)

The first equation in (10.79) is valid by Identity (10.75) of Def. 10.3

of the parallelepiped. The validity of all the equations in (10.79)

is a significant result that expresses the symmetries of the paral-

lelepiped addition law.

(PD4) The 4 diagonals aa′, bb′, cc′ and dd′, Fig. 10.11, of the paral-

lelepiped abcda′b′c′d′ are concurrent, the concurrency point being

the midpoint of each of the diagonals.

(PD5) Let a be one of the parallelepiped vertices, and let Ca be

the centroid of its opposite triangle bcd in the parallelepiped

abcda′b′c′d′, Fig. 10.11. Then Ca is given by the equation

Ca =
b + c + d

3
(10.80)

implying

−a + Ca =
(−a + b) + (−a + c) + (−a + d)

3
(10.81)
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(PD6) Furthermore, Ca lies on the segment aa′ that connects the vertex

a to its opposite vertex a′. In fact, it follows from (10.81) and the

first equation in (10.79) that

−a + Ca =
1

3
(−a + a′) (10.82)

The other vertices of the parallelepiped possess centroids similar

to that of vertex a in (10.80) – (10.82), as shown graphically in

Fig. 10.11.

The centroids associated with the parallelepiped vertices, mentioned in

item (PD5) and shown in Fig. 10.11, are

Ca = b+c+d
3 , Cb = a+c′+d′

3 , Cc = a+b′+d′

3 , Cd = a+b′+c′

3

Ca′ = b′+c′+d′

3 , Cb′ = a′+c+d
3 , Cc′ = a′+b+d

3 , Cd′ = a′+b+c
3

(10.83)

Pairs of opposite centroids lie on diagonals of their parallelepiped: (1)

Ca and Ca′ lie on the segment aa′; (2) Cb and Cb′ lie on the segment

bb′; (3) Cc and Cc′ lie on the segment cc′; and (4) Cd and Cd′ lie on the

segment dd′.

10.10 The Pre-Gyroparallelepiped

Guided by Def. 10.3 of the parallelepiped in terms of parallelograms, and

having the gyroparallelogram definition and properties in hand, Secs. 10.7 –

10.8, we are now in a position to define the pre-gyroparallelepiped. The

latter will, in turn, lead us to the definition of the gyroparallelepiped.

Items (b′) – (d′) of Def. 10.3 of the parallelepiped involve parallelograms.

Hence, they can readily be gyro-translated into gyrolanguage, as we did in

Secs. 10.7 – 10.8, and as we do in Def. 10.4 below.

In contrast, the gyro-translation into gyrolanguage of item (a′) of

Def. 10.3 of the parallelepiped, which involves the parallelepiped addition

law, is yet unknown. In order to uncover the gyro-translation of the paral-

lelepiped addition law (10.75) into gyrolanguage we initially select the ver-

tex a′ in item (a′) of Def. 10.3 arbitrarily, obtaining the definition of the pre-

gyroparallelepiped. The following Def. 10.4 of the pre-gyroparallelepiped

is, accordingly, analogous to Def. 10.3 of the parallelepiped with one ex-

ception. While items (b′), (c′), and (d′) of Def. 10.4 share obvious gyro-



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Special Relativity 431

PSfrag replacements

a

b

c

d

a′

b′

c′

d′

C

Ca Cb

Cc

Cd

Ca′

Cb′

Cc′

Cd′

Fig. 10.12 The Einstein pre-gyroparallelepiped abcda′b′c′d′ is our first step in the
extension of the 2-dimensional gyroparallelogram into the n-dimensional gyroparal-
lelepiped, n > 2. For any given four points, a, b, c, d, in the Einstein 3-gyrovector
space (R3

s ,⊕,⊗), an additional vertex, a′, is selected arbitrarily since the appropriate
way to determine it is yet unknown.
Three additional vertices, b′, c′,d′, of the pre-gyroparallelepiped abcda′b′c′d′ are con-
structed such that aba′b′, bcb′c′, and ada′d′ are gyroparallelograms. We naturally
call these “diagonal gyroparallelograms” of the pre-gyroparallelepiped. Hence, the pre-
gyroparallelepiped has 6 diagonal gyroparallelograms that share some gyrodiagonals.
Thus, for instance, the gyrosegment aa′ is a common gyrodiagonal of the two diagonal
gyroparallelograms aba′b′ and ada′d′. Hence, the 4 gyrodiagonals, aa′, bb′, cc′, and
dd′ are concurrent. The point of concurrency, C, coincides with the gyromidpoint of each
of the 4 gyrodiagonals. It is therefore called the gyrocenter of the pre-gyroparallelepiped.
Each vertex of the pre-gyroparallelepiped has an opposite gyrotriangle in the pre-
gyroparallelepiped the gyrocentroid of which is shown. Thus, for instance, Ca is the
gyrocentroid of the gyrotriangle bcd that lies opposite to the vertex a. Note that, in
general, the two opposite gyrocentroids Ca and Ca′ (Cb and Cb′ , Cc and Cc′ , Cd and
Cd′ ) do not lie on their associated gyrodiagonal aa′ (bb′, cc′, dd′, respectively). Is
there exist a unique vertex a′ that simultaneously forces each of the eight gyrocentroids
to lie on its associated gyrodiagonal? Fig. 10.13 indicates that the answer is “yes”.

analogies with their respective counterparts in Def. 10.3, item (a′) is based

on arbitrariness. The arbitrariness will be removed in Def. 10.5 of the

gyroparallelepiped.

Definition 10.4 (The Pre-Gyroparallelepiped). Let a,b, c,d∈Rn
s

be any four points of the Einstein gyrovector space (Rn
s ,⊕,⊗) of the ball

Rn
s of the Euclidean n-space Rn, n ≥ 3, such that the three gyrovectors
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	a⊕b, 	a⊕c and 	a⊕d are linearly independent in Rn. The points

a,b, c,d and a′,b′, c′,d′ in Rn
s are the vertices of the pre-gyroparallelepiped

abcda′b′c′d′, Fig. 10.12, if

(a′) The point a′ is selected arbitrarily, so that

	a⊕a′ = An Arbitrary Point in R
n
s (10.84)

(b′) The point b′ is given by the equation

	b⊕b′ = (	b⊕a) �2 (	b⊕a′) (10.85)

(that is, equivalently, aba′b′ is a gyroparallelogram in Fig. 10.12,

and (10.85) is a gyroparallelogram addition in that gyroparallelo-

gram);

(c′) The point c′ is given by the equation

	c⊕c′ = (	c⊕b) �2 (	c⊕b′) (10.86)

(that is, equivalently, bcb′c′ is a gyroparallelogram in Fig. 10.12,

and (10.86) is a gyroparallelogram addition in that gyroparallelo-

gram);

(d′) The point d′ is given by the equation

	d⊕d′ = (	d⊕a) �2 (	d⊕a′) (10.87)

(that is, equivalently, ada′d′ is a gyroparallelogram in Fig. 10.12,

and (10.87) is a gyroparallelogram addition in that gyroparallelo-

gram).

Let a be one of the gyroparallelepiped vertices, and let Ca be the gy-

rocentroid of its opposite gyrotriangle bcd in the pre-gyroparallelepiped

abcda′b′c′d′, Fig. 10.12, in full analogy with (10.80). Then Ca is given by

the equation

Ca =
γbb + γcc + γdd

γb + γc + γd
(10.88)

implying, (6.337), p. 232,

	a⊕Ca =
γ	a⊕b(	a⊕b) + γ	a⊕c(	a⊕c) + γ	a⊕d(	a⊕d)

γ	a⊕b + γ	a⊕c + γ	a⊕d

(10.89)
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Other vertices of the pre-gyroparallelogram possess centroids similar to

that of vertex a in (10.88) – (10.89), as shown in Fig. 10.12. These eight

gyrocentroids, analogous to (10.83), are listed in (10.97).

Comparing Figs. 10.11 and 10.12 we see that a remarkable disanalogy

emerges. In general, unlike Fig. 10.11, the opposite gyrocentroids Ca and

Ca′ (Cb and Cb′ , Cc and Cc′ , Cd and Cd′) in Fig. 10.12 do not lie on the

gyrosegment aa′ (bb′, cc′, dd′, respectively) that joins opposite vertices

of the pre-gyroparallelepiped. One may hope that the disanalogy stems

solely from the arbitrariness in the selection of the vertex a, so that there

exists a unique vertex a of the pre-gyroparallelepiped in Fig. 10.12 that

simultaneously repairs the breakdown of analogy in the position of each of

the eight gyrocentroids. This is indeed the case, as we will see in Sec. 10.11.

10.11 The Gyroparallelepiped

A unique candidate for the arbitrarily selected vertex a′ in item (a′) of

Def. 10.4 of the pre-gyroparallelepiped in Fig. 10.12, which repairs the

breakdown of analogy between Figs. 10.11 and 10.12, is already in hand.

(1) In the same way that Einstein coaddition of order two, �2 in

(10.66), gives rise in Sec. 10.7 to a gyroparallelogram addition law,

Fig. 10.6, analogous to the parallelogram addition law,

(2) we may expect that Einstein coaddition of order three, �3 in

(10.74), gives rise to a gyroparallelepiped addition law analogous

to the parallelepiped addition law, (10.75), in Fig. 10.11.

(3) Figure 10.13 shows that this is indeed the case.

Figure 10.13 is generated by the same way that Fig. 10.12 is generated

with one exception. In Fig. 10.12 the vertex a′ is selected arbitrarily, while

in Fig. 10.13 the vertex a′ is determined by employing Einstein coaddition

of order three along with other gyroanalogies; see (10.90) below.

As a result, in Fig. 10.12 none of the gyrocentroids lies on its gyrodi-

agonal gyrosegment (for instance, the gyrocentroids Ca and Ca′ do not lie

on their gyrodiagonal gyrosegment aa′), in disanalogy with their Euclidean

counterpart in Fig. 10.11. However, an appropriate determination of the

vertex a′ in Fig. 10.13 simultaneously forces all the eight gyrocentroids in

the figure to lie on their respective gyrodiagonal gyrosegments, as their

Euclidean counterparts do in Fig. 10.11. Such a remarkable simultaneous

fit between all the eight gyrocentroids and their respective gyrodiagonal
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gyrosegments in Fig. 10.13 cannot be fortuitous. Hence, we reach the con-

clusion that

(1) in the same way that Einstein coaddition of order two gives rise

to the gyro-analog of the 2-dimensional Euclidean parallelogram

addition law in Fig. 10.7 and in (10.85) – (10.87),

(2) Einstein coaddition of order three gives rise to the gyro-analog of

the 3-dimensional Euclidean parallelepiped addition law in (10.90)

below.

Accordingly, we obtain the following Def. 10.5 of the gyroparallelepiped,

shown in Fig. 10.13. Definition 10.5 is a copy of Def. 10.4 of the pre-

gyroparallelepiped with one exception. The vertex a′ in the gyroparal-

lelepiped definition 10.5 is not selected arbitrarily but, rather, it is deter-

mined by Einstein coaddition of order three, �3, given in (10.74).

Definition 10.5 (The Gyroparallelepiped). Let a,b, c,d ∈ Rn
s be

any four points of the Einstein gyrovector space (Rn
s ,⊕,⊗) of the ball Rn

s

of the Euclidean n-space Rn, n ≥ 3, such that the three gyrovectors 	a⊕b,

	a⊕c and 	a⊕d are linearly independent in Rn. The points a,b, c,d and

a′,b′, c′,d′ in R
n
s are the vertices of the gyroparallelepiped abcda′b′c′d′,

Fig. 10.13, if

(a′) The point a′ is given by the equation, (10.74),

	a⊕a′ = (	a⊕b) �3 (	a⊕c) �3 (	a⊕d) (10.90)

called the 3-dimensional gyroparallelepiped addition law;

(b′) The point b′ is given by the equation, (10.66),

	b⊕b′ = (	b⊕a) �2 (	b⊕a′) (10.91)

(that is, equivalently, aba′b′ is a gyroparallelogram in Figs. 10.12

and 10.13, so that (10.91) is a gyroparallelogram addition in that

gyroparallelogram);

(c′) The point c′ is given by the equation

	c⊕c′ = (	c⊕b) �2 (	c⊕b′) (10.92)

(that is, equivalently, bc′b′c is a gyroparallelogram in Figs. 10.12

and 10.13, so that (10.92) is a gyroparallelogram addition in that

gyroparallelogram);
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Fig. 10.13 The Einstein Gyroparallelepiped abcda′b′c′d′. Any three gyrovectors
	a⊕b, 	a⊕c, 	a⊕d, that emanate from a common point a in the Einstein 3-gyrovector
space (R3,⊕,⊗) form a gyroparallelepiped by Def. 10.5. The gyroparallelepiped gives
rise to the gyroparallelepiped (addition) law, (10.90). In general, faces of the gyropar-
allelepiped are not gyroparallelograms, thus forming the only disanalogy with the (Eu-
clidean) parallelepiped. Hence, for instance, the gyrovector 	a⊕b′ of a face of the
gyroparallelepiped is given by (10.98) rather than by a gyroparallelogram addition. But,
in full analogy with the parallelepiped, the gyroparallelepiped contains 6 diagonal gy-
roparallelograms as, for instance, ada′d′.
Each vertex of the gyroparallelepiped has an opposite gyrotriangle in the gyroparal-
lelepiped the gyrocentroid of which lies on the gyrosegment that joins the vertex and its
opposite one. Thus, for instance, the gyrocentroid Ca of the gyrotriangle bcd opposite
to the vertex a lies on the gyrodiagonal aa′. Similarly, the two opposite gyrocentroids
Ca and Ca′ (Cb and Cb′ , Cc and Cc′ , Cd and Cd′ ) lie on their associated gyrodiagonal
aa′ (bb′, cc′, dd′, respectively).

The four gyrodiagonals are concurrent, the concurrency point, C, being the gyromidpoint
of each gyrodiagonal. The point C is called the gyrocenter of the gyroparallelepiped.

(d′) The point d′ is given by the equation

	d⊕d′ = (	d⊕a) �2 (	d⊕a′) (10.93)

(that is, equivalently, ada′d′ is a gyroparallelogram in Figs. 10.12

and 10.13, so that (10.93) is a gyroparallelogram addition in that

gyroparallelogram).
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The gyroparallelepiped possesses properties, (GD1) – (GD6), which are

analogous to the parallelepiped properties, (PD1) – (PD6), with one excep-

tion, (GP2). The eight vertices a,b, c,d, a′,b′, c′,d′ of a gyroparallelepiped

abcda′b′c′d′ in a Euclidean 3-space, Fig. 10.11, form 6 gyroparallelograms.

These are

(GD1) the 6 diagonal-gyroparallelograms of the gyroparallelepiped: (i)

aba′b′, (ii) dc′d′c, (iii) aca′c′, (iv) db′d′b, (v) ada′d′, (vi) bcb′c′.
(GD2) (A disanalogy) Contrasting the parallelepiped faces, in general,

each of the gyroparallelepiped faces: (i) abc′d, (ii) a′b′cd′, (iii)

bd′a′c′, (iv) b′dac, (v) a′b′dc′, (vi) abd′c, does not form a gy-

roparallelogram.

(GD3) Each vertex of the gyroparallelepiped abcda′b′c′d′, Fig. 10.13,

admits a gyroparallelepiped vector addition. These are

	a⊕a′ = (	a⊕b) �3 (	a⊕c) �3 (	a⊕d)

	b⊕b′ = (	b⊕a) �3 (	b⊕c′) �3 (	b⊕d′)

	c⊕c′ = (	c⊕a) �3 (	c⊕b′) �3 (	c⊕d′)

	d⊕d′ = (	d⊕a) �3 (	d⊕b′) �3 (	d⊕c′)

	a′⊕a = (	a′⊕b′) �3 (	a′⊕c′) �3 (	a′⊕d′)

	b′⊕b = (	b′⊕a′) �3 (	b′⊕c) �3 (	b′⊕d)

	c′⊕c = (	c′⊕a′) �3 (	c′⊕b) �3 (	c′⊕d)

	d′⊕d = (	d′⊕a′) �3 (	d′⊕b) �3 (	d′⊕c)

(10.94)

The gyroparallelepiped identities in (10.94) share obvious analogies

with the parallelepiped identities in (10.79).

The first equation in (10.94) is valid by Identity (10.90) of Def. 10.5

of the gyroparallelepiped. The validity of all the equations in

(10.94) is a significant result that expresses the symmetries of the

gyroparallelepiped addition law.

(GD4) The 4 gyrodiagonals aa′, bb′, cc′, and dd′ of the gyroparal-

lelepiped abcda′b′c′d′, Fig. 10.13, are concurrent, the concurrency

point being the gyromidpoint of each of the gyrodiagonals.

(GD5) Let a be one of the gyroparallelepiped vertices, and let Ca be the

centroid of its opposite gyrotriangle bcd in the gyroparallelepiped

abcda′b′c′d′, Fig. 10.13. Then Ca is given by the equation

Ca =
γbb + γcc + γdd

γb + γc + γd
(10.95)
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implying, (6.337),

	a⊕Ca =
γ	a⊕b(	a⊕b) + γ	a⊕c(	a⊕c) + γ	a⊕d(	a⊕d)

γ	a⊕b + γ	a⊕c + γ	a⊕d

(10.96)

as shown in Figs. 6.16 – 6.17.

(GD6) Furthermore, Ca lies on the segment aa′ that connects the vertex

a to its opposite vertex a′. The other vertices of the gyroparal-

lelepiped possess properties similar to that of vertex a in (10.95) –

(10.96), as shown graphically in Fig. 10.13.

The gyrotriangle gyrocentroids associated with the gyroparallelepiped

vertices, mentioned in item (GD5) and shown in Fig. 10.13, are

Ca =
γbb+γcc+γdd

γ
b
+γc+γ

d

, Cb =
γaa+γ

c′
c′+γ

d′d
′

γa+γ
c′

+γ
d′

Cc =
γaa+γ

b′b
′+γ

d′d
′

γa+γ
b′+γ

d′
, Cd =

γaa+γ
a′

b′+γ
c′

c′

γa+γ
a′

+γ
c′

Ca′ =
γ
b′b

′+γ
c′

c
′+γ

d′d
′

γ
b′+γ

c′
+γ

d′
, Cb′ =

γ
a′

a
′+γcc+γdd

γ
a′

+γc+γ
d

Cc′ =
γ
a′

a′+γbb+γdd

γ
a′

+γ
b
+γ

d

, Cd′ =
γ
a′

a′+γbb+γcc

γ
a′

+γ
b
+γc

(10.97)

in full analogy with (10.83).

In the extension from the parallelepiped to the gyroparallelepiped only

one property is lost. The 6 faces of a parallelepiped are parallelograms

while, in general, the 6 faces of a gyroparallelepiped are not gyroparallelo-

grams. This indicates that the importance of the gyroparallelepiped rests

on the fact that (i) it contains 6 gyrodiagonal gyroparallelograms (but no

face gyroparallelograms), and that (ii) it gives rise to a gyroparallelepiped

addition law which is fully analogous to the common parallelepiped addition

law.

Since, in general, a face of a gyroparallelepiped is not a gyroparallelo-

gram, face diagonals cannot be obtained from the gyroparallelogram law.

Thus, for instance, the gyrovector 	a⊕b′ is a diagonal of the face acb′d
of the gyroparallelepiped abcda′b′c′d′ in Fig. 10.13. It is not given by a
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gyroparallelogram law but, rather, by the equation

	a⊕b′ =
Abγ	a⊕b(	a⊕b) +Acγ	a⊕c(	a⊕c) +Adγ	a⊕d(	a⊕d)

γ	a⊕b(B3 + 1) + γ	c⊕d(A3 − 1)− (A3 − 1)(B3 + 1)
(10.98a)

where

A3 = γ	a⊕b + γ	a⊕c + γ	a⊕d

B3 = γ	b⊕c + γ	b⊕d + γ	c⊕d

(10.98b)

and

Ab = γ	a⊕b + γ	c⊕d −A3 + 1

Ac = γ	a⊕b + γ	c⊕d −B3 − 1

Ad = Ac

(10.98c)

In (10.98), the point b′ of the gyroparallelepiped in Fig. 10.13 is rep-

resented relative to the point a, that is, the gyrovector 	a⊕b′, as a linear

combination of the three gyrovectors, 	a⊕b, 	a⊕c and 	a⊕d, that gen-

erate the gyroparallelepiped. Similar to the representation of the point b′

in (10.98), all other points of the gyroparallelepiped in Fig. 10.13 can be

represented relative to the point a as a linear combination of the three

gyrovectors that generate the gyroparallelepiped.

10.12 The Relativistic Gyroparallelepiped Addition Law

Historically, Einstein velocity addition was considered structureless since

it is neither commutative nor associative and since, as a result, “ve-

locity parallelograms do not close”. The failure to recognize and ad-

vance the gyrovector space structure of Einstein velocity addition cre-

ated a void that could be filled only with Minkowskian relativity, that is,

Minkowski’s reformulation of Einstein’s special relativity [Pyenson (1982);

Ungar (2003c)].

Accordingly, Arnold Sommerfeld attempted to divert attention away

from Einstein’s “famous addition theorem” at the September 1909 meet-

ing of the German Association of Natural Scientists in Salzburg where he

sparked physicists’ interest in Minkowskian formalism of special relativity.

The historian of relativity theory, Scott Walter, thus wrote:

As an example of the advantage of the Minkowskian

approach, Sommerfeld selected [in his Salzburg talk] the
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case of Einstein’s “famous addition theorem”, according

to which velocity parallelograms do not close [that is, Ein-

stein velocity addition is noncommutative; Italics added].

This “somewhat strange” result, Sommerfeld suggested,

became “completely clear” when viewed from Minkowski’s

standpoint.

Scott Walter [Walter (1999b), p. 110]

There are attempts in the literature to repair the breakdown of com-

mutativity in Einstein velocity addition law. According to Scott Walter, in

1913 Émile Borel adopted a symmetric form for the addition of relativistic

velocities:

[Émile] Borel fixed the ‘defective’ assertion that the ori-

entation of the relative velocity of a point with respect to

two inertial systems is noncommutative. . . . Noting with

pleasure the Japanese mathematician Kimonsuke Ogura’s

adoption of the term ‘kinematic space’ [coined by Borel]

([Ogura (1913)]), Borel deplored the latter’s presentation

of the law of velocity addition in its original, noncommuta-

tive form. Apparently, Ogura had ‘not seen all the advan-

tages’ of the symmetric form of the law adopted by Borel
[Borel (1913), note 4].

Scott Walter [Walter (1999b), pp. 117–118]

Realizing that Einstein’s special theory of relativity is regulated by gy-

rogeometry, the noncommutativity of Einstein velocity addition for which

“velocity parallelograms do not close” poses no problem. In gyrogeometry

Einstein addition, ⊕, naturally comes with Einstein coaddition, �, which

is commutative and for which “velocity gyroparallelograms do close”, as

shown in Fig. 10.10, p. 424.

It should be emphasized here that coaddition was introduced into the

theory of gyrogroups in Def. 2.9, p. 18, in order to capture analogies with

group theory. Yet, further useful properties of the coaddition law get unex-

pectedly discovered in diverse situations, one of which reveals the relativistic

gyroparallelogram velocity addition law in hyperbolic geometry, Fig. 10.10,

which is fully analogous to the classical parallelogram velocity addition law

in Euclidean geometry.
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Thus, the breakdown of commutativity in Einstein addition, which re-

mained stubbornly intractable for a century, has been put to rest by the

natural emergence of Einstein gyroparallelogram addition law of gyrovec-

tors. Furthermore, the experimental validity of Einstein gyroparallelogram

addition law of relativistic velocities within the frame of special relativity

will be established in Chap. 13 by employing the cosmic effect of stellar

aberration and its relativistic interpretation.

Some effects in quantum mechanics are regulated by hyperbolic ge-

ometry as shown, for instance, in Chap. 9 and in [Lévay (2004a);

Lévay (2004b)]. The resulting breakdown of associativity in some trans-

lation operators of quantum mechanics is discussed by several authors; see,

for instance, [Nesterov (2004)] and [Jackiw (1985)].

It is therefore interesting to realize that hyperbolic geometry offers a

gyroparallelepiped addition law of gyrovectors, which is both commutative

and “associative” in the sense that it is fully analogous to the parallelepiped

addition law of vectors, and in the sense that the gyroparallelepiped addi-

tion law, (10.72), p. 426, of k gyrovectors is a symmetric function of the k

gyrovectors.

In three dimensions the relativistic gyroparallelepiped law of addition

of three relativistically admissible velocities is demonstrated in (10.90), and

illustrated graphically in Fig. 10.13, p. 435. It involves the Einstein coad-

dition of order three, �3, given by (10.74).

We now wish to simplify the presentation (10.72), p. 426, of Einstein

relativistic coaddition of order k, �k, in the following theorem.

Theorem 10.6 Einstein coaddition (10.72) of k gyrovectors vi∈Vs, i =

1, . . . , k, of an Einstein gyrovector space (Vs,⊕,⊗) can be written as

v1 �k v2 �k . . . �k vk = 2⊗
∑k

i=1 γvi
vi

∑k
i=1 γvi

− k + 2
(10.99)

Proof. Using the abbreviations

J := v1 �k v2 �k . . . �k vk

A :=

k∑

i=1

γvi

B :=
k∑

i,j=1
i<j

γ	vi⊕vj

(10.100)
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vi∈Rk
s , i = 1, . . . , k, we have by (3.132) of p. 79 and by (3.178) of p. 89,

1

s2

(
k∑

i=1

γvi
vi

)2

=
k∑

i=1

γ2
vi

v2
i

s2
+ 2

k∑

i,j=1
i<j

γvi
γvj

vi·vj

s2

=

k∑

i=1

(γ2
vk
− 1) + 2

k∑

i,j=1
i<j

(γvi
γvj
− γ	vi⊕vj

)

=

k∑

i=1

γ2
vk

+ 2

k∑

i,j=1
i<j

γvi
γvj
− 2

k∑

i,j=1
i<j

γ	vi⊕vj
− k

=

(
k∑

i=1

γvi

)2

− 2

k∑

i,j=1
i<j

γ	vi⊕vj
− k

= A2 − 2B − k

(10.101)

By (10.72), p. 426, with the abbreviations (10.100) and the result

(10.101) we have

J =

∑k
i=1 γvi

vi

A− B+Nk

A+Mk

(10.102)

and

J2

s2
=

A2 − 2B − k
(

A− B+Nk

A+Mk

)2 (10.103)

where, by (10.69) – (10.71),

Mk = 2− k
Nk = − 1

2 (k − 1)(k − 4)
(10.104)

so that

γJ :=
1

√

1− J2

s2

=
4 + 4A+ 2A2 − 2B − 2kA− 5k + k2

4 + 4A+ 2B − 2kA− 3k + k2
(10.105)
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and, hence,

γJ

1 + γJ

=
4 + 4A+ 2A2 − 2B − 2kA− 5k + k2

2(A− k + 2)2
(10.106)

Finally, by means of Einstein half, (6.297), p. 219, and by (10.106) and

(10.102) we have

1
2⊗{v1 �k v2 �k . . . �k vk} = 1

2⊗J

=
γJ

1 + γJ

J

=

∑k
i=1 γvi

vi

A− k + 2

=

∑k
i=1 γvi

vi
∑k

i=1 γvi
− k + 2

(10.107)

Gyromultiplying the extreme sides of (10.107) by 2 we obtain the simpler,

elegant expression for Einstein coaddition of order k,

v1 �k v2 �k . . . �k vk = 2⊗
∑k

i=1 γvi
vi

∑k
i=1 γvi

− k + 2
(10.108)

as desired. �

Note that

(i) in the special case when k = 2, (10.99) reduces to (3.195), p. 92;

and that

(ii) in the Newtonian limit of large s, s → ∞, the rhs of (10.108)

reduces to
∑k

i=1 vi in V,

as expected.

We are now in the position to present analytically a formal definition of

the gyroparallelepiped addition law in Einstein gyrovector spaces, which is

compatible (i) with the Einstein gyroparallelogram addition law shown in

Fig. 10.10, p. 424, and (ii) with the three-dimensional Einstein gyroparal-

lelepiped addition law expressed in (10.94) and shown in Fig. 10.13, p 435.

Definition 10.7 (The Einstein Gyroparallelepiped Addition

Law). Einstein coaddition of order k, �k, of any k gyrovectors

v1,v2, . . . ,vk ∈Vs in an Einstein gyrovector space (Vs,⊕,⊗) is given by
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the equation

v1 �k v2 �k . . . �k vk = 2⊗
∑k

i=1 γvi
vi

∑k
i=1 γvi

− k + 2
(10.109)

Theorem 10.8 Let J , (10.100), be the Einstein coaddition of k gy-

rovectors vi ∈Vs, i = 1, . . . , k, (10.109), in an Einstein gyrovector space

(Vs,⊕,⊗), as in Theorem 10.6. Then,

γJ J =

∑k
i=1 γvi

− k + 2
∑k

i,j=1
i<j

γ	vi⊕vj
+ (2− k)

∑k
i=1 γvi

+ 1
2k(k − 3) + 2

k∑

i=1

γvi
vi

(10.110)

Proof. Using the abbreviations (10.100) and employing (10.102) and

(10.104) – (10.105) one obtains (10.110) straightforwardly. �

In the special case when k = 2, (10.109) and (10.110) reduce, respec-

tively, to (3.195) and (3.199), p. 93.

10.13 Exercises

(1) Verify identities (10.9) – (10.14).

Hint: The identities in (10.9) – (10.14) are verified by lengthy but

straightforward algebra that one can readily calculate by using a

computer software for symbolic manipulation like MATHEMAT-

ICA or MAPLE, as demonstrated in [Ungar (2001b), pp. 20 – 27].

For readers who wish to verify (10.11), which is an identity between

maps, we may note that the automorphism identity in (10.11) is

equivalent to the vector identity

gyr[v,u]gyr[u,v]w = w (10.111)

in the ball R3
c , for all u,v,w ∈R3

c , which is an identity between

vectors.

A similar remark applies to the identities in (10.14) as well. For

instance, to verify the first identity in (10.14), which is an identity

between maps, one has to verify the equivalent identity

gyr[u⊕v,v]w = gyr[u,v]w (10.112)
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in the ball R3
c , for all u,v,w ∈R3

c , which is an identity between

vectors. Noting the definition of ⊕ and gyr in (10.3) and (10.6),

one can verify (10.111) and (10.112) by straightforward algebra

with the help of a computer software for symbolic manipulation.

(2) Verify the three equations in (10.48), and show algebraically that

any two of the three equations in (10.48) imply the third.

(3) Explain why (10.49) – (10.50) imply that the four gyrotriangle gy-

rocentroids, mabm, mbdm, mdcm and mcam, in Fig. 10.7 form

a gyroparallelogram that shares its gyrocenter with its generating

gyroparallelogram abdc.

(4) Verify the second identity in (10.61).

(5) Show that (10.69) and (10.70) follow from the condition imposed

on (10.67) exemplified by (10.68).

(6) Verify Identity (10.98) (computer algebra is needed).

(7) Verify Identities (10.105) – (10.107) (computer algebra is needed).
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Chapter 11

Special Theory of Relativity: The

Analytic Hyperbolic Geometric

Viewpoint

Part II: Lorentz Transformation and

its Consequences

In this chapter we parametrize the Lorentz transformation of special rel-

ativity by the relativistically admissible velocity parameter and, accord-

ingly, employ Einstein velocity addition law and its underlying hyperbolic

geometry, studied in Chap. 10. This, in turn, enables us in this chap-

ter to study relativistic mechanics in hyperbolic geometry. The study of

mechanics in hyperbolic geometry is interesting [Chernikov (1993)], and

its history began before the discovery of special relativity by Einstein

in 1905 [Einstein (1905)] and the discovery of the relationship of special

relativity with hyperbolic geometry by Varičak in 1908 [Varičak (1908);

Varičak (1910a)]. Indeed, according to Dombrowski and Zitterbarth [Dom-

browski and Zitterbarth (1991)], between 1848 and 1851 Janos Bolyai made

the proposal to study the planetary motion around the sun in the noneu-

clidean hyperbolic 3-space.

11.1 The Lorentz Transformation and its Gyro-Algebra

In 1904 Lorentz reduced the electromagnetic equations for a moving sys-

tem to the form of those that hold for a system at rest, thus discovering

the transformation group that was later named after him by Einstein. Re-

placing Einstein’s three-vector formalism and its seemingly structureless

Einstein velocity addition by a four-vector formalism and the group struc-

ture of its Lorentz transformation, Minkowski has reformulated Einstein’s

special theory of relativity.

445
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Starting with Einstein velocity addition as a fundamental, we will de-

rive the Lorentz transformation group as a consequence. We will thus find

that Einstein’s three-vector formalism, with Einstein velocity addition and

its gyrogroup structure, provides insight to the Minkowskian four-vector

formalism, with the Lorentz transformation and its group structure. We

will see that the resulting gyro-algebra of the Lorentz group captures analo-

gies that the Lorentz transformation shares with its Galilean counterpart.

Furthermore, we will see that the resulting analogies unlock the mystery

of Einstein’s relativistic mass, giving rise to the gyrobarycentric coordi-

nates that are fully analogous to the barycentric coordinates that were first

conceived by Möbius in 1827 [Mumford, Series and Wright (2002)].

Let (t,x)t ∈ R≥0×R3, where exponent t denotes transposition, be a

spacetime event. A Lorentz transformation of spacetime coordinates is a

coordinate transformation that leaves the norm, (4.57), p. 120,

∥
∥
∥
∥

(
t

x

)∥
∥
∥
∥

=

√

t2 − ‖x‖
2

c2
(11.1)

of a spacetime event (t,x)t invariant.

A Lorentz transformation without rotation is known in the jargon as

a boost. Let L(u) be a Lorentz boost parameterized by a relativistically

admissible velocity u∈R3
c . Its application to spacetime coordinates (t,x)t =

(t,vt)t is given by the equation, (4.62), p. 121,

L(u)

(
t

x

)

=

(
γu(t+ 1

c2 u·x)

(u⊕v)γu(1 + 1
c2 u·v)t

)

=





γu(t+ 1
c2 u·x)

γuut+ x + 1
c2

γ2
u

1+γu
(u·x)u





=:

(
t′

x′

)

(11.2)

[Jackson (1975), p. 517], leaving the spacetime norm (11.1) invariant,

∥
∥
∥
∥

(
t

x

)∥
∥
∥
∥

=

∥
∥
∥
∥

(
t′

x′

)∥
∥
∥
∥

(11.3)

The boost L(u) in (11.2) is a linear transformation of spacetime coordi-

nates. Hence, it has a matrix representation Lm(v), which is given by the
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equation [Møller (1952)],

Lm(v) =











γv c−2γvv1 c−2γvv2 c−2γvv3

γvv1 1 + c−2 γ2
v

γv+1v
2
1 c−2 γ2

v

γv+1v1v2 c−2 γ2
v

γv+1v1v3

γvv2 c−2 γ2
v

γv+1v1v2 1 + c−2 γ2
v

γv+1v
2
2 c−2 γ2

v

γv+1v2v3

γvv3 c−2 γ2
v

γv+1v1v3 c−2 γ2
v

γv+1v2v3 1 + c−2 γ2
v

γv+1v
2
3












(11.4)

Employing the matrix representation (11.4) of the Lorentz transforma-

tion, the application of the Lorentz transformation in (11.2) can be written

as

L(v)

(
t

x

)

= Lm(v)









t

x1

x2

x3









=:









t′

x′1

x′2

x′3









=

(

t′

x′

)

(11.5)

where v = (v1, v2, v3)t∈R3
c , x = (x1, x2, x3)t∈R3, x′ = (x′1, x

′
2, x

′
3)t∈R3,

and t, t′∈R
≥0.

In the Newtonian limit of large vacuum speed of light, c → ∞, the

Lorentz boost L(v), (11.4) – (11.5), reduces to the Galilei boost G(v),

v = (v1, v2, v3)∈R3,

G(v)

(
t

x

)

= lim
c→∞

L(v)

(
t

x

)

=









1 0 0 0

v1 1 0 0

v2 0 1 0

v3 0 0 1

















t

x1

x2

x3









=









t

x1 + v1t

x2 + v2t

x3 + v3t









=

(
t

x + vt

)

(11.6)

where x = (x1, x2, x3)t∈R3 and t∈R≥0.
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The composition of two Galilei boosts is equivalent to a single Galilei

boost, and is given by parameter composition according to the equation

G(u)G(v) = G(u + v) (11.7)

for all u,v∈R
3, as it is clear from (11.6).

The composition of Lorentz boosts is more complicated than that of

Galilei boosts since, in general, the composition of two Lorentz boosts is

not a boost but, rather, a boost preceded (or followed) by the space rota-

tion called Thomas precession. Goldstein discusses the space rotation that

results from two successive boosts, remarking in [Goldstein (1980), p. 286]

that “in general, the algebra involved is forbidding . . . ”. Owing to gy-

rogroup theory, however, the algebra involved is not forbidding but, rather,

quite simple and elegant. Moreover, the resulting elegant gyroalgebra gives

rise to remarkable analogies that classical and relativistic mechanics share,

as we will see in this Chapter.

Let V ∈SO(3) be a space rotation, and let E(V ) be the space rotation

of a spacetime event, extended from V by the equation, (4.27), p. 111,

E(V )

(
t

x

)

=

(
t

V x

)

(11.8)

t∈R>0, x∈R3. Similarly, let Gyr[u,v] be the space gyration of a spacetime

event, extended from gyr[u,v] by the equation, (4.29), p. 111,

Gyr[u,v] = E(gyr[u,v]) (11.9)

Then, the relativistic analog of (11.7) is, (4.34), p. 114,

L(u)L(v) = L(u⊕v)Gyr[u,v]

= Gyr[u,v]L(v⊕u)
(11.10)

Hence, the composition of two successive Lorentz boosts, L(v) followed

by L(u),

(1) is equivalent to a single boost, L(u⊕v), preceded by the space gy-

ration Gyr[u,v] generated by u and v; and equally well, it

(2) is equivalent to a single boost, L(v⊕u), followed by the same space

gyration Gyr[u,v] generated by u and v.
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Let R3
c = (R3

c ,⊕,⊗) be an Einstein gyrovector space, and let v ∈ R3
c

and t∈R>0. The pair (t,vt)t represents a spacetime event with time t and

space x = vt. The Lorentz boost L(u), u∈R3
c , of this event is given by

(11.2) which, by means of Einstein addition (10.3), p. 402, and the gamma

identity (10.4), can be written in the form, (4.62), p. 121,

L(u)

(
t

vt

)

=






γu⊕v

γv
t

γu⊕v

γv
(u⊕v)t




 (11.11)

The Lorentz transformationL(u, U) of spacetime events (t,x)t∈R>0×R3

is a boost preceded by a space rotation,

L(u, U)

(
t

x

)

= L(u)E(U)

(
t

x

)

= L(u)

(
t

Ux

)

(11.12)

u∈R3
c , U∈SO(3). Hence, by (11.12) and (11.11), we have

L(u, U)

(
t

vt

)

= L(u)

(
t

Uvt

)

=






γu⊕Uv

γv
t

γu⊕Uv

γv
(u⊕Uv)t




 (11.13)

for all u ∈ R3
c and U ∈ SO(3), noting that γv = γ

Uv
. The special case

when t = γv in (11.13) gives an elegant and useful form of the Lorentz

transformation,

L(u, U)

(
γv
γvv

)

=

(
γu⊕Uv

γu⊕Uv(u⊕Uv)

)

(11.14)

In general, the Lorentz transformation L(v, V ) of a spacetime event

(t,x)t takes the form

L(v, V )

(
t

x

)

=





γv(t+ 1
c2 v·V x)

γvvt+ V x + 1
c2

γ2
v

1+γv
(v·V x)v



 (11.15)

v∈R3
c , V ∈SO(3), x∈R3, t∈R≥0, as we see from (11.2).

In the Newtonian limit of large vacuum speed of light, c → ∞, the

Lorentz transformation L(v, V ) in (11.15) reduces to its Galilean counter-

part G(v, V ),

G(v, V )

(
t

x

)

=

(
t

vt+ V x

)

(11.16)
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v∈R3, V ∈SO(3), x∈R3, t∈R.

Clearly, the Lorentz transformation L(v, I) with no rotation, I being

the identity element of SO(3), is a Lorentz boost,

L(v, I) = L(v) (11.17)

for all v∈R3
c , shown in (11.5). Similarly, for all v∈R3

G(v, I) = G(v) (11.18)

is a Galilei boost, shown in (11.6).

The composition of two Galilei transformations is given by parameters

composition according to the equation

G(u, U)G(v, V ) = G(u + Uv, UV ) (11.19)

where u,v∈R
3, and U, V ∈SO(n).

In full analogy, the composition of two Lorentz transformations is given

by parameters composition according to the equation, (4.43), p. 117,

L(u, U)L(v, V ) = L(u⊕Uv, gyr[u, Uv]UV ) (11.20)

where u,v∈R3
c , and U, V ∈SO(3) [Ungar (1988a), Eq. (55)].

The Galilei transformation composition law (11.19) is obvious, known

in group theory as a product called a semidirect product (see, for instance,
[Dummit and Foote (2004)]). In contrast, the Lorentz transformation com-

position law (11.20) is a more general product, called a gyrosemidirect prod-

uct, (4.38), p. 115. Its usefulness stems from the analogies that it shares

with its Galilean counterpart (11.19). The standard semidirect product of

group theory is a special case of the gyrosemidirect product of gyrogroup

theory corresponding to the special case when the associated gyrogroup is

a group. Interestingly, Isaacs asserts in his book [Isaacs (1994), p. 83] that

the semidirect product is “relevant only to group theory”. Here we see,

however, that its generalization is relevant to gyrogroup theory as well and,

in particular, it is important in understanding the Lorentz group of special

relativity and the analogies it shares with the Galilean group.

Owing to the analogies that the Galilei and the Lorentz transforma-

tion composition law share in (11.19) – (11.20), one can extend intuitive

understanding of the Galilei transformation to intuitive understanding of

the Lorentz transformation. The discovery of the Lorentz transformation

composition law (11.20) in 1988 in [Ungar (1988a)] fills a gap at a funda-

mental level in the development of the basics of special relativity. There
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are in the literature various attempts to uncover the Lorentz transforma-

tion composition law, obtaining results that share no obvious analogies

with the Galilei transformation composition law; see, for instance, [Halpern

(1968), Chap. 1. Appendix 3] and [Fedorov (1962); Santander (1982); van

Wyk (1984); Ungar (1988a); Mocanu (1993); Ferraro and Thibeault (1999);

Gough (2000); Lucinda (2001); Vigoureux (2001); Coll and Mart́ınez (2002);

Kennedy (2002)].

The Lorentz transformations (11.15) form a subgroup of the so called

full Lorentz group. This subgroup is known as the homogeneous, proper,

orthochronous Lorentz group SO(3, 1). It is:

(1) homogeneous, since each of its elements is a Lorentz transformation

that takes the origin of spacetime coordinates into an origin of

spacetime coordinates; it is

(2) proper, since each of its elements is a linear transformation with

determinant 1; and it is

(3) orthochronous, since each of its elements is a Lorentz transforma-

tion that preserves the sign of time, that is, it takes positive (neg-

ative) time into positive (negative) time.

Identity (11.20) is thus the group operation of the homogeneous, proper,

orthochronous Lorentz group SO(3, 1).

The velocity-orientation representation L(v, V ) of the homogeneous,

proper, orthochronous Lorentz transformation group in terms of its two

parameters, (i) the relative velocity parameter v∈R3
c and (ii) the relative

orientation parameter V ∈SO(3) is not new. It was already used by Silber-

stein in his 1914 book [Silberstein (1914), p. 168] along with the Lorentz

transformation composition law

L(u, U)L(v, V ) = L(w,W ) (11.21)

However, unlike (11.20), Silberstein did not express explicitly the com-

posite pair (w,W ) in terms of its generating pairs (u, U) and (v, V ). Hence,

the Lorentz transformation composition law (11.21) that Silberstein used

in the early days of special relativity is almost invariably absent in mod-

ern texts. Most modern explorers of relativity physics abandon the 1914

Lorentz transformation composition law (11.21), realizing that its study is

severely restricted by its complexity, as one can see from the attempt in [Ri-

vas, Valle and Aguirregabiria (1986)]. The complexity, however, effortlessly

fades away in (11.20) by the use of gyrogroup theoretic techniques.
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The classical way for dealing with the composition of successive Lorentz

transformations, which is quiet different from that of Silberstein, is de-

scribed by Møller along with the associated Thomas precession in a section
[Møller (1952), Sec. 22, Chap. II] entitled: “Successive Lorentz transfor-

mations. The Thomas precession.” It is also well described by Sard [Sard

(1970), Chap. 5] and by Halpern [Halpern (1968), Chap. 1]. It involves

Lorentz matrices (or tensors) that tell very little about the two underly-

ing physically significant observables involved, that is, the relative velocities

and the relative orientations between inertial frames, and their composition

laws.

Recently, the need to improve our understanding of the Lorentz trans-

formation composition led Coll and Fernando to present the composition

in terms of Lorentz transformation generators, employing the so called

Baker–Campbell–Hausdorff formula of the theory of Lie algebras [Coll and

Mart́ınez (2002)].

Available methods for the study the Lorentz transformation composi-

tion law analytically are thus complicated and far beyond the reach of those

who need it for practical use. In contrast, the gyro-formalism enables the

Lorentz transformation composition law, (11.20), to be presented in a sim-

ple way that provides vivid visual analogies with its well familiar Galilean

counterpart, (11.19).

11.2 Galilei and Lorentz Transformation Links

To see another remarkable analogy that the velocity-orientation represen-

tation of the Lorentz transformation shares with its Galilean counterpart,

let

(
t

ut

)

and

(
t′

vt′

)

(11.22)

be two Galilean spacetime events, u,v∈R3, and t, t′∈R, with equal time

components,

t = t′ (11.23)

Then, the unique Galilei transformation without rotation (boost) that links

the two spacetime events in (11.22) – (11.23) has the velocity parameter
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v − u, satisfying

G(v − u)

(
t

ut

)

=

(
t′

vt′

)

(11.24)

as one can readily see from (11.6). We call (11.24) a Galilei link.

In the analogous relativistic link, the Galilean velocity subtraction, −, in

(11.24) becomes the Einstein cosubtraction, �, in (3.195), p. 92, and (2.57),

p. 29, as we will see in (11.27) below. In full analogy with (11.22) – (11.24),

let
(
t

ut

)

and

(
t′

vt′

)

(11.25)

be two relativistic spacetime events, u,v∈R3
c , and t, t′ ∈R>0, with equal

spacetime norms,

t′
√

1− ‖v‖
2

c2
= t

√

1− ‖u‖
2

c2
(11.26)

Then, the unique Lorentz transformation without rotation (boost) that

links the two spacetime events in (11.25) – (11.26) has the velocity param-

eter v � u, satisfying, [Ungar (2001b), pp. 343 – 348],

L(v � u)

(
t

ut

)

=

(
t′

vt′

)

(11.27)

We call (11.27) a Lorentz link. The analogies that the Lorentz link

(11.27) shares with the Galilean link (11.24) are obvious. Remarkably,

the analogies that the Lorentz and the Galilei links share are uncovered

in terms of Einstein coaddition rather than Einstein addition. This ob-

servation demonstrates that in order to capture analogies that Einsteinian

velocities share with Newtonian velocities the two mutually dual Einstein

additions, ⊕ and �, must be invoked.

Furthermore, the most general Galilei transformation that links the si-

multaneous spacetime events in (11.22) – (11.23) is G(v−Ru, R), satisfying

G(v −Ru, R)

(
t

ut

)

=

(
t′

vt′

)

(11.28)

for all u,v∈R3, and t, t′∈R, where R∈SO(3) is a free rotation parameter.

Identity (11.28) reduces to (11.24) when the rotation R is trivial, that is,

when R reduces to the identity map I .
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In full analogy, the most general homogeneous, proper, orthochronous

Lorentz transformation that links the equinorm spacetime events in (11.25)

– (11.26) is L(v �Ru, R) satisfying [Ungar (2001b)],

L(v �Ru, R)

(
t

ut

)

=

(
t′

vt′

)

(11.29)

for all u,v∈R3
c , and t, t′∈R>0, where R∈SO(3) is a free rotation parameter.

Historically, the problem of determining Lorentz links between given

spacetime events was only partially solved by several explorers [van Wyk

(1986)]. Recently the problem was also solved by Urbantke [Urbantke

(2003)] by studying Lorentz boosts from a geometrical viewpoint, express-

ing boosts in terms of line reflections.

The use of the gyro-algebra of Lorentz transformation as a tool in the

study of the shape of moving objects is presented in [Ungar (2001b), Ch. 11]

where, in particular, the well-known Doppler effect is recovered from the

shape of moving sinusoidal waves.

11.3 (t1:t2)-Gyromidpoints as CMM Velocities

Our study of the relativistic CMM velocity began in Sec. 10.5 with the

study of the Einstein gyromidpoint, Fig. 10.1, p. 410, and gyrocentroid,

Figs. 10.3 and 10.5. The Einstein gyromidpoint and gyrocentroid enable us

to uncover the gyrogeometric interpretation of relativistic CMM velocities

of systems of moving particles with equal relativistic rest masses. In order

to extend our study to the relativistic CMM velocities of systems of moving

particles with relativistic rest masses that need not be equal we explore the

generalized gyromidpoint, already studied in Secs. 4.10 and 4.11 of Chap. 4,

in the context of the relativistic CMM velocity.

In the special case when t = γv, (11.11) gives the elegant identity

L(u)

(
γv
γvv

)

=

(
γu⊕v

γu⊕v(u⊕v)

)

(11.30)

that expresses the application of the Lorentz boost parameterized by u

to a unimodular spacetime event, (4.56), (4.66), parameterized by v as a

left gyrotranslation u⊕v of v by u, for any u,v ∈ R3
c . The unimodular

spacetime events (γv, γvv)t are the four-velocities of Minkowskian relativ-

ity, Lorentz transformed in (11.30) by an Einstein velocity addition. Ein-

stein velocity addition is, thus, a century-old idea whose time has returned
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[Ungar (2006a)]. Following the discovery of the gyrovector space structure

to which Einstein velocity addition gives rise, and unleashing the power

of its hyperbolic geometry [Ungar (2005a)], new analogies with classical

results emerge.

The Lorentz boost L(u) is linear, (4.65), p. 122, as we see from (11.2).

To exploit the linearity of the Lorentz boost let us consider the linear com-

bination of two unimodular spacetime events

t1

(
γa1

γa1
a1

)

+ t2

(
γa2

γa2
a2

)

=

(
t1γa1

+ t2γa2

t1γa1
a1 + t2γa2

a2

)

= t12

(
γa12

γa12
a12

)
(11.31)

t1, t2 ≥ 0, a1, a2∈R3
c , where t12 ≥ 0 and a12∈R3

c are to be determined in

(11.32) and (11.33) below.

Comparing ratios between lower and upper entries in (11.31) we have

a12 = a12(a1, a2; t1, t2) =
t1γa1

a1 + t2γa2
a2

t1γa1
+ t2γa2

(11.32)

so that by the convexity of the ball R3
c in R3 we have a12∈R3

c as desired.

The point a12 = a12(a1, a2; t1, t2) is called the (t1:t2)-gyromidpoint of

a1 and a2 in R3
c . This term will be justified by Identity (11.44) below.

Comparing upper entries in (11.31) we have

t12 =
t1γa1

+ t2γa2

γa12

(11.33)

so that t12 ≥ 0, as desired.

The elegant correspondence (11.30) between the Lorentz boost L(u) and

Einstein addition ⊕ is useful for the study of Einstein addition since the

Lorentz boost is linear. The linearity of the Lorentz boost and its corre-

spondence with Einstein addition enables us to uncover important results

about gyrocovariance of gyrogeometric objects with respect left gyrotrans-

lations, culminated in the creation of gyrobarycentric coordinates.

Applying the Lorentz boost L(w), w∈R3
c , to (11.31) in two different

ways, important results follow from (11.30) and the linearity of the Lorentz

boost.
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Thus, on the one hand

L(w)

{

t12

(
γa12

γa12
a12

)}

= L(w)

{

t1

(
γa1

γa1
a1

)

+ t2

(
γa2

γa2
a2

)}

= t1L(w)

(
γa1

γa1
a1

)

+ t2L(w)

(
γa2

γa2
a2

)

= t1

(
γw⊕a1

γw⊕a1
(w⊕a1)

)

+ t2

(
γw⊕a2

γw⊕a2
(w⊕a2)

)

=

(
t1γw⊕a1

+ t2γw⊕a2

t1γw⊕a1
(w⊕a1) + t2γw⊕a2

(w⊕a2)

)

(11.34)

and on the other hand

L(w)

{

t12

(
γa12

γa12
a12

)}

= t12L(w)

(
γa12

γa12
a12

)

= t12

(
γw⊕a12

γw⊕a12
w⊕a12

)

=

(
t12γw⊕a12

t12γw⊕a12
w⊕a12

)

(11.35)

Comparing ratios between lower and upper entries of (11.34) and (11.35)

we have

w⊕a12 =
t1γw⊕a1

(w⊕a1) + t2γw⊕a2
(w⊕a2)

t1γw⊕a1
+ t2γw⊕a2

(11.36)

so that by (11.32) and (11.36),

w⊕a12(a1, a2; t1, t2) = a12(w⊕a1,w⊕a2; t1, t2) (11.37)

Identity (11.37) demonstrates that the structure of the (t1:t2)-

gyromidpoint a12 of a1 and a2 as a function of points a1 and a2 is not
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distorted by left gyrotranslations. Similarly, it is not distorted by rotations

in the sense that if R∈SO(3) represents a rotation of R3
c then

Ra12(a1, a2; t1, t2) = a12(Ra1, Ra1; t1, t2) (11.38)

It follows from Identities (11.37) and (11.38) that the (t1:t2)-

gyromidpoint a12 ∈ R3
c possesses, as a function of the points a1, a2 ∈ R3

c ,

gyrogeometric significance. It is gyrocovariant, being covariant with re-

spect to the gyrovector space motions of the Einstein gyrovector space

(R3
c ,⊕,⊗). The associated relativistic mechanics significance of the (t1:t2)-

gyromidpoint a12 as the relativistic CMM velocity will be uncovered in

(11.42) below.

Comparing the top entries of (11.34) and (11.35) we have

t12 =
t1γw⊕a1

+ t2γw⊕a2

γw⊕a12

(11.39)

But, we also have from (11.33)

t12 =
t1γa1

+ t2γa2

γa12

(11.40)

implying that the nonnegative scalar field t12 = t12(a1, a2; t1, t2) in (11.39) –

(11.40) is invariant under left gyrotranslations of a1 and a2. Clearly, it is

also invariant under rotations R of a1 and a2 so that, being invariant under

the group of motions of the Einstein gyrovector space (R3
c ,⊕,⊗), it pos-

sesses gyrogeometric significance. As such, we call t12 = t12(a1, a2; t1, t2) a

gyrogeometric scalar field.

Substituting w = 	a12 in (11.39) we have

t12 = t1γ	a12⊕a1
+ t2γ	a12⊕a2

(11.41)

revealing the physical interpretation of the gyrogeometric scalar field t12.

It represents the joint relativistic mass of two particles with rest masses

t1 and t2, relativistically corrected in the (t1:t2)-gyromidpoint frame Σa12 .

The CMM inertial frame Σa12 is represented in Fig. 11.1 by the CMM

velocity point a12.

Substituting w = 	a12 in (11.36) we obtain the identity

t1γ	a12⊕a1
(	a12⊕a1) + t2γ	a12⊕a2

(	a12⊕a2) = 0 (11.42)

revealing that Σa12 is the vanishing momentum inertial frame. As in clas-

sical mechanics, the frame Σa12 is called the relativistic CMM frame since
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PSfrag replacements

a1, t1

a2, t2

a12, t12

t1γ	a12⊕a1
‖	a12⊕a1‖ = t2γ	a12⊕a2

‖	a12⊕a2‖

t1 + t2 = 1

0 ≤ t1, t2 ≤ 1

a12 =
t1γa1

a1 + t2γa2
a2

t1γa1
+ t2γa2

t1
t2

=
γ	a12⊕a2

‖	a12⊕a2‖
γ	a12⊕a1

‖	a12⊕a1‖

Fig. 11.1 The Relativistic Law of the Lever. The Einstein (t1 :t2)-gyromidpoint
a12 = a12(a1, a2; t1, t2) in the Einstein gyrovector space (R3

c ,⊕,⊗) is the point of the
gyrosegment a1a2 with gyrobarycentric coordinates (t1 :t2) relative to the set {a1, a2}
in R3

c . When t1 (t2) varies from 0 to 1, the (t1 :t2)-gyromidpoint a12 slides along the gy-
rosegment a1a2 from a2 to a1 (from a1 to a2). The gyromidpoint a12 is the barycenter
in velocity space of the masses t1 and t2 with respective velocities a1 and a2.

the total momentum in that frame, (11.42), vanishes. Accordingly, the

point a12 in Fig. 11.1 represents the CMM velocity of two particles with

rest masses t1 and t2, and velocities a1 and a2 relative to a rest frame Σ0.

We may note that (11.42) can be written, equivalently, as

t1γ	a12⊕a1
(	a12⊕a1) = 	t2γ	a12⊕a2

(	a12⊕a2) (11.43)

Taking norms of both sides of (11.43) we have

t1γ	a12⊕a1
‖	a12⊕a1‖ = t2γ	a12⊕a2

‖	a12⊕a2‖ (11.44)

so that

t1
t2

=
γ	a12⊕a2

‖	a12⊕a2‖
γ	a12⊕a1

‖	a12⊕a1‖
(11.45)

The classical analog of (11.45) is well-known [Coxeter (1961), Fig. 13.7a,
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p. 217]. Owing to its property (11.45), the relativistic CMM velocity a12,

given by (11.32), is called the (t1:t2)-gyromidpoint of a1 and a2 in R3
c .

Property (11.44) of the (t1:t2)-gyromidpoint means that the ratio between

the “proper speed” γ	a12⊕a2
‖	a12⊕a2‖ of frame Σa2 relative to the CMM

frame Σa12 and the “proper speed” γ	a12⊕a1
‖	a12⊕a1‖ of frame Σa1 rela-

tive to the CMM frame Σa12 is t1:t2, as shown in Fig. 11.1. Proper speed

is the magnitude, or norm, of a proper velocity. Proper velocities in Ein-

steinian special relativity and their proper Lorentz transformation law will

be studied in Sec. 11.14.

Rewriting (11.40) as

t12γa12
= t1γa1

+ t2γa2
(11.46)

we obtain the two identities (11.45) – (11.46) that form the relativistic law

of the lever, illustrated in Fig. 11.1. It is fully analogous to the classical

law of the lever, to which it reduces in the Newtonian limit c→∞.

The origin 0 of an Einstein gyrovector space R3
c = (R3

c ,⊕,⊗) represents

the vanishing velocity of a rest frame Σ0. Two moving objects with rest

masses t1, t2 > 0 and respective velocities a1, a2∈R3
c relative to Σ0, as well

as their CMM velocity a12, are shown in Fig. 11.1 for R2
c . The relativisti-

cally corrected masses in Σ0 are t1γa1
and t2γa2

so that the total relativistic

mass relative to Σ0 of the two objects in Fig. 11.1 is t1γa1
+ t2γa2

. This,

by (11.46), is equal to t12γa12
, that is, the relativistically corrected mass of

an object with rest mass t12 moving with the CMM velocity a12 relative to

Σ0.

The (t1:t2)-gyromidpoint is homogeneous in the sense that it depends on

the ratio t1:t2 of the masses t1 and t2, as we see from (11.32). Since it is the

ratio t1:t2 that is of interest, we call (t1:t2) the homogeneous gyrobarycen-

tric coordinates of a12 relative to the set A = {a1, a2}, Fig. 11.1. Under

the normalization condition t1 + t2 = 1, the homogeneous gyrobarycentric

coordinates (t1:t2) of a12 relative to the set A are called gyrobarycentric

coordinates. Their classical counterpart, known as barycentric coordinates
[Yiu (2000)] (also known as trilinear coordinates, [Weisstein (2003)]), were

first conceived by Möbius in 1827 [Mumford, Series and Wright (2002)].

When t = t1 = t2 the (t1:t2)-gyromidpoint of a1 and a2 reduces to the

gyromidpoint ma1a2 , (10.33), p. 412, as we see from (11.32) and (10.27),

ma1a2 = m(a1, a2; t:t) =
γa1

a1 + γa2
a2

γa1
+ γa2

(11.47)
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11.4 The Hyperbolic Theorems of Ceva and Menelaus

As we see from Fig. 11.1, if a12 is a point on gyrosegment a1a2, different

from a1 and a2 in an Einstein gyrovector space (V,⊕,⊗), there are positive

“relativistic masses” m1 and m2 (the t1 and t2 in Fig. 11.1) such that,

(11.32),

(m1γa1
+m2γa2

)a12 = m1γa1
a1 +m2γa2

a2 (11.48)

and, (11.45),

m1

m2
=
γ	a2⊕a12

‖	a2⊕a12‖
γ	a1⊕a12

‖	a1⊕a12‖
(11.49)

The masses can be normalized by the condition m1+m2 = 1. If normalized,

the masses m1 and m2 are determined uniquely by the points a1, a2 and

a12.

Interestingly,

γa12
=

m1γa1
+m2γa2

m1γ	a1⊕a12
+m2γ	a2⊕a12

(11.50)

as we see from (11.46) and (11.41) with t replaced by m. Identity (11.50)

can be written as

γa12
=
m1γa1

+m2γa2

m12
(11.51)

where the mass m12 in (11.51) is defined by the equation

m12 = m1γ	a1⊕a12
+m2γ	a2⊕a12

(11.52)

Clearly, the mass m12 is the sum of the two relativistic masses m1 and m2

relativistically corrected relative to their CMM velocity frame Σa12 .

Following (11.51) – (11.52), Identities (11.48) and (11.50) can be written,

respectively, in the symmetric form

m12γa12
a12 = m1γa1

a1 +m2γa2
a2 (11.53)

and

m12γa12
= m1γa1

+m2γa2
(11.54)

thus revealing their relativistic significance as relativistically corrected

masses and their relativistic momenta.
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The Relativistic Mass Identities (11.50) – (11.54) possess hyperbolic ge-

ometric significance as well. Identities (11.48) – (11.49) will prove useful in

the proof of the Hyperbolic Theorem of Ceva 11.1, and the Relativistic Mass

Identities (11.50) – (11.53) will prove useful in the proof of the Hyperbolic

Theorem of Menelaus 11.2.

If “masses” are allowed to be negative then Identity (11.49) must be

modified (i) either by imposing an absolute value sign on m1/m2,
∣
∣
∣
∣

m1

m2

∣
∣
∣
∣

=
γ	a2⊕a12

‖	a2⊕a12‖
γ	a1⊕a12

‖	a1⊕a12‖
(11.55)

(ii) or by incorporating the ambiguous sign ±,

m1

m2
= ±γ	a2⊕a12

‖	a2⊕a12‖
γ	a1⊕a12

‖	a1⊕a12‖
(11.56)

The point a12 in (11.55) – (11.56) is different from a1 and a2. The am-

biguous sign in (11.56) is “+” if a12 lies between a1 and a2, and is “–”

otherwise.

Theorem 11.1 (The Hyperbolic Theorem of Ceva, in Einstein

Gyrovector Spaces). Let a1, a2 and a3 be three non-gyrocollinear points

in an Einstein gyrovector space (V,⊕,⊗). Furthermore, let a123 be a point

in their gyroplane (that is, the intersection of the plane of a1, a2 and a3

in V and the ball Vs), which is off the gyrolines a1a2, a2a3 and a3a1. If

a1a123 meets a2a3 at a23, etc., as in Figs. 11.2 – 11.3, then

γ	a1⊕a12
‖	a1⊕a12‖

γ	a2⊕a12
‖	a2⊕a12‖

γ	a2⊕a23
‖	a2⊕a23‖

γ	a3⊕a23
‖	a3⊕a23‖

γ	a3⊕a13
‖	a3⊕a13‖

γ	a1⊕a13
‖	a1⊕a13‖

= 1

(11.57)

Proof. Let a1, a2, a3∈Vs be non-gyrocollinear, and let m1, m2 and m3

be normalized masses, m1 +m2 +m3 = 1, such that

a123 =
m1γa1

a1 +m2γa2
a2 +m3γa3

a3

m1γa1
+m2γa2

+m3γa3

(11.58)

for a given point a123 in the gyroplane of a1, a2, a3, which lies inside

gyrotriangle a1a2a3 (the reader may prove that m1, m2 and m3 exist and

are positive and unique).

Let us define a23 by the equation

a23 =
m2γa2

a2 +m3γa3
a3

m2γa2
+m3γa3

(11.59)
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PSfrag replacements

a1,m1γa1

a2,m2γa2

a3,m3γa3

a12

a13

a23

a123

m1 = 1/6
m2 = 1/3
m3 = 1/2

Fig. 11.2 The Hyperbolic Theorem of
Ceva. When the normalized relativistic
masses m1, m2,m3 at relativistic velocity
points a1, a2,a3 in an Einstein gyrovector
plane are positive, their barycenter, which
in velocity space is their CMM velocity, is
represented by the point a123 that lies in-
side gyrotriangle a1a2a3.

PSfrag replacements

a1,m1γa1

a2,m2γa2

a3,m3γa3

a12

a13

a23

a123

m1 = 2/3
m2 = 1/2
m3 = −1/6

Fig. 11.3 The Hyperbolic Theorem of
Ceva. When the normalized “relativistic
masses” m1, m2,m3 at relativistic velocity
points a1,a2, a3 in an Einstein gyrovector
plane are not all positive, their barycen-
ter, which in velocity space is their CMM
velocity, is represented by the point a123

that lies outside of gyrotriangle a1a2a3.

Then, (i) a23 lies on a2a3 and (ii) a123 lies on a1a23 by (11.58) – (11.59).

Hence, (11.59) defines a23 correctly, Figs. 11.2 – 11.3, and by (11.59) we

have for a23

γ	a2⊕a23
‖	a2⊕a23‖

γ	a3⊕a23
‖	a3⊕a23‖

=
m3

m2
(11.60)

as we see from (11.48) – (11.49).

Similarly, for a12 we have

γ	a1⊕a12
‖	a1⊕a12‖

γ	a2⊕a12
‖	a2⊕a12‖

=
m2

m1
(11.61)

and for a13 we have

γ	a3⊕a13
‖	a3⊕a13‖

γ	a1⊕a13
‖	a1⊕a13‖

=
m1

m3
(11.62)

Finally, by multiplying (11.60), (11.61), and (11.62) we obtain the result

(11.57) (in full analogy with the classical result [Hausner (1998), pp. 91 –

92]). �
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PSfrag replacements

a1,m1γa1

a2,m2γa2

a3,m3γa3

a12

a13

a23

m1 = 7.0

m2 = −2.5

m3 = −2.5

Fig. 11.4 The Hyperbolic Theorem of Menelaus by the Einstein relativistic mass.

With appropriate care one may remove the condition that point a123

must lie inside gyrotriangle a1a2a3, allowing “negative masses”, as shown in

Fig. 11.3, where point a13 lies on the gyroplane of points a1, a2, a3, outside

of gyrotriangle a1a2a3. The hyperbolic theorem of Ceva, 11.1, expressed

in terms of rapidities, (3.186), in the Beltrami-Klein model of hyperbolic

geometry is found, for instance, in [Fisher and Ruoff (1998)].

Theorem 11.2 (The Hyperbolic Theorem of Menelaus, in Ein-

stein Gyrovector Spaces). Let a1, a2 and a3 be three non-gyrocollinear

points in an Einstein gyrovector space (V,⊕,⊗). If a gyroline meets the

sides of gyrotriangle a1a2a3 at points a12, a13, a23, as in Fig. 11.4, then

γ	a1⊕a12
‖	a1⊕a12‖

γ	a2⊕a12
‖	a2⊕a12‖

γ	a2⊕a23
‖	a2⊕a23‖

γ	a3⊕a23
‖	a3⊕a23‖

γ	a3⊕a13
‖	a3⊕a13‖

γ	a1⊕a13
‖	a1⊕a13‖

= 1

(11.63)

Proof. Following (11.53) and Fig. 11.4 we write

m12γa12
a12 = m1γa1

a1 +m2γa2
a2 (11.64)

m23γa23
a23 = m2γa2

a2 +m3γa3
a3 (11.65)
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for some real numbers m1, m2, m3, normalized by the conditionsm1+m2 =

m2 +m3 = 1, where

m12γa12
= m1γa1

+m2γa2

m23γa23
= m2γa2

+m3γa3

(11.66)

Eliminating a2 between (11.64) and (11.65) we obtain

m1m12γa12
a12 −m2m23γa23

a23 = m1m2γa1
a1 −m2m3γa3

a3 (11.67)

In accordance with (11.48) and (11.67) we define a13, Figs. 11.2 – 11.3,

by the equation

(m1m2γa1
−m2m3γa3

)a13 = m1m2γa1
a1 −m2m3γa3

a3 (11.68)

so that by (11.68) and (11.67),

(m1m2γa1
−m2m3γa3

)a13 = m1m2γa1
a1 −m2m3γa3

a3

= m1m12γa12
a12 −m2m23γa23

a23

(11.69)

The coefficient of a13 in (11.68) and (11.69) is not zero, otherwise (11.69)

would show that a1a3 and a12a23 are parallel. Hence, a13 is the unique

point lying on both a1a3 and a12a23, as shown in Figs. 11.2 – 11.3.

Following (11.48) and (11.55), (11.64) implies

γ	a1⊕a12
‖	a1⊕a12‖

γ	a2⊕a12
‖	a2⊕a12‖

=

∣
∣
∣
∣

m2

m1

∣
∣
∣
∣

(11.70)

Similarly, (11.65) implies

γ	a2⊕a23
‖	a2⊕a23‖

γ	a3⊕a23
‖	a3⊕a23‖

=

∣
∣
∣
∣

m3

m2

∣
∣
∣
∣

(11.71)

and (11.68) implies

γ	a3⊕a13
‖	a3⊕a13‖

γ	a1⊕a13
‖	a1⊕a13‖

=

∣
∣
∣
∣

m1m2

−m2m3

∣
∣
∣
∣

=

∣
∣
∣
∣
−m1

m3

∣
∣
∣
∣

(11.72)

Finally, by multiplying (11.70), (11.71), and (11.72) we obtain the result

(11.63). �

With appropriate care one can remove the absolute value signs in

(11.70) – (11.72) by employing (11.56) instead of (11.55). The right-hand

side of (11.63) will then become −1 instead of 1, thus restoring the classical

case.
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The theorem of Ceva and of Menelaus in Euclidean geometry are well

known; see, for instance, [Coxeter (1961)]. Einstein’s interest in the (Eu-

clidean) Theorem of Menelaus is described in [Luchins and Luchins (1990)].

Unfortunately, he did not know that his relativistic mass can capture re-

markable analogies between Euclidean and hyperbolic geometry that in-

clude the Hyperbolic Theorem of Menelaus as a special case. A most im-

portant goal of analytic hyperbolic geometry is, indeed, to extend Einstein’s

unfinished symphony.

11.5 Relativistic Two-Particle Systems

Let S be a system of two particles, p1 and p2, with respective rest masses

m1 and m2. The particles move relativistically with velocities a1 and a2,

respectively, relative to a rest frame Σ0, a1, a2 ∈R3
c , Fig. 11.5. The rela-

tivistic momenta of the particles relative to Σ0 are m1γa1
a1 and m2γa2

a2.

The relativistic momentum of the system S relative to Σ0 is the sum of the

momenta of its particles, that is,

m1γa1
a1 +m2γa2

a2 (11.73)

The CMM velocity a12 of S is, by (11.32) and similar to (10.32),

a12 =
m1γa1

a1 +m2γa2
a2

m1γa1
+m2γa2

(11.74)

a12 ∈ R3
c . The CMM frame relativistic mass relative to the CMM frame

Σa12 is, (11.46),

m12γa12
= m1γa1

+m2γa2
(11.75)

and, (11.45),

m1

m2
=
γ	a12⊕a2

‖	a12⊕a2‖
γ	a12⊕a1

‖	a12⊕a1‖
(11.76)

Both (11.74) and (11.75) are covariant. Hence, they satisfy the identities

	w⊕a12 =
m1γ	w⊕a1

(	w⊕a1) +m2γ	w⊕a2
(	w⊕a2)

m1γ	w⊕a1
+m2γ	w⊕a2

(11.77)

and

m12γ	w⊕a12
= m1γ	w⊕a1

+m2γ	w⊕a2
(11.78)
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=

γv2
‖v2‖

γv1
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v1 = 	a12⊕a1

v2 = 	a12⊕a2

v = 	v1⊕v2

a12 =
m1γa1

a1+m2γa2
a2

m1γa1
+m2γa2

m12 = m1γ	a12⊕a1

+m2γ	a12⊕a2

Fig. 11.5 A relativistic two-particle system consisting of two particles with rest masses
m1 and m2 moving with respective velocities a1 and a2 relative to an inertial rest frame
Σ0 is shown in an Einstein gyrovector plane (R2

c ,⊕,⊗). The velocity relative to Σ0 of
the relativistic center of momentum (CMM) frame of the two-particle system is a12, and
the velocities of the particles with masses m1 and m2 relative to the CMM frame Σa12

are, respectively, v1 and v2. The mass m12 of a fictitious particle at rest relative to
the CMM frame Σa12 is equal to the sum of the masses m1 and m2, each of which is
relativistically corrected in the CMM frame Σa12 .

for all w∈R3
c , as we see from (11.36) and (11.39). Identities (11.77) and

(11.78) demonstrate that both a12 and m12 are independent of the choice

of origin for their Einstein gyrovector space (R3
c ,⊕,⊗).

The three masses of the two particles and their system S, relativistically

corrected relative to the rest frame Σ0 are, respectively, m1γa1
, m2γa2

and

m12γa12
as we see from (11.75). The resulting three rest masses, m1, m2

and m12, are shown in Fig. 11.5 along with their respective velocities, a1,

a2 and a12, relative to Σ0.

Particle p1, with rest mass m1 in the frame Σa1 , moves with velocity

a1 relative to Σ0, and velocity v1 = 	a12⊕a1 relative to the CMM frame

Σa12 , as shown in Fig. 11.5. Hence, its mass in the CMM frame is

m1γ	a12⊕a1
(11.79)
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Similarly, particle p2, with rest mass m2 in the frame Σa2 , moves with

velocity a2 relative to Σ0, and velocity v2 = 	a12⊕a2 relative to the CMM

frame Σa12 , as shown in Fig. 11.5. Hence, its mass in the CMM frame is

m2γ	a12⊕a2
(11.80)

To understand the meaning of the rest mass m12 in (11.75) we substitute

w = a12 in (11.78), obtaining

m1γ	a12⊕a1
+m2γ	a12⊕a2

= m12γ	a12⊕a12

= m12γ0

= m12

(11.81)

It follows from (11.79) – (11.81) that m12 is the sum of the masses m1 and

m2, each of which is relativistically corrected in the CMM frame Σa12 . As

such m12 is the rest mass of the system S in the CMM frame.

The three alternative substitutions, w = a1, w = a2, and w = a12, in

(11.77) give, respectively, the following three identities

	a1⊕a12 =
m2γ	a1⊕a2

(	a1⊕a2)

m1 +m2γ	a1⊕a2

(11.82)

	a2⊕a12 =
m1γ	a2⊕a1

(	a2⊕a1)

m1γ	a2⊕a1
+m2

= 	m1γ	a1⊕a2
gyr[a2,	a1](	a1⊕a2)

m1γ	a2⊕a1
+m2

(11.83)

and

0 = m1γ	a12⊕a1
(	a12⊕a1) +m2γ	a12⊕a2

(	a12⊕a2) (11.84)

Identity (11.84) demonstrates that the CMM frame Σa12 is the vanishing

momentum frame.

Let us introduce the notation suggested by Fig. 11.5,

v1 = 	a12⊕a1

v2 = 	a12⊕a2

v = 	v1⊕v2

(11.85)
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It follows from (11.85), the gyroautomorphic inverse property, and the gy-

rotranslation theorem 3.13 that

v = 	v1⊕v2

= 	(	a12⊕a1)⊕(	a12⊕a2)

= (a12	a1)	(a12	a2)

= gyr[a12,	a1](	a1⊕a2)

(11.86)

Hence, by gyroautomorphism inversion, we have

	a1⊕a2 = gyr[a1,	a12]v (11.87)

The velocity points a1, a2 and a12 are gyrocollinear in their gyrovector

space, Fig. 11.5. Hence, by the gyroline gyration transitive law, Theorem

6.30, we have

gyr[a2,	a1]gyr[a1,	a12] = gyr[a2,	a12] (11.88)

It follows from (11.87), by gyrocommutativity, the gyroautomorphic

inverse property, and (11.88), that

	a2⊕a1 = gyr[	a2, a1](a1	a2)

= 	gyr[a2,	a1](	a1⊕a2)

= 	gyr[a2,	a1]gyr[a1,	a12]v

= 	gyr[a2,	a12]v

(11.89)

We thus uncover from (11.87) and (11.89) the two related identities

	a1⊕a2 = gyr[a1,	a12]v

	a2⊕a1 = 	gyr[a2,	a12]v
(11.90)

By the gyrocommutative law and the gyroautomorphic inverse property

we have

	a1⊕a12 = gyr[a1,	a12](a12	a1)

= 	gyr[a1,	a12](	a12⊕a1)
(11.91)

and similarly,

	a2⊕a12 = 	gyr[a2,	a12](	a12⊕a2) (11.92)
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Substituting the notation (11.85) in (11.76) we have

m1

m2
=
γv2
‖v2‖

γv1
‖v1‖

(11.93)

Substituting the notation (11.85) in (11.82) – (11.84), noting (11.85) –

(11.92), we obtain respectively the following three equations

	gyr[a1,	a12]v1 =
m2γvgyr[a1,	a12]v

m1 +m2γv
(11.94)

	gyr[a2,	a12]v2 =
m1γvgyr[a2,	a1]gyr[a1,	a12]v

m1γv +m2

= 	m1γvgyr[a2,	a12]v

m1γv +m2

(11.95)

and

0 = m1γv1
v1 +m2γv2

v2 (11.96)

The equal gyroautomorphisms on both extreme sides of each of Iden-

tities (11.94) and (11.95) can be dropped, obtaining from (11.94) – (11.96)

the following system of three equations

v1 = 	 m2γv
m1 +m2γv

v

v2 =
m1γv

m1γv +m2
v

m1γv1
v1 = 	m2γv2

v2

(11.97)

The third equation in (11.85) and the first two equations in (11.97)

imply the identity

γvv

γv + t
⊕ γvv

γv + t−1
= v (11.98)

for all t ∈ R>0. Interestingly, Identity (11.98) generalizes the last identity

in (6.298), p. 219, which corresponds to the special case when t = 1.

The system of three equations (11.97) describes the internal structure of

a relativistic two-particle system in terms of the relative velocity v between

the two particles and their velocities v1 and v2 relative to their CMM frame

Σv12 , Fig. 11.5. The system (11.97) is gyrocovariant, that is, it is covariant

under rotations τ∈SO(3) and left gyrotranslations of R3
c . Furthermore, it
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is fully analogous to its Newtonian counterpart [Hestenes (1999), pp. 230 –

231], to which it reduces in the Newtonian limit c→∞.

In the Newtonian limit, c → ∞, the system (11.97) reduces to the

system of three equations

v1 = − m2

m1 +m2
v

v2 =
m1

m1 +m2
v

m1v1 = −m2v2

(11.99)

where the third equation follows immediately from the first two equations.

The first two equations in (11.99) can be found, for instance, in [Hestenes

(1999), Eqs. 611a – 611b, p. 231].

Substituting the first two equations of (11.99) in the third we obtain

the trivial identity

m1m2

m1 +m2
=

m1m2

m1 +m2
(11.100)

The relativistic counterpart (11.97) of (11.99), however, gives rise to

an unexpected, nontrivial identity. Substituting the first two equations of

(11.97) in the third we obtain the relativistic counterpart of (11.100),

m1m2γvγv1

m1 +m2γv
=
m1m2γvγv2

m1γv +m2
(11.101)

which reduces to (11.100) in the Newtonian limit c→∞, when the various

gamma factors reduce to 1. Identity (11.101) uncovers the elegant identity

γv1

m1 +m2γv
=

γv2

m1γv +m2
(11.102)

which, unlike (11.100), is not trivial. Identity (11.102) is valid for any

m1,m2 ∈ R>0, with v1,v2,v linked to each other by the third equation in

(11.85) and by (11.96).

Identity (11.102) implies, for instance, that if m1 = m2 then γv1
= γv2

.

Indeed, it is clear from Fig. 11.5 that if m1 = m2 then v1 = −v2 so that

γv1
= γv2

is expected. Contrasting the interesting, unexpected identity

in (11.102) and (11.101) with its trivial classical mechanics counterpart

(11.100), the rich structure of gyrogeometry and its application in relativis-

tic mechanics is demonstrated once again.
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11.6 The Covariant Relativistic CMM Frame Velocity

Definition 11.3 (The Relativistic Center of Momentum (CMM)

Velocity and Gyrobarycentric Coordinates). Let

S = S(mk,vk,Σ0, N) (11.103)

be an isolated system of N noninteracting material particles the k-th particle

of which has invariant mass mk > 0 and velocity vk∈R3
c relative to a rest

frame Σ0, k = 1, . . . , N . Furthermore, let m0 and v0 be the mass and

velocity of a fictitious frame, called the CMM frame, that are specified in

items (1) – (2) below.

(1) The relativistic CMM frame velocity of the system S is, (4.87),

p. 127,

v0 =

∑N
k=1 mkγvk

vk
∑N

k=1mkγvk

(11.104)

relative to the rest frame Σ0, and

(2) the relativistic CMM frame invariant mass m0 is, (4.96), p. 129,

m0 =

∑N
k=1 mkγvk

γv0

(11.105)

where, here, “invariant mass” is a synonym for “rest mass”. Fur-

thermore,

(3) the homogeneous gyrobarycentric coordinates of the relativistic

CMM frame velocity v0 with respect to the set

A = {v1,v2, . . . ,vN
}

are

(m1 :m2 : . . . :m
N

)

These homogeneous gyrobarycentric coordinates become gyro-

barycentric coordinates when they are normalized by the condition

N∑

k=1

mk = 1 (11.106)
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(4) The relativistic CMM frame velocity v0 in an Einstein gyrovector

space (R3
c ,⊕,⊗) is called the

(m1 :m2 : . . . :m
N

)-gyromidpoint

of the set A = {v1,v2, . . . ,vN
} in the Einstein gyrovector space

(R3
c ,⊕,⊗).

The relativistic CMM frame velocity v0, (11.104), is well-known. It can

be found, for instance, in [Rindler (1982), Eq. 30.2, p. 88], where Rindler

remarks that the relativistic CMM frame velocity definition can be justified

in terms of a space diagram such as [Rindler (1982), Fig. 13, p. 61]. We

will now justify Def. 11.3 by gyrocovariance considerations.

Let (γvk
, γvk

vk)t, vk ∈R
3
c , k = 1, . . . , N , be N unimodular spacetime

events, that is N four-velocities, and let

N∑

k=1

mk

(
γvk

γvk
vk

)

=: m0

(
γv0

γv0
v0

)

(11.107)

mk ≥ 0, be a generic linear combination of these spacetime events, where

m0 ≥ 0 and v0∈R3
c are uniquely determined in (11.108) and (11.116) below.

Comparing ratios between lower and upper entries in (11.107) we have

v0 = v0(v1, . . . ,vN
;m1, . . . ,mN

) =

∑N
k=1 mkγvk

vk
∑N

k=1 mkγvk

(11.108)

so that v0 lies in the convex hull of the set of the points vk of R3
c , k =

1, . . . , N , in R3.

The convex hull of a set of points in an Einstein gyrovector space (where

gyrosegments are Euclidean segments) is the smallest convex set in R3

that includes the points. In a two-dimensional Einstein gyrovector space

(R2
c ,⊕,⊗) it is a convex gyropolygon. Hence, v0∈R3

c as desired.

Applying the Lorentz boost L(w), w∈R3
c , to (11.107) in two different

ways, it follows from (11.30), p. 454, and from the linearity of the Lorentz
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boost that, on the one hand, we have

L(w)

{

m0

(
γv0

γv0
v0

)}

=

N∑

k=1

mkL(w)

(
γvk

γvk
vk

)

=

N∑

k=1

mk

(
γw⊕vk

γw⊕vk
(w⊕vk)

)

=





∑N
k=1 mkγw⊕vk

∑N
k=1mkγw⊕vk

(w⊕vk)





(11.109)

and, on the other hand, we have

L(w)

{

m0

(
γv0

γv0
v0

)}

= m0L(w)

(
γv0

γv0
v0

)

=

(
m0γw⊕v0

m0γw⊕v0
(w⊕v0)

)
(11.110)

Hence, by (11.109) and (11.110),

(
m0γw⊕v0

m0γw⊕v0
(w⊕v0)

)

=





∑N
k=1mkγw⊕vk

∑N
k=1 mkγw⊕vk

(w⊕vk)



 (11.111)

Comparing ratios between lower and upper entries of the two sides of

(11.111) we have

w⊕v0 =

∑N
k=1 mkγw⊕vk

(w⊕vk)
∑N

k=1 mkγw⊕vk

(11.112)

thus obtaining the relativistic CMM frame velocity, w⊕v0, of the system

S in Def. 11.3 relative to an inertial frame Σ	w. The latter, in turn, is the

inertial frame relative to which the rest frame Σ0 in Def. 11.3 moves with

velocity w∈R3
c .

It follows from (11.108) and (11.112) that

w⊕v0(v1, . . . ,vN
;m1, . . . ,mN

)

=v0(w⊕v1, . . . ,w⊕v
N

;m1, . . . ,mN
)

(11.113)
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so that the structure of v0 as a function of points vk∈R3
c , k = 1, . . . , N , is

preserved by a left gyrotranslation of the points vk by any w∈R3
c .

Similarly, the structure is preserved by rotations in the sense that if

τ∈SO(3) represents a rotation of R3
c then

τv0(v1, . . . ,vN
;m1, . . . ,mN

)

= v0(τv1, . . . , τvN
;m1, . . . ,mN

)
(11.114)

Hence the point v0 ∈ R3
c is gyrocovariant, being covariant under the hy-

perbolic rigid motions of its generating points vk in the Einstein gyrovec-

tor space (R3
c ,⊕,⊗). It possesses, as a function of its generating points

v1, . . . ,vn ∈ R3
c , gyrogeometric significance. Following Def. 3.25, p. 67,

and in accordance with the vision of Felix Klein in his Erlangen Program
[Mumford, Series and Wright (2002)], v0 is a gyrogeometric object.

Comparing the top entries of the two sides of (11.111) we have

m0 =

∑N
k=1 mkγw⊕vk

γw⊕v0

(11.115)

But, we also have from (11.107)

m0 =

∑N
k=1 mkγvk

γv0

(11.116)

Hence,

m0 =

∑N
k=1 mkγvk

γv0

=

∑N
k=1 mkγw⊕vk

γw⊕v0

(11.117)

for all w ∈ R3
c , implying that the positive scalar m0,

m0 = m0(v1, . . . ,vN
;m1, . . . ,mN

)

= m0(w⊕v1, . . . ,w⊕v
N

;m1, . . . ,mN
)

(11.118)

in (11.117) is invariant under any left gyrotranslation of the points vk∈R3
c ,

k = 1, . . . , N . Clearly, it is also invariant under any rotation of its gener-

ating points vk. Being invariant under the rigid motions of the Einstein

gyrovector space (R3
c ,⊕,⊗), the gyrovector space scalar m0 possesses gyro-

geometric significance. It forms a scalar field for anyN -tuples (m1, . . . ,mN
)

of invariant masses.

To determine the CMM frame velocity of the system S, that is, the

velocity of a frame where the total momentum of the system S vanishes,
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we substitute w = 	v0 in (11.112) obtaining

N∑

k=1

mkγ	v0⊕vk
(	v0⊕vk) = 0 (11.119)

The resulting identity (11.119) demonstrates that the relativistic momen-

tum vanishes in the CMM frame Σv0 thus justifying the definition of the

CMM frame velocity v0 in (11.104). The point v0∈R3
c , therefore, represents

the covariant CMM frame velocity of the system S.

Substituting w = 	v0 in (11.115) we have

m0 =

N∑

k=1

mkγ	v0⊕vk
(11.120)

revealing the relativistic interpretation of the gyrogeometric scalar m0 as

the CMM frame rest mass of the system S. It is the sum of the relativis-

tically corrected masses mkγ	v0⊕vk
, k = 1, . . . , N , relative to the CMM

frame Σv0 . This justifies the definition in (11.105) of the CMM frame

invariant (or, rest) mass m0.

The main result of this section is formalized in the following theorem.

Theorem 11.4 (The CMM Frame Mass –Velocity Theorem). Let

S = S(mk,vk,Σ0, N), (11.103), be an isolated system of N noninteracting

material particles the k-th particle of which has invariant mass mk > 0 and

velocity vk∈R3
c relative to a rest frame Σ0, k = 1, . . . , N . Furthermore, let

the relativistic CMM frame velocity and invariant mass, (11.104) – (11.105),

be v0∈R3
c and m0 > 0, respectively. Then, particularly,

m0γv0
=

N∑

k=1

mkγvk
(11.121)

m0γv0
v0 =

N∑

k=1

mkγvk
vk (11.122)

and, generally,

m0γw⊕Wv0
=

N∑

k=1

mkγw⊕Wvk
(11.123)

m0γw⊕Wv0
(w⊕Wv0) =

N∑

k=1

mkγw⊕Wvk
(w⊕Wvk) (11.124)
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for all w∈R3
c and W∈SO(3).

Proof. Equation (11.121) follows from (11.105). Eq. (11.122) follows

from (11.121) by multiplying each side of (11.121) by v0 and employing

(11.104). The two equations (11.121) and (11.122) can be written as

m0

(
γv0

γv0
v0

)

=

N∑

k=1

mk

(
γvk

γvk
vk

)

(11.125)

Applying the Lorentz transformation L(w,W ), (11.14), to both sides of

(11.125), noting that the Lorentz transformation is linear, we have

L(w,W )

{

m0

(
γv0

γv0
v0

)}

= m0L(w,W )

(
γv0

γv0
v0

)

=

(
m0γw⊕Wv0

m0γw⊕Wv0
(w⊕Wv0)

)
(11.126)

and

L(w,W )

{
N∑

k=1

mk

(
γvk

γvk
vk

)}

=
N∑

k=1

mkL(w,W )

(
γvk

γvk
vk

)

=

N∑

k=1

mk

(
γw⊕Wvk

γw⊕Wvk
(w⊕Wvk)

)

=





∑N
k=1 mkγw⊕Wvk

∑N
k=1mkγw⊕Wvk

(w⊕Wvk)





(11.127)

It follows from (11.125) – (11.127) that

(
m0γw⊕Wv0

m0γw⊕Wv0
(w⊕Wv0)

)

=





∑N
k=1mkγw⊕Wvk

∑N
k=1 mkγw⊕Wvk

(w⊕Wvk)



 (11.128)

thus verifying (11.123) and (11.124). �
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11.7 The Relativistic Invariant Mass of an Isolated Parti-

cle System

In this section we manipulate the relativistic CMM frame rest mass m0 in

Def. 11.3, (11.105), into a form that is recognized as the relativistic invariant

mass of a particle system. At the end of the section the main result will be

formalized in a theorem with an important remark.

As in Def. 11.3, p. 471, let S be an isolated system of N noninteracting

material particles the k-th particle of which has invariant mass mk > 0

and velocity vk ∈R3
c relative to a rest frame Σ0, k = 1, . . . , N . Then, by

(11.104), the relativistic CMM frame velocity, v0, of the system S relative

to the rest frame Σ0 is given by the equation

v0 =

∑N
k=1mkγvk

vk
∑N

k=1 mkγvk

(11.129)

Furthermore, by (11.112) with w = 	vj we have

	vj⊕v0 =

∑N
k=1 mkγ	vj⊕vk

(	vj⊕vk)
∑N

k=1 mkγ	vj⊕vk

(11.130)

for j = 1, . . . , N .

The relativistic CMM frame rest mass m0 of the system S is, by

(11.105),

m0 =

∑N
k=1 mkγvk

γv0

(11.131)

Furthermore, by (11.115) with w = 	vj we have

m0 =

∑N
k=1 mkγ	vj⊕vk

γ	vj⊕v0

(11.132)

for j = 0, 1, . . . , N . In particular, for j = 0 we have

m0 =
N∑

k=1

mkγ	v0⊕vk
(11.133)

noting that γ	v0⊕v0
= γ0 = 1.
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By (11.131), the gamma factor of the CMM frame velocity v0 is given

by

γv0
=

∑N
k=1 mkγvk

m0
(11.134)

so that, by (11.133), we have

γv0
=

∑N
k=1 mkγvk

∑N
k=1 mkγ	v0⊕vk

(11.135)

Noting that γ	vj⊕v0
= γ	v0⊕vj

, by (3.177), p. 88, it follows from

(11.132) and (11.131) that

γ	v0⊕vj
=

∑N
k=1 mkγ	vj⊕vk

∑N
k=1mkγvk

γv0
(11.136)

Hence by (11.136), noting that in the following expression j and k are

summation dummy parameters, we have

N∑

k=1

mkγ	v0⊕vk
=

N∑

j=1

mjγ	v0⊕vj

=
N∑

j=1

mj

∑N
k=1 mkγ	vj⊕vk

∑N
k=1mkγvk

γv0

=
γv0

∑N
k=1mkγvk

N∑

j=1

N∑

k=1

mjmkγ	vj⊕vk

=:
γv0

∑N
k=1 mkγvk

M2

(11.137)

Noting that γ0 = 1 and that, by (3.177), p. 88, γ	vj⊕vk
is symmetric

in the indices j and k, the double sum in (11.137), denoted M 2, can be
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manipulated as follows.

M2 =

N∑

j=1

N∑

k=1

mjmkγ	vj⊕vk

=
N∑

j,k=1
j=k

mjmk + 2
N∑

j,k=1
j<k

mjmkγ	vj⊕vk

=

N∑

k=1

m2
k + 2

N∑

j,k=1
j<k

mjmkγ	vj⊕vk

=

(
N∑

k=1

mk

)2

+ 2

N∑

j,k=1
j<k

mjmk(γ	vj⊕vk
− 1)

(11.138)

When the system S moves rigidly, that is, when the internal relative

velocities between its constituent particles vanish, we have 	vj⊕vk = 0

or, equivalently, γ	vj⊕vk
= 1 for all j, k = 1, . . . , N . Interestingly, in that

special case Identity (11.138) reduces to the Newtonian mass M ,

M =

N∑

k=1

mk (The special case of a rigid system) (11.139)

of the system S. The special case in (11.139) suggests that M in (11.138)

is the relativistic invariant mass of the system S in some sense (that will be

specified in Theorem 11.6 below), at least when the system moves rigidly.

When relative velocities between particles of the system S do not vanish,

that is, when the system S does not move rigidly, we still call M the

relativistic invariant (or, rest or, intrinsic) mass of the system S, discovering

that nonvanishing relative velocities between particles that constitute the

system S increase the relativistic invariant mass M of the system S as

a whole according to formula (11.138). Formalizing, we are thus led by

(11.138) and its special case (11.139) to the following definition.

Definition 11.5 (The Relativistic Invariant (or, Intrinsic or, rest)

Mass of a Particle System). Let S = S(mk,vk,Σ0, N), (11.103), be

an isolated system of N noninteracting material particles the k-th particle

of which has invariant mass mk > 0 and velocity vk ∈ R3
c relative to a
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rest frame Σ0, k = 1, . . . , N . The relativistic invariant (or, equivalently,

intrinsic or, rest) mass M of the particle system S is given by the equation

M =

√
√
√
√
√
√

(
N∑

k=1

mk

)2

+ 2
N∑

j,k=1
j<k

mjmk(γ	vj⊕vk
− 1) (11.140)

We say that the system S moves rigidly if all relative velocities between

its constituent particles vanish, that is, if 	vj⊕vk = 0 or, equivalently, if

γ	vj⊕vk
= 1 for j, k = 1, . . . , N .

Surprisingly, the relativistic invariant mass M of the particle system

S in (11.140) is identical with the relativistic CMM frame rest mass m0

of the particle system S in (11.105) or (11.131). Indeed, eliminating
∑N

k=1mkγ	v0⊕vk
between (11.135) and (11.137) we have

Mγv0
=

N∑

k=1

mkγvk
(11.141)

so that, comparing (11.141) with (11.131), we discover that M and m0 are

equal,

M = m0 (11.142)

Hence, the relativistic invariant massM of the particle system S in Def. 11.5

is nothing but the relativistic CMM frame rest mass m0 of the same system

S in Def. 11.3.

Following (11.140) – (11.142) we have the remarkable identity

m0 =

∑N
k=1 mkγvk

γv0

=

√
√
√
√
√
√

(
N∑

k=1

mk

)2

+ 2

N∑

j,k=1
j<k

mjmk(γ	vj⊕vk
− 1)

(11.143)

for any mk ≥ 0, vk∈R
3
c , k = 1, . . . , N , where

v0 =

∑N
k=1mkγvk

vk
∑N

k=1 mkγvk

(11.144)
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Formalizing, we have thus obtained the following theorem.

Theorem 11.6 (The Relativistic Invariant Mass of a Particle Sys-

tem). Let S = S(mk,vk ,Σ0, N), (11.103), be an isolated system of N

noninteracting material particles the k-th particle of which has invariant

mass mk > 0 and velocity vk∈R3
c relative to a rest frame Σ0, k = 1, . . . , N .

Furthermore, let the relativistic CMM frame velocity of S relative to an

inertial frame Σ0 be v0 so that, by Def. 11.3,

v0 =

∑N
k=1mkγvk

vk
∑N

k=1 mkγvk

(11.145)

and let the relativistic CMM frame rest mass of S be m0 so that, by

Def. 11.3,

m0 =

∑N
k=1 mkγvk

γv0

(11.146)

Then m0 is inertial-frame invariant (as anticipated in Def. 11.5), and is

given by the equation

m0 =

√
√
√
√
√
√

(
N∑

k=1

mk

)2

+ 2

N∑

j,k=1
j<k

mjmk(γ	vj⊕vk
− 1) (11.147)

Furthermore, m0 satisfies the two identities

m0γu⊕Uv0
=

N∑

k=1

mkγu⊕Uvk
(11.148)

and

m0γu⊕Uv0
(u⊕Uv0) =

N∑

k=1

mkγu⊕Uvk
(u⊕Uvk) (11.149)

for all u∈R3
c and U∈SO(3), so that, in particular, for u = 0 and U = I,

m0γv0
=

N∑

k=1

mkγvk
(11.150)

and

m0γv0
v0 =

N∑

k=1

mkγvk
vk (11.151)
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Proof. Identity (11.150) is just another form of (11.146), and (11.151)

follows from (11.150) and (11.145). The proof of (11.147) follows from

the definition of m0 and M in Defs. 11.3 and 11.5, respectively, and from

(11.142).

To see that m0 is inertial-frame invariant we note that the rest (or,

intrinsic or, invariant) masses mk of the constituent particles of the system

S are obviously inertial-frame invariant. Hence, it remains to see that

also the involved gamma factors are inertial-frame invariant, To see that

the gamma factors that are involved in m0, in (11.147), are inertial-frame

invariant, we invoke gyrogroup theoretic considerations.

Let Σ(	w,W−1 ) be an inertial frame relative to which the rest frame Σ0 in

Def. 11.3 moves with an arbitrarily specified velocity w∈R
3
c and orientation

W ∈SO(3). Then, the gamma factor γ	vj⊕vk
, which is expressed in terms

of velocities relative to Σ0, becomes γ	(w⊕Wvj )⊕(w⊕Wvk) when expressed

in terms of corresponding velocities relative to Σ(	w,W−1 ). But, by (3.33),

p. 57, we have

γ	(w⊕Wvj )⊕(w⊕Wvk) = γgyr[w,Wvj ](	Wvj⊕Wvk)

= γ	Wvj⊕Wvk

= γW (	vj⊕vk)

= γ	vj⊕vk

(11.152)

noting that gyrations and rotations keep the norm in R3
c invariant, (3.194),

p. 92.

Owing to the arbitrariness of w ∈R3
c and W ∈ SO(3), it follows from

(11.152) that each gamma factor γ	vj⊕vk
in expression (11.147) of m0 is

inertial-frame invariant. As such, the relativistic rest mass M = m0, in

Def. 11.5 and in (11.147), of the system S is an intrinsic, inertial-frame

invariant property of the system S.

Finally, the proof of (11.148) and (11.149) follows from the proof of

Theorem 11.4. Indeed, the two equations (11.150) and (11.151) can be

written as the single equation (11.125), from which (11.128) follows by

an application of the Lorentz transformation L(u,W ). But, the latter is

just an equivalent single equation form of the two equations (11.148) and

(11.149), and the proof is thus complete. �
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Theorem 11.6 asserts that the concepts of

(i) the relativistic rest (or, invariant) mass m0 of the relativistic

CMM frame of an isolated system S of noninteracting particles

in Def. 11.3, and

(ii) the relativistic invariant mass M of the particle system S in

Def. 11.5

coincide, in full analogy with their Newtonian counterparts.

Unlike the Newtonian case, however, owing to the presence of non-unity

gamma factors

γ	vj⊕vk
> 1 (11.153)

j, k = 1, . . . , N , j 6= k, the relativistic invariant mass (11.147) of the system

S increases with the increase of the internal motion of its constituents

relative to each other.

It thus follows from Theorem 11.6 that the relativistic invariant mass

m0, (11.147), of a non-rigid system S exceeds the sum

N∑

k=1

mk (11.154)

of the invariant masses of its constituents.

Theorem 11.6 possesses two important special cases. It reveals that the

system’s invariant mass m0 reduces to the sum of the invariant masses of

its constituents,

m0 =
N∑

k=1

mk (V alid in two special cases) (11.155)

only in each of the following two special cases:

(i) in the Newtonian limit, c→∞; and

(ii) when the relativistic system S moves rigidly.
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Remark 11.7 In order to appreciate the hyperbolic geometric significance

of the extension

(i) of (11.148) from (11.150), and the extension

(ii) of (11.149) from (11.151)

in Theorem 11.6, let us rewrite these equations in an equivalent form, but

with U = I being the trivial element (rotation) of SO(3) for simplicity,

and contrast them with their Euclidean counterparts. We thus obtain from

(11.150) and from (11.148) with U = I,

γv0
=

1

m0

N∑

k=1

mkγvk

γu⊕v0
=

1

m0

N∑

k=1

mkγu⊕vk

(11.156)

and from (11.151) and from (11.149) with U = I,

γv0
v0 =

1

m0

N∑

k=1

mkγvk
vk

γu⊕v0
(u⊕v0) =

1

m0

N∑

k=1

mkγu⊕vk
(u⊕vk)

(11.157)

Here u,vk∈R3
c , mk > 0, k = 0, 1, . . . , N , where m0 and v0 are, respectively,

the relativistic invariant mass (11.147) and the velocity (11.145) relative to

Σ0 of the CMM frame of the system S = S(mk,vk,Σ0, N) in Theorem

11.6.

In contrast, the Euclidean counterparts of (11.156) and (11.157) are,

respectively,

1 =
1

m0

N∑

k=1

mk (11.158)

and

v0 =
1

m0

N∑

k=1

mkvk

u + v0 =
1

m0

N∑

k=1

mk(u + vk)

(11.159)
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u,vk∈R3, mk > 0, k = 0, 1, . . . , N , where m0 and v0 are, respectively, the

Newtonian mass (11.155) and the Newtonian velocity (11.159) relative to

Σ0 of the Newtonian CMM frame of the system S.

The derivation of the second equation in (11.159) from the first equation

in (11.159) is immediate, following (i) the distributive law of scalar-vector

multiplication, and (ii) the equality m0 =
∑N

k=1 mk for the Newtonian sys-

tem mass m0,

1

m0

N∑

k=1

mk(u + vk) =

(

1

m0

N∑

k=1

mk

)

u +
1

m0

N∑

k=1

mkvk

= u +
1

m0

N∑

k=1

mkvk

= u + v0

(11.160)

In contrast, the derivation of the second equation in (11.157) from the

first equation in (11.157), made in Theorem 11.6, is remarkable since it is

obtained in an algebraic environment in which there is no distributive law,

and the relativistic system invariant mass m0 may exceed the sum of the

invariant masses of its constituent particles, m0 ≥
∑N

k=1 mk.

11.8 Relativistic CMM and the Kinetic Energy Theorem

Let S = S(mk,vk,Σ0, N), (11.103), be an isolated system of N nonin-

teracting material particles the k-th particle of which has invariant mass

mk > 0 and velocity vk∈R
3
c relative to an inertial frame Σ0, k = 1, . . . , N .

Then, as in Theorem 11.6, the velocity v0 of the relativistic CMM frame

of S relative to the inertial frame Σ0 is

v0 =

∑N
k=1mkγvk

vk
∑N

k=1 mkγvk

(11.161)

and the relativistic CMM frame rest mass m0 of S is

m0 =

∑N
k=1 mkγvk

γv0

(11.162)

Let us now left gyrotranslate the particle system S = S(mk,vk,Σ0, N)

by 	v0, obtaining the system SCMM = SCMM (mk,uk,ΣCMM , N) where

ΣCMM is an inertial frame at rest relative to the relativistic CMM of SCMM ,
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and uk = 	v0⊕vk is the velocity of the k-th particle of SCMM relative to

the relativistic CMM of SCMM . Owing to the left gyrotranslation by 	v0,

the velocity of the relativistic CMM of SCMM relative to ΣCMM vanishes,

	v0⊕v0 = 0.

The left gyrotranslation of the system S into SCMM keeps the mass m0

of the system invariant,

m0 =

∑N
k=1 mkγvk

γv0

=

∑N
k=1mkγ	v0⊕vk

γ	v0⊕v0

=

N∑

k=1

mkγuk
(11.163)

as shown in Theorem 11.6.

The systems S and SCMM are the same system of particles represented

relative to different inertial frames. The systems S is represented relative

to a generic inertial frame Σ0 and the systems SCMM is represented relative

to its CMM frame ΣCMM . The well known relativistic kinetic energy of a

particle with mass m and velocity v, given by (11.194) on p. 495, is frame

dependent.

The relativistic kinetic energy of the system S relative to the inertial

frame Σ0 equals the sum of the relativistic kinetic energies of its constituent

particles relative to Σ0. Hence, as we will see in (11.194) on p. 495, it is

given by the equation

K = c2
N∑

k=1

mk(γvk
− 1) (11.164)

Similarly, the relativistic kinetic energy of the system SCMM relative to

its own relativistic CMM frame ΣCMM is given by the equation

K1 = c2
N∑

k=1

mk(γuk
− 1) (11.165)

and the relativistic kinetic energy of the relativistic CMM of S relative to

the inertial frame Σ0 is

K0 = c2m0(γv0
− 1) (11.166)

The relativistic kinetic energy K of the system S is related to the rela-

tivistic kinetic energy K1 of its relativistic CMM according to the following

theorem.
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Theorem 11.8 (The Kinetic Energy Theorem). Let K be the rel-

ativistic kinetic energy of an isolated system S of noninteracting material

particles relative to an inertial frame Σ0. Similarly, let K1 be the relativis-

tic kinetic energy of S relative to its own relativistic CMM frame ΣCMM ,

and let K0 be the relativistic kinetic energy of the relativistic CMM of S

relative to Σ0. Then

K = K0 +K1 (11.167)

Proof. By (11.146), or (11.162), we have

m0γv0
=

N∑

k=1

mkγvk
(11.168)

relative to the inertial frame Σ0, where m0 is given by (11.147).

Accordingly, relative to the CMM frame ΣCMM of the system S, (11.168)

takes the form

m′
0 = m′

0γ0 =

N∑

k=1

mkγuk
(11.169)

where m′
0 is given by a left gyrotranslation of m0 in (11.147), that is, by m0

in (11.147) with each vk replaced by uk = 	v0⊕vk. But, m0 is invariant

under left gyrotranslations by Theorem 11.6. Hence m′
0 = m0 so that it

follows from (11.169) that

m0 =
N∑

k=1

mkγuk
(11.170)

It follows from (11.168) and (11.170) that

N∑

k=1

mk(γvk
− 1) = m0γv0

−
N∑

k=1

mk

= m0γv0
−

N∑

k=1

mk +

N∑

k=1

mkγuk
−m0

=
N∑

k=1

mk(γuk
− 1) +m0(γv0

− 1)

(11.171)

Finally, by means of (11.164) – (11.166), (11.171) gives the desired iden-

tity (11.167). �
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Theorem 11.8 gives a result which is identical with its classical coun-

terpart found, for instance, in [Johns (2005), p. 16]. In 2005 Johns had to

admit for his chagrin that “The reader (of his book [Johns (2005)]) will be

disappointed to learn that relativistic mechanics does not have a theory of

collective motion that is as elegant and complete as the one presented in
[Johns (2005), Chapter 1] for Newtonian mechanics.” Fortunately, Theo-

rem 11.8 reveals once again that there is no loss of elegance and structure

in the transition from Newtonian mechanics to Einsteinian relativistic me-

chanics when the latter is studied by means of its underlying gyrovector

space structure.

11.9 Additivity of Relativistic Energy and Momentum

Momentum and energy of an isolated particle system in classical mechanics

are additive. We will show in this section that, owing to the relativistic

CMM frame rest mass m0 in (11.143) and (11.147), they remain additive

in relativistic mechanics as well.

Surprisingly, the relativistic invariant mass m0 of a particle system is

generated not only by the sum
∑N

k=1 mk of the masses of its constituent

particles but also by their relative motions.

To gain confidence with the validity of the relativistic invariant mass m0

of a particle system, given by (11.147) of Theorem 11.6, p. 481, we show in

this section that it is consistent with the additivity, (11.178), of momentum

and energy in relativistic mechanics just like the classical mass of a particle

system, which is consistent with the additivity of momentum and energy

in classical mechanics..

As in Sec. 11.8, let S = S(mk,vk,Σ0, N), (11.103), be an isolated sys-

tem of N noninteracting material particles the k-th particle of which has

invariant mass mk > 0 and velocity vk∈R3
c relative to an inertial frame Σ0,

k = 1, . . . , N . Then, as in Theorem 11.6, the velocity v0 of the relativistic

CMM frame of S relative to the inertial frame Σ0 is

v0 =

∑N
k=1mkγvk

vk
∑N

k=1 mkγvk

(11.172)

and the relativistic CMM frame rest mass m0 of S is

m0 =

∑N
k=1 mkγvk

γv0

(11.173)
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The momentum pk of the k-th particle of the system S is

pk = mkγvk
vk (11.174)

and, following Einstein’s famous formula, the energy of the k-th particle is

Ek = mkγvk
c2 (11.175)

Hence, by (3.132), p. 79, with s = c, we have

E2
k

c4
− p2

k

c2
= m2

kγ
2
vk
−m2

kγ
2
vk

v2
k

c2

= m2
kγ

2
vk
−m2

kγ
2
vk

γ2
v − 1

γ2
v

= m2
kγ

2
vk
−m2

k(γ2
vk
− 1)

= m2
k

(11.176)

so that the invariant mass mk can be recovered from its momentum pk and

energy Ek by the identity

mk =

√

E2
k

c4
− p2

k

c2
(11.177)

k = 1, . . . , N .

Assuming that both momentum and energy of a relativistic particle

system are additive, as in classical mechanics, the momentum p0 and the

energy E0 of the system S are

p0 =

N∑

k=1

pk

E0 =

N∑

k=1

Ek

(11.178)

Hence, by (11.174), (11.175) and (11.177) – (11.178), the invariant mass

m′
0 =

√

E2
0

c4
− p2

0

c2
(11.179)

of the system S is given by the following chain of equations, which are

numbered for subsequent derivation.
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(m′
0)2

(1)
︷︸︸︷
===

1

c4
E2

0 −
1

c2
p2

0 =
1

c4

(
N∑

k=1

Ek

)2

− 1

c2

(
N∑

k=1

pk

)2

(2)
︷︸︸︷
===

(
N∑

k=1

mkγvk

)2

−
(

N∑

k=1

mkγvk

vk

c

)2

(3)
︷︸︸︷
===

N∑

k=1

m2
kγ

2
vk

+ 2

N∑

i,j=1
i<j

mimjγvi
γvj

−
N∑

k=1

m2
kγ

2
vk

(vk

c

)2

− 2

N∑

i,j=1
i<j

mimjγvi
γvj

vi

c
·vj

c

(4)
︷︸︸︷
===

N∑

k=1

m2
kγ

2
vk

+ 2
N∑

i,j=1
i<j

mimjγvi
γvj

−
N∑

k=1

m2
kγ

2
vk

γ2
vk
− 1

γ2
vk

+ 2

N∑

i,j=1
i<j

mimj(γvi	vj
− γvi

γvj
)

(5)
︷︸︸︷
===

N∑

k=1

m2
kγ

2
vk

+ 2

N∑

i,j=1
i<j

mimjγvi
γvj

−
N∑

k=1

m2
k(γ2

vk
− 1) + 2

N∑

i,j=1
i<j

mimj(γvi	vj
− γvi

γvj
)

(6)
︷︸︸︷
===

N∑

k=1

m2
k + 2

N∑

i,j=1
i<j

mimjγvi	vj

(7)
︷︸︸︷
===

(
N∑

k=1

m2
k

)2

+ 2

N∑

i,j=1
i<j

mimj(γvi	vj
− 1)

(8)
︷︸︸︷
=== m2

0

(11.180)
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implying m′
0 = m0. The derivation of the equalities in the chain of equa-

tions (11.180) follows:

(1) Follows from (11.179) and (11.178).

(2) Follows from (11.175) and (11.174).

(3) Obtained by a straightforward expansion of (2).

(4) Follows from Identities (3.132), p. 79, and (3.178), p. 89.

(5) Follows from (4) by an obvious manipulation.

(6) Follows from (5) by obvious cancellations.

(7) Follows from (6) by an obvious manipulation.

(8) Follows from (7) by (11.147) of Theorem 11.6, p. 481.

We thus see that the massm′
0 of a particle system S obtained in (11.180)

and (11.178) – (11.179) from the additivity of the momentum and energy of

the system equals the invariant mass m0 = M of the system, as given by

(11.140) of Def. 11.5, p. 479 and (11.147) of Theorem 11.6. Hence, while

the relativistically invariant mass of a system S is not additive, its addition

law in (11.147) is compatible with the additivity of the momentum and the

energy of the system. The nonadditivity of mass in special relativity was

explored by Marx [Marx (1991)], while holding the opinion that the center

of mass “depends on the choice of the frame of reference in a curious way”.

11.10 Bright (Baryonic) and Dark Matter

What is the universe made of? We do not know. If

standard gravitational theory is correct, then most of the

matter in the universe is in an unidentified form that does

not emit enough light to have been detected by current

instrumentation. Astronomers and physicists are collabo-

rating on analyzing the characteristics of this dark matter

and in exploring possible physics or astronomical candi-

dates for the unseen material.

. S. Weinberg and J. Bahcall
[Bahcall, Piran and Weinberg (2004), p. v]

Dark matter is the mysterious dark side of the universe [Nicolson

(2007)]. The existence of dark matter is the physicists’ best guess about

what glues the universe together since there are not enough atoms in any



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

492 Analytic Hyperbolic Geometry

known form to provide the needed gravity [Trimble (1987)]. In the current

physics models dark matter particles interact through gravity but have Lit-

tle response - or none at all - to the other forces. The history and the current

search of dark matter is described by Guy Gugliotta in [Gugliotta (2007)],

demonstrating that currently the hunt for dark matter particles is a global

competition, and promising that “Whoever finds some is a virtual lock for

the Nobel Prize.” Fortunately, the particle system mass m0 in (11.147)

suggests a viable mechanism for the formation of dark matter, which arises

naturally in Einstein’s special theory of relativity, thus eliminating the dark

matter mystery.

The mass m0, (11.147),

m0 =

√
√
√
√
√
√

(
N∑

k=1

mk

)2

+ 2

N∑

j,k=1
j<k

mjmk(γ	vj⊕vk
− 1) (11.181)

of a particle system S = S(mk,vk ,Σ0, N) comprises of two distinct kinds

of mass from which the relativistic contribution can be extracted. The two

distinct kinds of mass are:

(i) The Newtonian, or bright, mass mbright,

mbright =

N∑

k=1

mk (11.182)

which is the sum of the invariant masses of the massive particles

that constitute the system S.

(ii) The invisible, dark mass mdark,

mdark =

√
√
√
√
√

2
N∑

j,k=1
j<k

mjmk(γ	vj⊕vk
− 1) (11.183)

the presence of which is dictated by relativistic covariance. The

dark mass in (11.183) clearly measures the extent to which the

system S deviates away from rigidity. Gravitationally, dark mass

behaves just like ordinary mass [Conselice (2007), p. 37]. However,

it is undetectable by all means other than gravity.

All relative velocities between the constituent particles of a rigid system

vanish, so that if the system S is rigid, then 	vj⊕vk = 0, j, k = 1, . . . , N .
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This, in turn, implies by (11.183) that the dark mass of a rigid system

vanishes, so that the matter of a rigid system is totally bright, with no

accompanying dark matter.

Bright mass is the mass of an object made of bright matter, known in

astrophysics as baryonic matter. Similarly, dark mass is the mass of an

object made of dark matter. Bright (or, baryonic) matter shines at vari-

ous wavelengths and, hence, can be traced in the Universe by astronomers

and astrophysicists. In contrast, dark matter can be traced in the Uni-

verse only by its gravitational effects, which are (i) gravitational pull and

(ii) gravitational-lensing distortion of background galaxies [Schwarzschild

(2006)].

The bright mass mbright and the dark mass mdark of a system S add

according to the Pythagorean formula

m0 =
√

m2
bright +m2

dark (11.184)

giving rise to the total mass m0 of the system S, as we see from (11.181) –

(11.183).

Both bright mass and dark mass interact gravitationally. Yet, dark

masses do not collide. Collisions of bright masses in colliding galaxy clusters

are visible by radiation that colliding matter emits [Schwarzschild (2006)].

In contrast, being fictitious, dark masses do not collide. Hence, unlike bright

matter, dark matter in the Universe can only be detected by its gravita-

tional pull on bright matter, and by its gravitational-lensing distortion of

background galaxies [Schwarzschild (2006)].

In our expanding Universe, with accelerated expansion [Brax (2004)],

relative velocities between some astronomical objects are significantly close

to the speed of light c. Accordingly, since gamma factors γv approach ∞
when their relative velocities v∈R3

c approach the speed of light, it follows

from (11.183) that dark matter forms an increasingly significant part of the

mass of the Universe.

Indeed, some astronomers and astrophysicists believe that about 95%

of the matter of the Universe is dark [Milgrom (2002)]. The nature of the

dark matter is the greatest mystery in modern astrophysics, presenting a

challenge for gravitational theory [Cline (2003)].

We thus see in this section that Einstein’s special theory of relativity

may provide a viable mechanism for the formation of dark matter in the

Universe. Ultimately, bright and dark matter, as proposed in this section,

will be judged by how well they accord with astronomical observations.
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11.11 Newtonian and Relativistic Kinetic Energy

Newtonian and relativistic kinematics and dynamics are mature theories

that are presented in the literature in a systematic way. In this section

we present the well-known Newtonian and relativistic kinetic energy and

their conservation during elastic collisions in order to uncover remarkable

analogies that gyrogeometry allows. The premise of these analogies as a

study strategy is to make the unfamiliar familiar.

Accordingly, the analogous consequences of the conservation during elas-

tic collisions of the Newtonian and the relativistic kinetic energy is pre-

sented in the following subsections of this section [Ungar (2006c)].

11.11.1 The Newtonian Kinetic Energy

A particle with mass m and velocity v ∈ R3 relative to an inertial reference

frame Σ0 has momentum

p = mv (11.185)

The force F acting on a particle with momentum p is given by the

equation

F =
dp

dt
(11.186)

A small change in kinetic energy dK is related to a small change in

distance dx according to the equation

dK = F·dx =
dp

dt
·dx =

dx

dt
·dp = v·d(mv) (11.187)

Integrating (11.187), subject to the condition that K = 0 corresponds

to v = 0, we have

K =

∫

dK =

∫

v·d(mv) =
1

2
mv2 (11.188)

where we use the notation v2 = v·v = ‖v‖2.

Hence, the Newtonian kinetic energy KNewton = K of a particle with

momentum p = mv is

KNewton =
1

2
mv2 (11.189)
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11.11.2 The Relativistic Kinetic Energy

A particle with rest mass m and relativistically admissible velocity v ∈ R3
c

relative to an inertial reference frame Σ0 has momentum [Chrysos (2004)]

p = mγvv (11.190)

The force F acting on a particle with momentum p is given by the

equation

F =
dp

dt
(11.191)

A small change in kinetic energy dK is related to a small change in

distance dx according to the equation

dK = F·dx =
dp

dt
·dx =

dx

dt
·dp = v·d(mγvv) (11.192)

Integrating (11.192), subject to the condition that K = 0 corresponds

to v = 0, we have

K =

∫

dK =

∫

v·d(mγvv) = mc2(γv − 1) (11.193)

Hence, the relativistic kinetic energy KEinstein = K of a particle with

relativistic momentum p = mγvv is

KEinstein = mc2(γv − 1) (11.194)

In the Newtonian limit of large c the relativistic kinetic energy reduces

to the Newtonian one. Indeed, by the L’Hospital rule of limits we have

lim
c→∞

KEinstein = m lim
c→∞

γv − 1

1/c2

= m lim
c→∞

dγv/dc

d(1/c2)/dc

=
1

2
mv2 lim

c→∞
γ−3/2
v

=
1

2
mv2

= KNewton

(11.195)
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11.11.3 Consequences of Classical Kinetic Energy Conser-

vation During Elastic Collisions

Let us consider two particles with masses m1 and m2 undergoing an elastic

collision. Their respective velocities relative to Σ0 are u1 and u2 before the

collision, and v1 and v2 after the collision, u1,u2,v1,v2 ∈ R3. It follows

from the conservation of the kinetic energy during elastic collisions viewed

in Σ0 that

1

2
m1u

2
1 +

1

2
m2u

2
2 =

1

2
m1v

2
1 +

1

2
m2v

2
2 (11.196)

Let Σ−w be another inertial reference frame, relative to which the frame

Σ0 moves with velocity w, w ∈ R
3, so that Σ−w moves with velocity −w

relative to Σ0. Relative to Σ−w the velocities of the two particles with

masses m1 and m2 are, respectively, w+u1 and w+u2 before the collision,

and w +v1 and w + v2 after the collision. It follows from the conservation

of the kinetic energy during elastic collisions viewed in Σ−w that

1

2
m1(w+u1)2 +

1

2
m2(w+u2)2 =

1

2
m1(w+v1)2 +

1

2
m2(w+v2)2 (11.197)

Expanding the squares in (11.197) and employing (11.196) we obtain

the equation

(m1u1 +m2u2)·w = (m1v1 +m2v2)·w (11.198)

for all w ∈ R3, implying

m1u1 +m2u2 = m1v1 +m2v2 (11.199)

The resulting equation (11.199) expresses the conservation of Newtonian

momentum during elastic collisions.

The total mass of the particles, m1+m2, remains invariant during elastic

collisions. Dividing both sides of (11.199) by the total mass of the particles

we obtain the equation

v
CMM

:=
m1u1 +m2u2

m1 +m2
=
m1v1 +m2v2

m1 +m2
(11.200)

that expresses the conservation of the Newtonian CMM frame velocity

v
CMM

relative to the frame Σ0 during elastic collisions.
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Relative to the second frame Σ−w, (11.200) takes the form

w + v
CMM

= w +
m1u1 +m2u2

m1 +m2
=
m1(w + u1) +m2(w + u2)

m1 +m2

w + v
CMM

= w +
m1v1 +m2v2

m1 +m2
=
m1(w + v1) +m2(w + v2)

m1 +m2

(11.201)

The identities in (11.201) are immediate extension of (11.200), demonstrat-

ing that the conservation of the Newtonian CMM frame velocity during

elastic collisions is valid in any inertial frame Σ−w, w ∈ R3. Furthermore,

these identities demonstrate that the two particle velocities and their CMM

frame velocity are covariant. They co-vary, that is, vary together relative

to any inertial frame.

Multiplying (11.200) by time t, and using the notation ukt = xk, vkt =

x′
k, k = 1, 2, and v

CMM
t = x

CMS
, we have the equation

x
CMS

=
m1x1 +m2x2

m1 +m2
=
m1x

′
1 +m2x

′
2

m1 +m2
(11.202)

that expresses the conservation of the Newtonian center of mass x
CMS

during elastic collisions. One should note that owing to the equation

v
CMS

= v
CMM

, no confusion may arise if we replace each of the two dis-

tinct subindices CMM and CMS by the single subindex CM . Clearly, in

that case v
CM

refers collectively to both the CMM velocity and the CMS

velocity of a fictitious particle at the point x
CM

called the center of mass.

Thus, in classical mechanics we have

CMS = CMM =: CM (Classical Mechanics) (11.203)

The lack of need to distinguish between the CMM and the CMS

frames in classical mechanics led Goldstein to write [Goldstein (1980),

p. 310]: “This [CMM] coordinate frame will be spoken of as the center-of-

momentum system, or more loosely as the center-of-mass system [CMS].”

A natural question may arise as to whether a fully analogous relativistic

center-of-mass system exists. Goldstein admits in [Goldstein (1980), p. 320]

that “a meaningful center-of-mass (sometimes called center-of-energy) can

be defined in special relativity only in terms of the angular-momentum

tensor, and only for a particular frame of reference.” Contrastingly, in

Sec. 11.18 we will discover the relativistic manifestly covariant center of

mass of an isolated, disintegrated system of noninteracting particles, reveal-

ing that (11.203) remains valid in relativistic mechanics as well.
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11.11.4 Consequences of Relativistic Kinetic Energy Con-

servation During Elastic Collisions

Let us consider two particles with rest masses m1 and m2 undergoing an

elastic collision. Their respective relativistic velocities relative to Σ0 are u1

and u2 before the collision, and v1 and v2 after the collision, u1,u2,v1,v2 ∈
R3

c . It follows from the relativistic kinetic energy, studied in Subsection

11.11.2, and its conservation during elastic collisions viewed in Σ0 that

m1(γu1
− 1) +m2(γu2

− 1) = m1(γv1
− 1) +m2(γv2

− 1) (11.204)

Let Σ	w be another inertial reference frame, relative to which the frame

Σ0 moves with velocity w, w ∈ R3
c , so that Σ	w moves with velocity

	w = −w relative to Σ0. Relative to Σ	w the velocities of the two particles

with masses m1 and m2 are, respectively, w⊕u1 and w⊕u2 before the

collision, and w⊕v1 and w⊕v2 after the collision. It follows from the

conservation of the kinetic energy during elastic collisions viewed in Σ	w

that

m1(γw⊕u1
−1)+m2(γw⊕u2

−1) = m1(γw⊕v1
−1)+m2(γw⊕v2

−1) (11.205)

Equations (11.204) and (11.205) imply, respectively, the equation

m1γu1
+m2γu2

= m1γv1
+m2γv2

(11.206)

found, for instance, in [Whittaker (1973), p. 50], and the equation

m1γw⊕u1
+m2γw⊕u2

= m1γw⊕v1
+m2γw⊕v2

(11.207)

The expression mγv represents the relativistic mass of an object with rest

mass m and relative velocity v, v ∈ R
3
c . Accordingly, Equations (11.206)

and (11.207) express the conservation of the relativistic mass during elastic

collisions relative to the reference frames Σ0 and Σ	w, respectively.

Equation (11.207) can be manipulated by means of (3.177), obtaining

the equation

m1γwγu1
(1 +

w·u1

c2
) +m2γwγu2

(1 +
w·u2

c2
)

=m1γwγv1
(1 +

w·v1

c2
) +m2γwγv2

(1 +
w·v2

c2
)

(11.208)
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Dividing both sides of (11.208) by γw, we have

m1γu1
(1 +

w·u1

c2
) +m2γu2

(1 +
w·u2

c2
)

=m1γv1
(1 +

w·v1

c2
) +m2γv2

(1 +
w·v2

c2
)

(11.209)

Equations (11.209) and (11.206) imply

m1γu1
w·u1 +m2γu2

w·u2 = m1γv1
w·v1 +m2γv2

w·v2 (11.210)

or, equivalently,

w·(m1γu1
u1 +m2γu2

u2) = w·(m1γv1
v1 +m2γv2

v2) (11.211)

for all w ∈ R3
c . Hence,

m1γu1
u1 +m2γu2

u2 = m1γv1
v1 +m2γv2

v2 (11.212)

thus obtaining an equation that expresses the conservation of the relativistic

momentum during elastic collisions. It follows from the relativistic momen-

tum conservation (11.212) and the relativistic mass conservation (11.206)

that

v
CMM

:=
m1γu1

u1 +m2γu2
u2

m1γu1
+m2γu2

=
m1γv1

v1 +m2γv2
v2

m1γv1
+m2γv2

(11.213)

thus obtaining an equation that expresses the conservation of the relativistic

CMM frame velocity v
CMM

during elastic collisions.

In full analogy with the extension of (11.200) into (11.201), we have the

following extension of (11.213) into (11.214), (i) before the collision,

w⊕v
CMM

= w⊕m1γu1
u1 +m2γu2

u2

m1γu1
+m2γu2

=
m1γw⊕u1

(w⊕u1) +m2γw⊕u2
(w⊕u2)

m1γw⊕u1
+m2γw⊕u2

(11.214a)

and (ii) after the collision,

w⊕v
CMM

= w⊕m1γv1
v1 +m2γv2

v2

m1γv1
+m2γv2

=
m1γw⊕v1

(w⊕v1) +m2γw⊕v2
(w⊕v2)

m1γw⊕v1
+m2γw⊕v2

(11.214b)
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The identities in (11.214) are non-trivial extension of (11.213). They

are, in fact, a single identity written for the system of two particles be-

fore and after an elastic collision. Unlike their Newtonian counterparts in

(11.201), these identities are not obvious. They were verified in (11.112)

by expressing the Lorentz transformation in terms of Einstein velocity ad-

dition and by employing the linearity of the Lorentz transformation. It is

also shown there, (11.108), that v
CMM

∈ R
3
c , as it should.

In full analogy with the identities in (11.201), the identities in (11.214)

demonstrate that the two particle relativistic velocities and their relativistic

CMM frame velocity are covariant. They vary together relative to any

inertial frame.

The identities in (11.214) present the harmonious interplay between (i)

Einstein velocity addition ⊕, and (ii) relativistic momentum addition +,

and (iii) relativistic mass addition +.

In Subsections. 11.11.1 and 11.11.2 we take the classical momentum

(11.185) and the relativistic momentum (11.190) for granted, from which

we derive the classical kinetic energy (11.189) and the relativistic kinetic

energy (11.194). However, in recent papers Sonego and Pin demonstrate

that one can postulate dK = v·dp in (11.192) and derive both kinetic

energy and momentum by employing (i) the principle of relativity, (ii) the

existence of elastic collisions between asymptotically free particles, and (iii)

the velocity composition law [Sonego and Pin (2005a); Sonego and Pin

(2005b)].

Most interestingly, Sonego and Pin point out that

(i) the classical kinetic energy and momentum are obtained in the spe-

cial case when the velocity composition law is the classical velocity

addition of classical velocities, that is, ordinary vector addition in

R3, while

(ii) the relativistic kinetic energy and momentum are obtained in the

special case when the velocity composition law is the Einstein ad-

dition of relativistically admissible velocities.

Hence, as Sonego and Pin point out, all the differences between Newtonian

and Einsteinian kinematics and dynamics boil down to the difference be-

tween the common vector addition of classical velocities and the Einstein

addition of relativistically admissible velocities. The central role that Ein-

stein velocity addition plays in relativity physics, already pointed out in
[Ungar (2006a)] and emphasized in this book, has thus been demonstrated

by Sonego and Pin once again.
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11.11.5 On the Analogies and a Seeming Disanalogy

The analogies that the classical kinetic energy conservation and it conse-

quences share with the relativistic kinetic energy conservation and it con-

sequences in Subsections 11.11.3 and 11.11.4 enable us to understand the

modern and unfamiliar in terms of the classical and familiar. The analogies

clearly demonstrate that Einstein relativistic mass meshes extraordinarily

well with Einstein velocity addition of 3-vectors. In contrast, it is well-

known that Einstein relativistic mass does not mesh up with Minkowski’s

4-vectors [Ungar (2005a), Sec. 4]. For totally different reasons P.A.M. Dirac

supports the 3-vector formalism within the 4-vector formalism of special

relativity in [Dirac (1963)].

Furthermore, the analogies demonstrate that in some cases the relativis-

tic mass plays in special relativity the role that the Newtonian mass plays

classically. However, it is widely believed that “rest mass is the closest

analog in relativistic physics of Newtonian inertial mass” [Flores (2005),

p. 246]. Indeed, following the confusion that Einstein’s relativistic mass

raises, Lev B. Okun recommends a solution [Okun (1989)]: “The solution

is for physics teachers to understand that relativistic mass is a concept in

turmoil.” Yet, W. Rindler expresses in [Rindler (1990)] a strong support of

the relativistic mass.

Along with striking analogies that Newtonian and relativistic consid-

erations share in Subsections. 11.11.3 and 11.11.4, there is a remarkably

seeming disanalogy. The Newtonian CMM frame velocity in (11.200) and

its conservation during elastic collisions give rise to the Newtonian center of

mass and its conservation during elastic collisions in (11.202). In contrast,

it seems that the relativistic CMM frame velocity in (11.213) does not give

rise to a satisfactory definition of relativistic center of mass.

The difficulties in attempts to obtain a satisfactory relativistic center of

mass definition were discussed by Born and Fuchs in 1940 [Born and Fuchs

(1940)], but they did not propose a satisfactory definition. Paradoxically,

“In relativity, in contrast to Newtonian mechanics, the centre of mass of

a system is not uniquely determined” [Rindler (1982), p. 89], as Rindler

stated with a supporting example. Indeed, in 1948 M.H.L. Pryce [Pryce

(1948)] reached the conclusion that “there appears to be no wholly satis-

factory definition of the [relativistic] mass-centre.” Subsequently, Pryce’s

conclusion was confirmed by many authors who proposed various defini-

tions for the relativistic center of mass; see for instance [Găıda, Tretyak

and Yaremko (1994)], [Lehner and Moreschi (1995)] and [Alba, Lusanna



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

502 Analytic Hyperbolic Geometry

and Pauri (2002)], and references therein, where various approaches to the

concept of the relativistic center of mass are proposed. Consequently, Gold-

stein stated in 1950 and, repeatedly, in 1980 that “a meaningful center-of-

mass (sometimes called center-of-energy) can be defined in special relativity

only in terms of the angular-momentum tensor, and only for a particular

frame of reference.” [Goldstein (1980), p. 320].

Borisov and Mamaev assert in [Borisov (2006)] that in nonzero constant

curvature spaces a center of mass frame does not exist. An attempt to

define the center of mass of a rigid body in the hyperbolic space is studied

in [Dombrowski and Zitterbarth (1991); Nagy (1991); Zitterbarth (1991);

salvai (2000)]. Unfortunately, however, the resulting center of mass need

not move along a geodesic in the hyperbolic space. Slavai attributes this

contrast with the Euclidean case “to the lack of a subgroup of translations”
[salvai (2000), p. 127]. However, readers of this book know that the lack

of a subgroup of translations may be compensated by the presence of a

gyrocommutative gyrogroup of left gyrotranslations.

The lack of a satisfactory definition of the relativistic center of mass is

not widely known. Thus, for instance, unnoticing that the naive relativistic

center of mass does not exist, Y. Friedman included it in his monograph
[Friedman (2005), pp. 16 and 56]; and there are claims that the relativistic

center of mass has already been discovered [Dong and Li (2004)].

In Sec. 11.18 we will show that by handling the analogies uncovered in

Sec. 11.11 appropriately within the framework of analytic hyperbolic ge-

ometry, and by employing the relativistic “proper time”, the analogies do

lead to the analogous, but elusive, relativistic center of mass definition,

which is wholly satisfactory for the so called disintegrated systems of parti-

cles. The relativistic proper time, in turn, will be introduced and studied

in Sec. 11.14.

11.12 Barycentric Coordinates

In 1827 Möbius published a book whose title, Der Barycentrische Calcul,

translates as The Barycentric Calculus. The word barycentric means center

of gravity, but the book is entirely geometrical and, hence, called by Jeremy

Gray [Gray (1993)], Möbius’s Geometrical Mechanics. The 1827 Möbius

book is best remembered for introducing a new system of coordinates, the

barycentric coordinates. The historical contribution of Möbius’ barycentric

coordinates to vector analysis is described in [Crowe (1994), pp. 48–50].
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The Möbius idea, for a triangle as an illustrative example, is to at-

tach masses, ma, mb, mc, respectively, to three non-collinear points,

a, b, c, in the Euclidean plane R2, and consider their center of mass

CM:=CMM=CMS, (11.203), called barycenter, given by the equation

CM =
maa +mbb +mcc

ma +mb +mc

(11.215)

Following Hocking and Young [Hocking and Young (1988), pp. 195 –

200], a set of h+ 1 vectors {a0, a1, . . . , ah} in Rn is pointwise independent

if the h vectors −a0 + ak , k = 1, . . . , h, are linearly independent.

Let A = {a0, a1, . . . , ah} be a pointwise independent set of h+1 vectors

in Rn. Then, the real numbers m0,m1, . . . ,mh normalized by the condition

h∑

k=0

mk = 1 (11.216)

are the barycentric coordinates of a vector a ∈ R
n with respect to A if

a =

∑h
k=0 mkak
∑h

k=0 mk

(11.217)

It is easy to show that the barycentric coordinates are independent of

the choice of the origin of their vector space, that is,

−x + a =

∑h
k=0 mk(−x + ak)
∑h

k=0 mk

(11.218)

for all x ∈ R
n. The analogy that (11.218) shares with (11.112) is remark-

able.

When the normalization condition (11.216) is relaxed to the weaker

condition

h∑

k=0

mk 6= 0 (11.219)

the barycentric coordinates become the so called homogeneous barycentric

coordinates. They are homogeneous in the sense that the homogeneous

barycentric coordinates (m0,m1, . . . ,mh) of a in (11.217) are equivalent to

the homogeneous barycentric coordinates (λm0, λm1, . . . , λmh) for any λ 6=
0. Since in homogeneous barycentric coordinates only ratios of coordinates

are relevant, the homogeneous barycentric coordinates (m0,m1, . . . ,mh)

are also written as (m0 :m1 : . . . :mh).
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The set of all points in Rn for which the barycentric coordinates with

respect to A are all positive form an open convex subset of Rn, called the

open h-simplex with the h + 1 vertices a0, a1, . . . , ah. Following Hocking

and Young [Hocking and Young (1988), p. 199], the h-simplex with vertices

a0, a1, . . . , ah is denoted by the symbol 〈a0, a1, . . . , ah〉. If the positive

number mk is viewed as the mass of a massive object situated at the point

ak, 0 ≤ k ≤ h, the point a in (11.217) turns out to be the center of mass of

the h+ 1 masses mk, 0 ≤ k ≤ h. If, furthermore, all the masses are equal,

the center of mass turns out to be the centroid of the h-simplex. Three

illustrative examples follow.

(1) The 2-simplex 〈u,v〉 in R3 is the Euclidean segment uv with end-

points u and v and midpoint, Fig. 10.2,

muv =
u + v

2
(11.220)

The barycentric coordinates of the endpoints u and v of the seg-

ment uv with respect to A = {u,v} are, respectively, (1, 0) and

(0, 1) and the barycentric coordinates of the midpoint muv of the

segment are (1/2, 1/2).

(2) The 3-simplex 〈u,v,w〉 in R3 is the Euclidean triangle uvw with

vertices u, v and w and its centroid is the point

Cuvw =
u + v + w

3
(11.221)

inside triangle uvw shown in Fig. 10.2. The barycentric coordi-

nates of the vertices u, v and w of triangle uvw with respect

to A = {u,v,w} are, respectively, (1, 0, 0), (0, 1, 0) and (0, 0, 1)

and the barycentric coordinates of the centroid of the triangle are

(1/3, 1/3, 1/3).

(3) The 4-simplex 〈u,v,w,p〉 in R3 is a Euclidean tetrahedron uvwp

with vertices u, v, w and p, and centroid at the point

Cuvwp =
u + v + w + p

4
(11.222)

of the tetrahedron. The barycentric coordinates of the vertices u, v,

w and p of the tetrahedron with respect to the set A = {u,v,w,p}
are, respectively, (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0) and (0, 0, 0, 1). As

we see from (11.222), the barycentric coordinates of the centroid

of the tetrahedron are (1/4, 1/4, 1/4, 1/4).
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PSfrag replacements

v1, m1γv1

v2
, m

2
γ v2

v3, m3γv3

(m1 :m2)-gyromidpoint, m(v1,v2;m1,m2)

(m1 :m3)-gyromidpoint, m(v1,v3;m1,m3)
(m2 :m3)-gyromidpoint, m(v2,v3;m2,m3)

(m1 :m2 :: m3)-gyromidpoint, m(v1,v2,v3;m1,m2,m3)

muvw

muv

muw

mvw

Fig. 11.6 Generalized Gyromidpoints and Gyrobarycentric Coordinates in the Einstein
gyrovector plane (R2

c ,⊕,⊗). Three particles with rest masses m1,m2, m3 ≥ 0 that move
with respective velocities v1,v2,v3 relative to a rest frame Σ0 are shown together with
various generalized gyromidpoints and their homogeneous gyrobarycentric coordinates.
The generalized gyromidpoints represent relativistic CMM velocities.

11.13 Einsteinian Gyrobarycentric Coordinates

The concept of barycentric coordinates, studied in Sec. 11.12, can readily

be extended to its gyro-counterpart in Einstein gyrovector spaces shown in

Fig. 11.6.

As we see from Def. 11.3, the gyromidpoint mu,v in Fig. 10.1 is the (1:

1)-gyromidpoint of the set {u,v} or, equivalently, the (1:1 :0)-gyromidpoint

of the set {u,v,w} in the Einstein gyrovector space (R3
c ,⊕,⊗). Its gyro-

barycentric coordinates with respect to the set {u,v} in R3
c are, therefore,

(1/2 : 1/2), and its gyrobarycentric coordinates with respect to the set

{u,v,w} in R3
c are (1/2:1/2:0).

The centroid of the Euclidean triangle uvw in Fig. 10.2 is the Euclidean

(1:1 :1)−midpoint of the triangle. Its barycentric coordinates with respect

to the set {u,v,w} in R3 are, therefore, (1/3:1/3:1/3).

The gyrocentroid of the gyrotriangle uvw in Fig. 10.3 is the (1 : 1 :

1)-gyromidpoint of the gyrotriangle. Its gyrobarycentric coordinates with
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respect to the set {u,v,w} in R3
c are, therefore, (1/3:1/3:1/3).

Finally, the (m1 : m2 : m3)-gyromidpoint of the gyrotriangle v1v2v3

in Fig. 11.6 has gyrobarycentric coordinates (m1/m :m2/m :m3/m) with

respect to the set {v1,v2,v3} in R3
c , where m1,m2,m3 ≥ 0, and m =

m1 +m2 +m3.

The various gyromidpoints and their homogeneous gyrobarycentric co-

ordinates in Fig. 11.6 are listed below.

By Def. 11.3, the generalized (m1 :m2)-gyromidpoint

m = m(v1,v2;m1,m2) =
m1γv1

v1 +m2γv2
v2

m1γv1
+m2γv2

(11.223)

has homogeneous gyrobarycentric coordinates (m1 : m2) with respect to

the set {v1,v2} or, equivalently, homogeneous gyrobarycentric coordinates

(m1 :m2 : 0) with respect to the set {v1,v2,v3}. It represents the CMM

frame velocity of the system of two particles with rest masses m1 and m2,

moving with respective relativistically admissible velocities v1 and v2 rel-

ative to a rest frame Σ0. The (m1 : m3)-gyromidpoint and (m2 : m3)-

gyromidpoint in Fig. 11.6 are similar.

Under the normalization condition m1 + m2 = 1 we have some sim-

plification. The (m1 :m2)-gyromidpoint (11.223) with homogeneous gyro-

barycentric coordinates (m1 : m2), m1,m2 ∈R≥0, with respect to the set

{v1,v2} becomes the (m1 :1−m1)-gyromidpoint

m = m(v1,v2;m1, 1−m1) (11.224)

with gyrobarycentric coordinates m1, 1 − m2 ∈ R≥0 with respect to the

set {v1,v2}. When the gyrobarycentric coordinate m1 in (11.224) moves

along the closed unit interval [0, 1], its corresponding gyromidpoint (11.224)

moves along the gyrosegment v1v2 from v1 to v2, Fig. 11.6. The gyro-

midpoint (11.224) coincides, respectively, with v1, with mv1v2 , (10.24) –

(10.28), and with v2 when m1 = 0, m1 = 1
2 , and when m1 = 1. Hence,

the gyrobarycentric coordinate m1 acts as a coordinate for points on the

gyrosegment v1v2.

To enable the gyrobarycentric coordinate m1 in (11.224) to act as a co-

ordinate for points on the whole gyroline containing the gyrosegment v1v2

we allow m1 to take on negative values, m1 ∈ R, subject to the condition

‖m(v1,v2;m1, 1 −m1)‖ < c in (11.224). Of course, the interpretation as

relativistic masses is lost for negative gyrobarycentric coordinates.
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The generalized (m1 :m2 :m3)-gyromidpoint in Fig. 11.6,

m(v1,v2,v3;m1,m2,m3) =
m1γv1

v1 +m2γv2
v2 +m3γv3

v3

m1γv1
+m2γv2

+m3γv3

(11.225)

has homogeneous gyrobarycentric coordinates (m1 :m2 :m3) with respect to

the set {v1,v2,v3} in an Einstein gyrovector space (R3
c ,⊕,⊗). It represents

the CMM frame velocity of the system of three particles with masses m1,

m2 and m3, moving with respective relativistically admissible velocities v1,

v2 and v3 relative to a rest frame Σ0.

Analogously to (11.218), the generalized (m1 : m2 : m3)-gyromidpoint

(11.225) satisfies the identity

	w⊕m(v1,v2,v3;m1,m2,m3)

= m(	w⊕v1,	w⊕v2,	w⊕v3;m1,m2,m3)

=
m1γ	w⊕v1

(	w⊕v1) +m2γ	w⊕v2
(	w⊕v2) +m3γ	w⊕v3

(	w⊕v3)

m1γ	w⊕v1
+m2γ	w⊕v2

+m3γ	w⊕v3

(11.226)

as we see from (11.112). Hence, like in (11.218), the generalized (m1 :m2 :

m3)-gyromidpoint in (11.225) is independent of the choice of its gyrovector

space origin.

The gyroline connecting a generalized gyromidpoint of two vertices with

the opposite vertex of a gyrotriangle is called a generalized gyromedian. In

particular, the (m1 :m2 :0)-gyromedian of gyrotriangle v1v2v3 in Fig. 11.6

is the gyrosegment connecting the (m1 :m2 :0)-gyromidpoint of gyrotriangle

v1v2v3 with its opposite vertex v3. The (m1 : m2 : 0)-gyromidpoint of

gyrotriangle v1v2v3, in turn, coincides with the (m1 :m2)-gyromidpoint of

gyrosegment v1v2.

Interestingly, the three generalized gyromedians of gyrotriangle v1v2v3,

that is, the (i) (m1 :m2 : 0)-gyromedian, the (ii) (m1 : 0 :m3)-gyromedian,

and the (iii) (0 : m2 : m3)-gyromedian, are concurrent, the point of con-

currency being the gyrotriangle (m1 : m2 : m3)-gyromedian as shown in

Fig. 11.6.

The concurrency of the three gyrotriangle generalized gyromedians in

Fig. 11.6 is not accidental. In its most general form the gyromedian behav-

ior follows from the result that in calculating the relativistic CMM frame

velocity and mass of a system frame of noninteracting particles, one can

replace any subsystem of particles by a single fictitious frame that possesses

the CMM frame velocity and mass of the subsystem frame.
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An interesting example of gyrobarycentric coordinates that arise natu-

rally in gyroparallelograms is presented in the following theorem.

Theorem 11.9 The Einstein homogeneous gyrobarycentric coordinates

of a vertex d of gyroparallelogram abdc, Fig. 10.6, with respect to the set

{a,b, c} of the remaining vertices are

(1 + γb	c : −γa	b − γa	c : −γa	b − γa	c) (11.227)

Proof. The proof follows immediately from Identity (10.53) of Theorem

10.1, p. 422, and from Def. 11.3, p. 471, of Einstein homogeneous gyro-

barycentric coordinates. �

11.14 The Proper Velocity Lorentz Group

Coordinate time, or observer’s time, is the time t of a moving object mea-

sured by an observer at rest. Accordingly, special relativity theory is for-

mulated in terms of coordinate time. Contrasting coordinate time, Proper

time, or traveler’s time, is the time τ of a moving object measured by a co-

moving observer. Proper time is useful, for instance, in the understanding

of the twin paradox [Hlavatý (1960)], and the mean life time of unstable

moving particles like muons.

The mean lifetime of muons between creation, in the upper atmosphere,

and disintegration is 2.2µs (proper lifetime) measured by their proper time.

This proper time of the moving muon, measured by the muon own clock, is

several orders of magnitude shorter than the time the muon is seen traveling

through the atmosphere by Earth observers. Of course, there is no need

to attach a co-moving observer to the moving muon. Observers at rest

measure the coordinate mean lifetime of the moving muon that, owing to

time dilation, is observer dependent. Each observer, however, can translate

his measure of the muon coordinate mean lifetime into the muon proper

mean lifetime, which is an invariant, intrinsic property of the muon and

hence observer independent [Frisch and Smith (1963)].

The need to reformulate relativity physics in terms of proper time in-

stead of coordinate time arises from time to time [Yamaleev and Osorio

(2001); Montanus (1999); Hall and Anderson (1995)]. Since 1993 T.L. Gill,

J. Lindesay, and W.W. Zachary have been emphasizing the need by devel-

oping a proper time formulation and studying its consequences in order to

gain new insights [Lindesay and Gill (2004)].



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Special Relativity 509

Gill and Zachary inform in [Gill and Zachary (1997)] that their proper

time formulation is related to the work of M. Wegener in [Wegener (1995)],

who showed that the use of the proper time allows the construction of

Galilean transformations from Lorentz transformations. Indeed, Wegener

claims in [Wegener (1995)] that “proper time being invariant, the transfor-

mations of coordinates must be Galilean.” Wegener, accordingly, proposes

“a classical alternative to special relativity” which is experimentally slightly

different from Einstein’s special relativity.

Previous attempts to uncover the proper time formulation of special

relativity result in pseudo Lorentz transformations that, experimentally,

are not equivalent to the standard ones.

In contrast, special relativity gyroformalism suggests a most natural

proper time formulation that remains gyrogeometrically and, hence, ex-

perimentally equivalent to Einstein’s formulation of special relativity. The

passage to the proper-time Lorentz transformation group by gyroformalism

considerations is natural and unique, leaving no room for ambiguities. Ge-

ometrically, this is merely the passage from one model to another model of

the same hyperbolic geometry of Bolyai and Lobachevsky, which underlies

special relativity.

A detailed presentation of the proper time is found in [Woodhouse

(2003), Sec. 6.2]. The coordinate time t and the proper time τ of a uni-

formly moving object with relative coordinate velocity v∈R
3
c are related

by the equation

t = γvτ (11.228)

Interestingly, the proper time τ ,

τ =
t

γv
= t

√

1− ‖v‖
2

c2
=

√

t2 − ‖x‖
2

c2
(11.229)

is an invariant of the Lorentz transformation group, as shown in (11.3).

It follows from (11.228) that the relative coordinate velocity v∈R3
c and

proper velocity w∈R3 of an object measured by its coordinate time and

proper time, respectively, are related by the equations

w = γvv ∈ R
3

v = βww ∈ R
3
c

(11.230)
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Here γv is the gamma factor (3.131), p. 79,

γv =
1

√

1− ‖v‖
2

c2

(11.231)

and βw is the beta factor (3.201), p. 94,

βw =
1

√

1 +
‖w‖2
c2

(11.232)

These two factors are related by the elegant identity (3.202), p. 94.

Let φ : R3 → R3
c be the bijective map that (11.230) suggests,

φw = βww = v (11.233)

with inverse φ−1 : R3
c → R3,

φ−1v = γvv = w (11.234)

Then Einstein addition ⊕
E

in R3
c induces the binary operation ⊕

U
in R3,

w1⊕U
w2 = φ−1(φw1⊕E

φw2) (11.235)

w1,w2 ∈ R3, thus uncovering the proper velocity composition law in R3

in terms of PV addition ⊕
U

. Using software for symbolic manipulation, it

can be shown that the binary operation ⊕
U

, (11.235), in R3 is given by the

equation

u⊕
U
v = u + v +

{
βu

1 + βu

u·v
c2

+
1− βv

βv

}

u (11.236)

where βv is the beta factor, satisfying the beta identity

βu⊕
U
v =

βuβv

1 + βuβv

u·v
c2

(11.237)

for all u,v∈R3.

It follows from (11.235) that

βw1⊕U
w2

(w1⊕U
w2) = βw1

w1⊕E
βw2

w2 (11.238)

and, similarly,

γv1⊕E
v2

(v1⊕E
v2) = γv1

v1⊕U
γv2

v2 (11.239)
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for all v1,v2∈R3
c and w1,w2∈R3.

Owing to the isomorphism φ, the groupoid (R3,⊕
U

) forms a gyrocom-

mutative gyrogroup of proper velocities, isomorphic to Einstein gyrogroup

(R3
c ,⊕E

) of coordinate velocities. The proper velocity gyrogroup (R3,⊕
U

)

turns out to be the PV gyrogroup studied in Sec. 3.10, p. 93. Having the

proper velocity gyrogroup in hand, we are now in a position to realize the

abstract Lorentz transformation group by a proper velocity Lorentz group.

To uncover the proper velocity Lorentz group from the abstract Lorentz

group

(1) we realize the abstract gyrocommutative gyrogroup (G,⊕) by the

proper velocity gyrogroup (R3,⊕
U

), where PV addition (that is,

the proper velocity addition) ⊕
U

in the Euclidean 3-space R3 is

given by (11.236). Furthermore,

(2) we realize the abstract spacetime gyronorm (4.8), p. 105, by the

positive valued proper time τ

∥
∥
∥
∥

(
τ

v

)∥
∥
∥
∥

= τ (11.240)

v∈R3, τ > 0, since we seek a proper velocity Lorentz transforma-

tion that keeps the proper time invariant. Selecting any different

norm would break the convention made in step (1) to replace co-

ordinate time by proper time.

Rewriting (11.240) in space, rather than velocity, representation

(4.50), p. 119, it takes the form

∥
∥
∥
∥

(
τ

x

)∥
∥
∥
∥

= τ (11.241)

where x = vτ∈R3, τ > 0.

Comparing (11.240) with (4.8), p. 105, we see that our choice of

the spacetime norm (11.240) determines the gyrofactor

ρ(v) = 1 (11.242)

for all v∈R3. The resulting trivial gyrofactor is legitimate since it,

trivially, satisfies the conditions in Def. 4.1.

(i) Realizing the gyrocommutative gyrogroup binary operation ⊕ by

the proper velocity addition ⊕
U

in step (1), and
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(ii) selecting a spacetime norm that realizes the abstract gyrofactor

ρ(v), v∈G, by the concrete, legitimate gyrofactor ρ(v) = 1,v∈R3,

in step (2),

we can now realize the boost application to spacetime, (4.15), p. 106, ob-

taining

Bp(u)

(
τ

v

)

=

(
τ

u⊕
U
v

)

(11.243)

Translating (11.243) from velocity to space representation (4.50), p. 119,

of spacetime, and noting x = vτ , we have

Bp(u)

(
τ

x

)

=

(

τ

(u⊕
U
v)τ

)

=





τ

(u + v)τ + ( βu

1+βu

u·vτ
c2 + 1−βv

βv
τ)u





=





τ

x + 1

1+
√

1+u2/c2

u·x
c2 u +

√

1 + v2/c2 uτ





=





τ

x + 1

1+
√

1+u2/c2

u·x
c2 u +

√

τ2 + ‖x‖2/c2 u





=

(

τ ′

x′

)

(11.244)

thus obtaining the proper velocity Lorentz boost of special relativity, which

takes spacetime coordinates (τ,x)t into spacetime coordinates (τ ′,x′)t. Un-

like the standard, coordinate-time Lorentz boost, (11.2), the proper velocity

Lorentz boost, (11.244), is nonlinear.

In order to extend the proper velocity Lorentz boost to the proper ve-

locity Lorentz transformation we note that the group SO(3) of all rotations

of the Euclidean 3-space R3 about its origin forms a subgroup of the auto-

morphism group Aut(R3,⊕
U

) that contains all the gyroautomorphisms of

the proper velocity gyrogroupAut(R3,⊕
U

). We, accordingly, realize the ab-

stract automorphism subgroup Aut0(G,⊕) by Aut0(R3,⊕
U

) = SO(3). This

realization of the abstract Lorentz boost and the abstract automorphism
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subgroup of the abstract Lorentz group gives the proper velocity Lorentz

group which, in space representation, takes the form

Lp(u, U)

(
τ

x

)

= Bp(u)E(U)

(
τ

x

)

=

(

τ

(u⊕
U
Uv)τ

)

=




τ

Ux + 1

1+
√

1+u2/c2

u·Ux
c2 u +

√

τ2 + ‖x‖2/c2 u





(11.245)

u,x∈R3, U∈SO(3), τ > 0.

Finally, being a realization of the abstract Lorentz transformation

(4.41), p. 117, the proper velocity Lorentz transformation (11.245) pos-

sesses the group composition law (4.43), p. 117,

Lp(u, U)Lp(v, V ) = Lp(u⊕
U
Uv,Gyr[u, Uv]UV ) (11.246)

for all u,v∈R3 and U, V ∈SO(3).

This composition law represents the proper velocity Lorentz group as the

gyrosemidirect product of (i) a gyrogroup of boosts Bp(v),v∈R3, isomor-

phic to the proper velocity gyrogroup (R3,⊕
U

) of relativistically admissible

proper velocities, and (ii) the group SO(3).

11.15 Demystifying the Proper Velocity Lorentz Group

Demystifying the proper velocity Lorentz group by an ad hoc approach [Un-

gar (2005c)], rather than the natural, gyroformalism approach in Sec. 11.14,

we find in an obvious way that the proper velocity Lorentz group is equiv-

alent to the standard, coordinate velocity Lorentz group.

Let v1,v2 ∈R3
c be two relativistically admissible coordinate velocities,

and let w1,w2∈R3 be their corresponding proper velocities,

w1 = γv1
v1

w2 = γv2
v2

(11.247)

The standard Lorentz boost B
L

takes the form, (11.11), p. 449,

B
L

:

(
t

v2t

)

−→
(

t′

(v1⊕E
v2)t′

)

(11.248)
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so that it is equivalent to the system of two basic transformations

t −→ t′

v2 −→ v1⊕E
v2

(11.249)

where

t′ =
γv1⊕E

v2

γv2

t (11.250)

Parametrizing the Lorentz boost B
L

by v1, (11.248) and (11.250) give

the standard Lorentz boost transformation, (11.2), p. 446,

B
L

(v1)

(
t

v2t

)

=







γv1⊕
E

v2

γv2

t

(v1⊕E
v2)

γv1⊕
E

v2

γv2

t







(11.251)

Hence, the Lorentz boost (11.251) is nothing else but an arrangement of

the two basic transformations in (11.249).

Let us now rearrange the basic transformations (11.249) in a different

way,

Bp :






t
γv2

γv2
v2

t
γv2




 −→






t′

γ
v1⊕

E
v2

γv1⊕E
v2

(v1⊕E
v2) t′

γ
v1⊕

E
v2




 (11.252)

Clearly, (11.251) and (11.252) are equivalent, being just different arrange-

ments of the basic two transformations (11.249).

Parametrizing Bp by γv1
v1, (11.252) gives

Bp(γv1
v1)





t
γv2

γv2
v2

t
γv2



 =






t′

γ
v1⊕

E
v2

γv1⊕E
v2

(v1⊕E
v2) t′

γ
v1⊕

E
v2




 (11.253)

Here we refrain from simplifying the second entry of each of the two matrices

in (11.253) for later convenience in obtaining (11.258) below.

Let us now express the rearranged Lorentz boost (11.253) in terms of

proper times τ and τ ′ and proper velocities w1 and w2.

By (11.228),

τ =
t

γv2

(11.254)
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and, accordingly,

τ ′ =
t′

γv1⊕E
v2

(11.255)

so that, by (11.250), the proper time remains invariant,

τ ′ = τ (11.256)

as it should. Moreover, it follows from (11.247) and (11.239) that

γv1⊕E
v2

(v1⊕E
v2) = w1⊕U

w2 (11.257)

Substituting (11.247), (11.254) – (11.257) in (11.253) we have

Bp(w1)

(
τ

w2τ

)

=

(
τ

(w1⊕U
w2)τ

)

(11.258)

thus recovering the proper velocity Lorentz boost (11.244).

The ad hoc approach to recover the proper velocity Lorentz boost clearly

shows that both (i) the coordinate velocity Lorentz boost (that is, the

standard Lorentz boost of special relativity), and (ii) the proper velocity

Lorentz boost are just two different arrangements of the same two basic

transformations (11.249). Hence, both the standard, coordinate velocity

Lorentz group and the proper velocity Lorentz group are experimentally

indistinguishable, as they should.

A clear picture of the relationship between the standard Lorentz boost

B
L

and the proper velocity Lorentz boost Bp is provided by the following

commutative diagram.

(
t

v2

)
φ−−−−→

(
τ

w2

)

:=

(
t/γv2

γv2
v2

)



yB

L
(v1)



yBp(w1), w1=γv1

v1

(
t′

v1⊕E
v2

)
φ−−−−→

(
τ ′ = τ

w1⊕U
w2

)

:=

(

t′/γv1⊕E
v2

γv1⊕E
v2

(v1⊕E
v2)

)

Note that the equations in the commutative diagram are (11.247), (11.254),

(11.255) – (11.256), and (11.257).
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11.16 The Standard Lorentz Transformation Revisited

Following the introduction of the concept of the proper time τ = t/γv in

(11.228), the generic spacetime event (t,x)t = (t,vt)t can be written as

(
t

x

)

=

(
t

vt

)

=

(
γvτ

γvvτ

)

=

(
γv
γvv

)

τ (11.259)

t∈R, v ∈ R3
c , where (t,x)t is a spacetime point lying in the interior of the

relativistic light cone, that is, (t,x)t ∈ {(t,x)t : t∈R, ‖x‖ < ct}. Here,

accordingly, we have introduced the notation

v =
x

t

τ =
t

γv

(11.260)

so that

t = γvτ

x = γvvτ
(11.261)

The proper time τ∈R is associated with a proper velocity w = γvv∈R3

as explained in Sec. 11.14. Remarkably, along with the introduction of

the proper time τ into the spacetime event representation (11.259), the

proper velocity γvv emerges in (11.259) naturally. The introduction of the

proper time and its associated proper velocity into the spacetime event rep-

resentation (11.259) will prove useful in the study of the standard Lorentz

transformation in terms of Einstein’s velocity addition in Identity (11.264)

below.

Following (11.11), the Lorentz boost L(u) of the spacetime event

(11.259) takes the form

L(u)

(
t

x

)

= L(u)

(
γv
γvv

)

τ = τL(u)

(
γv
γvv

)

= τ

(
γ

u⊕v

γ
u⊕v

(u⊕v)

)

(11.262)

u,v∈R3
c , noting that the proper time τ ∈R is an invariant scalar of the

Lorentz transformation.

Accordingly, the Lorentz transformation L(u, U) of a spacetime event
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(t,x)t can be manipulated as follows.

L(u, U)

(
t

x

)

= L(u)E(U)

(
t

x

)

= L(u)E(U)

(
γv
γvv

)

τ

= τL(u)E(U)

(
γv
γvv

)

= τL(u)

(
γv

γvUv

)

= τL(u)

(
γ

Uv

γ
Uv
Uv

)

=

(
γ

u⊕Uv

γ
u⊕Uv

(u⊕Uv)

)

τ

=:

(
t′

x′

)

(11.263)

u,v∈R3
c , U∈SO(3).

The chain of equations (11.263) gives the following elegant way to view

the Lorentz transformation as a motion in the Beltrami-Klein model of

hyperbolic geometry,

L(u, U)

(
γv
γvv

)

τ =

(
γ

u⊕Uv

γ
u⊕Uv

(u⊕Uv)

)

τ (11.264)

Hence, if spacetime events (t,x)t are written in terms of proper time,

(t,x)t = (γv, γvv)tτ , then the application of the Lorentz transformation

L(u, U) to the events amounts to motions v 7→ u⊕Uv in the underlying

Einstein gyrogroup (R3
c ,⊕) of Einsteinian velocities or, equivalently, the

underlying Beltrami-Klein model of hyperbolic geometry. Each of these

motions comprises of a rotation by U∈SO(3) followed by a left gyrotrans-

lation by u∈R
3
c . Thus, in view of its underlying hyperbolic geometry, the

Lorentz transformation (11.264) takes on remarkable grace.

11.17 The Inhomogeneous Lorentz Transformation

The (homogeneous) Lorentz transformation keeps the relativistic norm in-

variant. Hence, the time parameters t and t′ in (11.263) are related to each

other in terms of the space parameters x and x′ in (11.263) by the equations

τ2 = t2 − x2

c2
= (t′)2 − (x′)2

c2
(11.265)
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where τ is their corresponding common proper time. Furthermore, since

the Lorentz transformation is linear, we have

(
t

x

)

=

(
0

0

)

if and only if

(
t′

x′

)

=

(
0

0

)

(11.266)

Accordingly, the Lorentz transformation L(u, U) in (11.263) is a space-

time coordinate transformation between inertial frames (i) Σ, with space-

time coordinates (t,x)t, and (ii) Σ′, with spacetime coordinates (t′,x′)t,

the origins of which coincided, x = x′ = 0, at time t = t′ = 0. In this sense,

the Lorentz transformation L(u, U) in (11.263) is said to be homogeneous,

as remarked in Sec. 11.1.

We now wish to extend in the following definition the homogeneous

Lorentz transformation L(u, U) in (11.263) – (11.264) into its nonhomoge-

neous counterpart, L(u, U, (tc,xc)t), where tc and xc denote, respectively,

a commencing time and a commencing space point.

Definition 11.10 (The Inhomogeneous Lorentz Transformation

(ILT)). Let (t,x)t and (tc,xc)t be two spacetime points in R×R3 satisfying

the inequality

‖x− xc‖ < c(t− tc) (11.267)

Then, the ILT L(u, U, (tc,xc)t) of (t,x)t is given by the equation

L(u, U, (tc,xc)t)

(
t

x

)

= L(u, U)

(
t− tc
x− xc

)

=:

(
t′

x′

)

(11.268)

for all u∈R3
c , and U∈SO(3).

As in (11.259) – (11.261), we introduce the notation

v =
x− xc

t− tc
∈ R

3
c

τ =
1

γv
(t− tc) ∈ R

>0

(11.269)

so that

t− tc = γvτ

x− xc = γvvτ
(11.270)
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Hence, by (11.268), (11.270) and (11.264), we have

L(u, U, (tc,xc)t)

(
t

x

)

= L(u, U)

(
t− tc
x− xc

)

= L(u, U)

(
γv
γvv

)

τ

=

(

γu⊕Uv

γu⊕Uv(u⊕Uv)

)

τ

=:

(
t′

x′

)

(11.271)

As in (11.265), the time parameters t− tc and t′ in (11.271) are related

to each other in terms of the space parameters x − xc and x′ in (11.271)

by the equations

τ2 = (t− tc)2 − (x− xc)2

c2
= (t′)2 − (x′)2

c2
(11.272)

and, since the Lorentz transformation L(u, U) in (11.271) is linear,

(
t

x

)

=

(
tc
xc

)

if and only if

(
t′

x′

)

=

(
0

0

)

(11.273)

Accordingly, the ILT in (11.271) is a spacetime coordinate transforma-

tion between inertial frames (i) Σ, with spacetime coordinates (t,x)t, and

(ii) Σ′, with spacetime coordinates (t′,x′)t. The space origin, 0, of Σ′ at

time t′ = 0 measured in Σ′ coincided with the space point xc of Σ at the

time t = tc measured in Σ.

Owing to the linearity of the Lorentz transformation L(u, U), the ILT

in (11.271) can be written as

(
t′

x′

)

:= L(u, U, (tc,xc)t)

(
t

x

)

= L(u, U)

(
t− tc
x− xc

)

= L(u, U)

(
t

x

)

− L(u, U)

(
tc
xc

)

= L(u, U)

(
t

x

)

+

(
ti
xi

)

(11.274)

where (ti,xi) = −L(u, U)(tc,xc)t is an arbitrarily selected initial space-

time point, replacing the arbitrarily selected commencing spacetime point

(tc,xc)t.



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

520 Analytic Hyperbolic Geometry

The resulting transformation (t,x)t → (t′,x′)t in (11.274),

(
t′

x′

)

:= L(u, U)

(
t

x

)

+

(
ti
xi

)

(11.275)

is the standard form of the ILT, which is also known as the Poincaré trans-

formation [Goldstein (1980), p. 283]. For our gyroformalism, however, the

ILT as presented in Def. 11.10 is preferable.

11.18 The Relativistic Center of Momentum and Mass

The introduction of proper time τ ∈R and proper velocity γvv∈R
3 into

the spacetime event representation (11.259) suggests the presentation of the

particle system S in Theorem 11.6 by its CMM frame proper velocity γv0
v0,

rather than its CMM frame coordinate velocity v0. Indeed, it follows from

(11.151) and (11.147) that the CMM frame proper velocity of the particle

system S = S(mk,vk ,Σ0, N) in Theorem 11.6 is given by the equation

γv0
v0 =

∑N
k=1mkγvk

vk
√
(
∑N

k=1 mk

)2

+ 2
∑N

j,k=1
j<k

mjmk(γ	vj⊕vk
− 1)

(11.276)

We are now in the position to offer a wholly satisfactory definition

of the relativistic Center of MasS (CMS) of the particle system S =

S(mk,vk,Σ0, N) in Defs. 11.3 and 11.5 in, at least, the special case when

S is disintegrated; see Def. 11.12 below.

Guided by analogies with the classical CMS of S in (11.202), we seek

a definition for the relativistic CMS of the system S that shares its proper

velocity and rest mass with the relativistic CMM frame of S. Moreover,

the relativistic CMS of S that we seek should be manifestly covariant in

order to conform with Einstein’s principle of relativity. Following Einstein,

the covariance of physical laws is defined below.

Definition 11.11 (Covariance of Physical Laws (with respect to the

Lorentz transformation group), a quote from [Einstein (1961), pp. 42–43]).

Every general law of nature must be so constituted that it is transformed

into a law of exactly the same form when, instead of the space-time variables

x, y, z, t of the original co-ordinate system K, we introduce new space-time

variables x′, y′, z′, t′ of a co-ordinate system K ′. In this connection the

relation between the ordinary and the accented magnitudes is given by the
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Lorentz transformation. Or in brief: General laws of nature are co-variant

with respect to Lorentz transformations.

The covariance of a physical law is manifest if it is expressed in terms of

scalars that are invariant under the Lorentz transformation, and 4-vectors

that transform under the Lorentz transformation like spacetime events

(t,x)t. To obtain the desired definition of the manifestly covariant rela-

tivistic CMS of the particle system S, let us consider the following 4-vector

identity (11.107) for the particle system S = S(mk,vk,Σ0, N) in Theorem

11.6, p. 481,
(

γv0

γv0
v0

)

=
1

m0

N∑

k=1

mk

(
γvk

γvk
vk

)

(11.277)

which results from Identities (11.150) and (11.151) of Theorem 11.6. In-

deed, the upper entries of (11.277) form Identity (11.150), and the lower

entries of (11.277) form Identity (11.151) of Theorem 11.6.

Multiplying both sides of (11.277) by proper time τ and noting (11.270)

we have

(
t0 − tc
x0 − xc

)

= τ

(
γv0

γv0
v0

)

=
τ

m0

N∑

k=1

mk

(
γvk

γvk
vk

)

=
1

m0

N∑

k=1

mk

(
tk − tc
xk − xc

)

(11.278)

where, following (11.270), we have

tk − tc = γvk
τ

xk − xc = vk(tk − tc) = γvk
vkτ

(11.279)

k = 0, 1, . . . , N .

It is Identity (11.278) that gives rise to the desired relativistic CMS of

a disintegrated system S, formalized in Def. 11.12 and justified in Theorem

11.13 below.

Definition 11.12 (The Manifestly Covariant Relativistic Center

of Mass (CMS) of an isolated, disintegrated system of noninter-
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acting particles). Let S = S(mk,vk,Σ0, N), (11.103), be an isolated

system of N noninteracting material particles the k-th particle of which has

invariant mass mk > 0, and velocity vk ∈R3
c relative to a rest frame Σ0,

k = 1, . . . , N . Accordingly,

(i) the relativistic CMM frame velocity v0 of S is given by each of

(11.104) and (11.145),

v0 =

∑N
k=1 mkγvk

vk
∑N

k=1mkγvk

(11.280)

(ii) and the relativistic CMM frame invariant mass m0 of S is given

by (11.105) in Def. 11.3 or equivalently, following (11.143), by

m0 =

√
√
√
√
√
√

(
N∑

k=1

mk

)2

+ 2

N∑

j,k=1
j<k

mjmk(γ	vj⊕vk
− 1) (11.281)

Furthermore, we assume that the particle system is disintegrated. This

means that at time t = tc (For convenience we normally select tc = 0) the

positions xk, k = 1, . . . , N , of the system particles coincided at the point xc

(For convenience we normally select xc = 0, the origin of the rest frame

Σ0). Hence, accordingly, at time tc the particle system was disintegrated

from a single mother particle at a position xc into N uniformly moving

particles. Following the disintegration, the position xk of the kth particle

of the system relative to the rest frame Σ0 at (coordinate) time tk − tc or,

equivalently, at proper time τ is xk = xc + γvk
vkτ = xc + vk(tk − tc).

Then, the manifestly covariant relativistic CMS (t0,x0)t at any given

time t0∈R≥0 is the spacetime event

(
t0 − tc
x0 − xc

)

=
1

m0

N∑

k=1

mk

(
tk − tc
xk − xc

)

(11.282)

(i) where the proper time τ that corresponds to t0, and the position

x0 − xc at (coordinate) time t0 − tc and, hence, at proper time τ ,

are determined from v0 in (11.280) by the equation

t0 − tc = γv0
τ

x0 − xc = v0(t0 − tc) = γv0
v0τ

(11.283)

and
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(ii) where

tk − tc = γvk
τ

xk − xc = vk(tk − tc) = γvk
vkτ

(11.284)

k = 1, . . . , N .

Remarkably, in order to calculate the relativistic CMS of a disintegrated

system S, (11.282), at any time t0− tc > 0 after the disintegration, relative

to a rest frame Σ0, time considerations must be taken carefully. One has to

determine the position xk of a constituent particle of S at a time tk−tc after

the disintegration, which is different and exclusive to each particle of the

system. The distinct coordinate times tk− tc in (11.282) are determined by

(11.283) – (11.284) in such a way that they share the system’s proper time

τ elapsed since the disintegration.

It is anticipated in Def. 11.12 that the “manifestly covariant relativistic

CMS” (11.282) of the particle system S is covariant with respect to the

ILT. The following theorem shows that this is, indeed, the case.

Theorem 11.13 (The Covariant Relativistic CMS). Let S =

S(mk,vk,Σ0, N), (11.103), be an isolated, disintegrated system of N non-

interacting material particles the k-th particle of which has invariant mass

mk > 0 and velocity vk ∈ R3
c relative to a rest frame Σ0, k = 1, . . . , N .

The system S was disintegrated at (coordinate) time tc = 0 from a mother

particle at the origin, xc = 0, of the rest frame Σ0.

Furthermore, following Def. 11.12,

(i) let the relativistic CMM frame velocity v
CMM

of S be

v
CMM

= v0 =

∑N
k=1mkγvk

vk
∑N

k=1 mkγvk

(11.285)

(ii) let m0 be the invariant mass of the particle system S,

m0 =

√
√
√
√
√
√

(
N∑

k=1

mk

)2

+ 2

N∑

j,k=1
j<k

mjmk(γ	vj⊕vk
− 1) (11.286)

and
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(iii) let (t0,x0)t be the relativistic CMS at proper time τ∈R≥0,

(
t0
x0

)

=
1

m0

N∑

k=1

mk

(
tk
xk

)

(11.287)

where

tk = γvk
τ ∈ R

≥0

xk = vktk = γvk
vkτ ∈ R

3
(11.288)

k = 0, 1, . . . , N .

Then, the relativistic CMS is covariant with respect to the ILT, that is,

(
t′0
x′

0

)

=
1

m0

N∑

k=1

mk

(
t′k
x′

k

)

(11.289)

where
(
t′k
x′

k

)

= L(u, U, (tc,xc)t)

(
tk
xk

)

(11.290)

k = 0, 1, . . . , N , for any u∈R3
c , U∈SO(3), and (tc,xc)t∈R≥0 × R3.

Furthermore, the relativistic CMS velocity v
CMS

of the particle system

S = S(mk,vk,Σ0, N) relative to the frame Σ0 is equal to its CMM frame

velocity v
CMM

= v0 relative to Σ0, (11.280), that is,

v
CMS

= v
CMM

= v0 =

∑N
k=1mkγvk

vk
∑N

k=1 mkγvk

(11.291)

Remark 11.14 The equality vCMS = vCMM in (11.291) enables the

CMM of S to be identified with the CMS of S, given by (11.287), so that

CMM = CMS =: CM (Relativistic Mechanics) (11.292)

in full analogy with its classical counterpart in (11.203), p. 497.

Proof. The two sides of (11.287) are registered by a Σ0 observer, that is,

an observer who is at rest relative to the inertial frame Σ0. Let Σ(	u,U−1 )

be an inertial frame relative to which Σ0 moves with velocity u∈R3
c and

orientation U ∈ SO(3), U−1 being the inverse of the rotation U . Hence,

any velocity v ∈ R3
c measured by the Σ0 observer, will be measured as

u⊕Uv ∈ R3
c by the Σ(	u,U−1 ) observer. The two observers agree on the

relativistic invariant mass m0 of the system S, as Theorem 11.6 states and

as explained in the paragraph of the chain of equations (11.152).
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Accordingly, the Σ(	u,U−1 ) observer measures the left-hand side of the

relativistic CMS equation (11.287) as (t′0,x
′
0)t, given by the following chain

of equations that are numbered for subsequent explanation. Starting with

the relativistic CMS (t′0,x
′
0)t measured relative to the frame Σ(	u,U−1 ),

which is an ILT of the relativistic CMS (t0,x0), measured relative to the

frame Σ0, we have

(
t′0
x′

0

)

:

(1)
︷︸︸︷
=== L(u, U, (tc,xc)t)

(
t0
x0

)

(2)
︷︸︸︷
=== L(u, U)

(
t0 − tc
x0 − xc

)

(3)
︷︸︸︷
=== L(u, U)

(
γv0

γv0
v0

)

τ

(4)
︷︸︸︷
===

(

γu⊕Uv0

γu⊕Uv0
(u⊕Uv0)

)

τ

(5)
︷︸︸︷
===

1

m0

N∑

k=1

mk

(
γu⊕Uvk

γu⊕Uvk
(u⊕Uvk)

)

τ

(6)
︷︸︸︷
===

1

m0

N∑

k=1

mkL(u, U)

(
γvk

γvk
vk

)

τ

(7)
︷︸︸︷
===

1

m0

N∑

k=1

mkL(u, U)

(
tk − tc
xk − xc

)

(8)
︷︸︸︷
===

1

m0

N∑

k=1

mkL(u, U, (tc,xc)t)

(
tk
xk

)

(9)
︷︸︸︷
=== :

1

m0

N∑

k=1

mk

(
t′k
x′

k

)

(11.293)

thus verifying (11.289). The derivation of the numbered equalities in

(11.293) follows.

(1) presents the relativistic CMS (t′0,x
′
0)t of the particle system S =

S(mk,vk,Σ0, n), as measured by the Σ(	u,U−1 ) observer, in terms

of the relativistic CMS (t0,x0)t of S, as measured by the Σ0 ob-

server. Here, the selection of the commencing spacetime event
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(tc,xc)t is subjected to the condition ‖x0 − xc‖ < c(t0 − tc).

(2) follows from (1) by the ILT definition, (11.268).

(3) follows from (2) by the introduction of the proper time parameter

τ given by the equation

τ =
t0 − tc
γv0

(11.294)

where

v0 =
x0 − xc

t0 − tc
(11.295)

so that

t0 − tc = γv0
τ

x0 − xc = v0(t0 − tc) = γv0
v0τ

(11.296)

(4) follows from (3) by (11.264).

(5) follows from (4) by Theorem 11.6, (11.148) – (11.149).

(6) follows from (5) by the third equation in (11.271).

(7) follows from (6) by the second equation in (11.271), k = 1, . . . , N .

(8) follows from (7) by the ILT definition (11.268).

(9) presents a notation: (t′k,x
′
k)t denotes the spacetime event (tk,xk)t

relative to the frame Σ0, as measured by the Σ(	u,U−1 ) observer.

Among the derivations (1) – (9) of (11.293) one is particularly remark-

able. It is the derivation of (5) from (4), as emphasized in Remark 11.7,

p. 484.

Finally, the velocity of the relativistic CMS (t0,x0)t in (11.287) is, by

(11.287), and (11.283) – (11.284) with (tc,xc)t = (0,0)t,

v0 =
x0

t0

=

∑N
k=1mkxk

∑N
k=1 mktk

=

∑N
k=1mkγvk

vkτ
∑N

k=1 mkγvk
τ

=

∑N
k=1mkγvk

vk
∑N

k=1 mkγvk

(11.297)



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Special Relativity 527

→

←

PSfrag replacements

x0

x1 ,m

m,x2

v0 = 0
v1 = v

v2 = 	v

Σ0

xk = vktk = vkγvk
τ

k = 1, 2, 3, τ ≥ 0

Fig. 11.7 The Relativistic CMS: Illustrat-
ing Example 1 in Sec. 11.19. A two-particle
system S1 = S1(mk ,vk, Σ0, 2) is shown,
where m1 = m2 =: m > 0 are the invari-
ant (or, rest, or, Newtonian) equal masses
of the particles, and v1 = v, v2 = 	v∈R3

c

are the equal, but opposite, velocities of the

particles relative to an inertial, rest frame
Σ0. The two-particle system was disinte-
grated from a mother particle at spacetime
event (0,0)t in Σ0. The relativistic CMS
x0 is at rest, v0 = 0, relative to the rest
frame Σ0.

→

→

PSfrag replacements

x0

x1 ,m

m,x2

v0 = v
v1 = 2⊗v

v2 = 0

Σ	v

xk = vktk = vkγvk
τ

k = 1, 2, 3, τ ≥ 0

Fig. 11.8 The Relativistic CMS: Illustrat-
ing Example 2 in Sec. 11.20. The two-
particle system S1 of Fig. 11.7, as seen
relative to the rest frame Σ0, is shown
here again, but as seen relative to the
moving inertial frame Σ	v . It is, ac-
cordingly, the two-particle system S2 =

S2(mk ,vk, Σ	v, 2) where m1 = m2 =:
m > 0 are the invariant masses, and v1 =
2⊗v, v2 = 0∈R3

c are the velocities of the
particles relative to the inertial frame Σ	v.
The relativistic CMS x0 moves with veloc-
ity v0 = v relative to Σ	v.

Hence, the CMS velocity of a system S equals the CMM velocity of S,

(11.104), as desired in (11.291). �

11.19 Relativistic Center of Mass: Example 1

Let S1 = S1(mk,vk,Σ0, 2) be a two-particle system, where m1 = m2 =:

m > 0 are the equal invariant masses of the particles, and

v1 = v

v2 = 	v
(11.298)

v∈R3
c , are the equal, but opposite, velocities of the particles relative to an

inertial, rest frame Σ0, as shown in Fig. 11.7. The system was disintegrated
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from a mother particle at spacetime event

(
tc
xc

)

=

(
0

0

)

(11.299)

The relativistic CMS of S1 at any time t0 ≥ 0 is, by Def. 11.12, (11.282) –

(11.284),

(
t0
x0

)

=
1

m0

2∑

k=1

mk

(
tk
xk

)

=
m

m0

{(
t1
x1

)

+

(
t2
x2

)}

(11.300)

with velocity, (11.280),

v0 =
m1γv1

v1 +m2γv2
v2

m1γv1
+m2γv2

=
−mγvv +mγvv

2mγv
= 0 (11.301)

By (11.283), and by (11.299) and (11.301), we have

t0 = tc + γv0
τ = τ

x0 = xc + γv0
v0τ = 0

(11.302)

Similarly, by (11.284), (11.298), and (11.302) we have

t1 = tc + γv1
τ = γvt0

x1 = xc + γv1
v1τ = γvvt0

(11.303)

and

t2 = tc + γv2
τ = γvt0

x2 = xc + γv2
v2τ = −γvvt0

(11.304)

The mass m0 of the two-particle system S1 is, by (11.281), (11.298),

and by (6.304),

m2
0 = (m1 +m2)2 + 2m1m2(γ	v1⊕v2

− 1)

= (2m)2 + 2m2(γ2⊗v − 1)

= 2m2(1 + γ2⊗v)

= 4m2γ2
v

(11.305)

noting that 	v1⊕v2 = 	v	v = 	2⊗v, so that γ	v1⊕v2
= γ	2⊗v = γ2⊗v.

Hence, the invariant mass m0 of the two-particle system S1,

m0 = 2mγv (11.306)
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is greater than the sum of the invariant masses, 2m, of its two constituent

particles.

Finally, by means of (11.302) – (11.304) and (11.306), the relativistic

CMS equation (11.300) reduces to the following equation.
(
t0
x0

)

=
m

2mγv

{(
γvt0
γvvt0

)

+

(
γvt0
−γvvt0

)}

=

(
t0
0

)

(11.307)

for t0 ≥ 0. Thus, at any time t0 ≥ 0 the relativistic CMS of S1 is located

at the origin 0 of the frame Σ0.

By (11.182) – (11.183), the bright mass of S1,

mbright = 2m (11.308)

is the sum of the masses of the constituent particles of the system S1, and

its dark mass is

mdark =
√

2m2(γ2⊗v − 1) = 2m
√

γ2
v − 1 = 2mγv

v

c
(11.309)

where v = ‖v‖. Here (11.309) is derived by gyroalgebraic manipulations

similar to those in (11.305).

The bright and the dark masses of S1 are added according to formula

(11.184),

m0 =
√

m2
bright +m2

dark

=

√

4m2 + 4m2γ2
v

v2

c2

= 2mγv

(11.310)

giving rise to the total mass m0, (11.306), of the system S1.

11.20 Relativistic Center of Mass: Example 2

Let S2 = S2(mk,vk,Σ	v, 2) be a two-particle system, where m1 = m2 =:

m > 0 are the equal invariant masses of the particles, and

v1 = 2⊗v

v2 = 0
(11.311)

v∈R3
c , are the velocities of the particles relative to the inertial frame Σ	v,

as shown in Fig. 11.8. The frame Σ	v moves with velocity 	v relative to

Σ0, so that any velocity w relative to Σ0 is measured as v⊕w relative to
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Σ	v, v,w ∈R3
c , The system was disintegrated from a mother particle at

spacetime event

(
tc
xc

)

=

(
0

0

)

(11.312)

The relativistic CMS of S2 at any time t0 ≥ 0 is, by Def. 11.12, (11.282) –

(11.284),

(
t0
x0

)

=
1

m0

2∑

k=1

mk

(
tk
xk

)

=
m

m0

{(
t1
x1

)

+

(
t2
x2

)}

(11.313)

with velocity, (11.280),

v0 =
m1γv1

v1 +m2γv2
v2

m1γv1
+m2γv2

=
mγ2⊗v(2⊗v)

mγ2⊗v +m
= v (11.314)

where the last equation in (11.314) follows from (6.301) and (6.304).

By (11.283), and by (11.312) and (11.314), we have

t0 = tc + γv0
τ = γvτ

x0 = xc + γv0
v0τ = γvvτ = vt0

(11.315)

Similarly, by (11.284) and (11.315), and, by (6.304) and (6.301), we have

t1 = tc + γv1
τ = γ2⊗vτ = (2γ2

v − 1)τ =
2γ2

v − 1

γv
t0

x1 = xc + γv1
v1τ = γ2⊗v(2⊗v)τ = 2γ2

vvτ = 2γvvt0

(11.316)

and

t2 = tc + γv2
τ = 0 + γ0τ = τ =

1

γv
t0

x2 = xc + γv2
v2τ = 0 + γ00τ = 0

(11.317)

The mass m0 of the two-particle system S2 is, by (11.281) and by

(6.304),

m2
0 = (m1 +m2)2 + 2m1m2(γ	v1⊕v2

− 1)

= (2m)2 + 2m2(γ2⊗v − 1)

= 2m2(1 + γ2⊗v)

= 4m2γ2
v

(11.318)
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noting that 	v1⊕v2 = 	2⊗v⊕0 = 	2⊗v, so that γ	v1⊕v2
= γ	2⊗v =

γ2⊗v. Hence, the invariant mass m0 of the two-particle system S2 is

m0 = 2mγv (11.319)

As expected, the invariant masses of the two-particle systems S1 and S2 are

equal, since they are the masses of the same system observed from the two

distinct inertial frames Σ0 and Σ	v. Also the bright mass and the dark

mass of S2 are equal to those of S1, as one can readily check.

Finally, by means of (11.315) – (11.316) and (11.319), the relativistic

CMS equation (11.313) reduces to the identity

(
t0

x0

)

=
m

2mγv











2γ2
v−1
γv

t0

2γvvt0



+

(
1

γv
t0

0

)





=

(
t0

vt0

)

(11.320)

for t0 ≥ 0. Thus, at any time t0 ≥ 0 the relativistic CMS of S2 is located

at the point x0 = vt0 of the frame Σ	v.

11.21 Dark Matter and Dark Energy

The covariant relativistic CMS, m0 in (11.286), of a galaxy exceeds the

sum of the invariant masses of its constituent objects (stars, planets, etc.)

if and only if some of these objects possess nonzero speeds relative to each

other, as we see from Theorem 11.13, p. 523. This excess of mass is the

dark mass, (11.183), p. 492, of galaxies, which one may attribute to the

presence of fictitious matter called dark matter.

The presence of dark matter results in both (i) gravitational attraction

and (ii) gravitational repulsion. It increases the gravitational attraction of

each stellar explosion, a supernova, since it creates relative speeds between

objects that were at rest relative to each other prior to the explosion. The

resulting generated relative speeds increase the dark mass of an explod-

ing star which, in turn, increases its gravitational attraction. Similarly,

relative speeds of objects that converge into a star vanish in the process

of star formation. The resulting relative speed annihilation decreases the

dark mass of a star formation region which, in turn, decreases its gravita-

tional attraction or, equivalently, increases its gravitational repulsion. The

increased gravitational repulsion associated with star formation results in

the accelerated expansion of the universe, first observed in 1998 [Copeland,

Sami and Tsujikawa (2006), p. 1764] [Kirshner (200)].
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While (i) the increase of gravitational attraction, needed to glue galaxies

together, is currently attributed to the presence of elusive dark matter, (ii)

the increase of gravitational repulsion, needed to explain the accelerated

expansion of the universe, is currently attributed to the presence of elu-

sive dark energy. In an exhaustive review article on the dynamics of dark

energy [Copeland, Sami and Tsujikawa (2006)], E.J. Copeland, M. Sami

and S. Tsujikawa review attempts to answer the significant questions as

to whether dark matter and dark energy interact with each other, and

as to whether their theories can be unified; see, for instance, [Borowiec,

W lodzimierz and Szyd lowski (2007)].

We thus see once again that the study of Einstein’s special theory of

relativity in terms of its underlying analytic hyperbolic geometry is useful.

It provides a viable mechanism for the presence of both dark matter and

dark energy in the universe under one umbrella, without recourse to a

new form of matter and energy. Ultimately, dark matter and dark energy,

as proposed in this section, will be judged by how well they accord with

astronomical observations.

11.22 Exercises

(1) Show that the second Identity in (6.104) of Theorem 6.37, in Ein-

stein gyrovector spaces, is a special case of Identity (11.36).

Hint: Consider (11.36) with t1 = t2 = 1 and use the identity in

(10.27) – (10.28).

(2) Show that (11.94) follows from (11.82).

Hint: Note that γgyr[a1,	a2]v
= γv

(3) Verify the last identity in (11.83), and show that (11.95) follows

from (11.83).

(4) Show that (11.96) follows from (11.84).

(5) The Einstein Three-Quarter. Prove the identity

3

4
⊗v =

γv
γv + 1

1+
√

2(1+γv)

v (11.321)

Hint: Employ (6.356), using (11.98).

(6) Verify the relation (11.230) between coordinate velocities v and

proper velocities w. This relation is traced back to a 1915 work of

G.A. Schott [Schott (1915)].

(7) Show that (11.236) follows from (11.235).
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(8) Show that (11.237) follows from (11.232) and (11.236).

(9) (An open problem) The gyroparallelogram addition law (10.66),

Fig. 10.10, is expressible in terms of Einstein addition ⊕. Simi-

larly, express the gyroparallelepiped addition law (10.67) in terms

of Einstein addition.

(10) James Bradley (1693 – 1762) was an English astronomer most fa-

mous for the discovery of the aberration of starlight, known as

stellar aberration, around 1728. He interpreted the stellar aber-

ration classically by classical velocity addition or, equivalently, by

the parallelogram addition law of classical velocities.

The effect of stellar aberration is a simple phenomenon in astro-

nomical observations. Yet, attempts to understand it relativisti-

cally are not clear. Replacing classical velocity addition by rela-

tivistic velocity addition, W. Rindler studies the stellar aberration

in his book “Essential Relativity: Special, General, and Cosmolog-

ical”. Specifically, he employs the Einstein velocity sum

(−v, 0, 0)t⊕
E

(u1, u2, u3)t (11.322)

(u1, u2, u3), (−v, 0, 0)∈R3
c , giving no explanation why the rela-

tivistic velocity sum (11.322) that he selected is preferable over the

similar, but different, relativistic velocity sum

(u1, u2, u3)t⊕
E
(−v, 0, 0)t (11.323)

Calculate the relativistic velocity sums (11.322) and (11.323) and

show that the one selected by Rindler, (11.322), is simpler than the

other one, (11.323).

(11) Suppose that a disintegrated particle system S = S(mk,vk,Σ0, N),

(11.103), is made up of N ′ subsystems labeled by the index a =

1, . . . , N ′. The ath subsystem has

(1) N (a) particles, so that
∑N ′

a=1N
(a) = N ;

(i) The mass of the kth particle of the ath subsystem is m
(a)
k ,

k = 1, . . . , N (a); and

(ii) the velocity of the kth particle of the ath subsystem rel-

ative to Σ0 is v
(a)
k , k = 1, . . . , N (a);

(2) mass m
(a)
0 ;

(3) center of mass (t
(a)
0 ,x

(a)
0 )t; and

(4) center of mass velocity v
(a)
0 = x

(a)
0 /t

(a)
0 .
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Show that the mass, center of mass, and center of mass velocity

of the system S equals the mass, center of mass, and center of

mass velocity of the system S ′ = (S′,m(a)
0 ,v

(a)
0 ,Σ0, N

′) of the N ′

subsystems.

Hint: Employ Identity (11.143).

(12) In classical mechanics we have the following obvious result. Let

x = ut

y = vt

z = wt

(11.324)

for Newtonian velocities u,v,w∈R3, vector positions x,y, z∈R3,

and time t∈R3. Owing to the distributive law of scalar multiplica-

tion in vector spaces, if

w = u + v (11.325)

then

z = x + y (11.326)

Show that in relativistic mechanics we have the following analogous

two results (I) and (II). Let

x = γuuτ

y = γvvτ

z = γwwτ

(11.327)

for Einsteinian velocities u,v,w ∈ R3
c , positions x,y, z ∈ R3, and

proper time τ∈R3.

(I) If

w = u⊕v (11.328)

then

z =
γv + γu⊕v

1 + γu
x + y (11.329)

⊕ = ⊕
E

being Einstein velocity addition,

(II) If

w = u � v (11.330)
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then

z =
γu + γv
γu	v + 1

(x + y) (11.331)

⊕ = ⊕
E

and � = �
E

being Einstein velocity addition and

coaddition, respectively.

(13) In classical mechanics we have the following obvious result. Let

xi = vit

z = wt
(11.332)

for Newtonian velocities vi,w ∈ R3, vector positions xi, z ∈ R3,

i = 1, 2, 3, and time t∈R3. Owing to the distributive law of scalar

multiplication in vector spaces, if

w = v1 + v2 + v3 (11.333)

then

z = x1 + x2 + x3 (11.334)

Show that in relativistic mechanics we have the following analogous

result, which generalizes the one in Prob. (12)(II) above. Let

xi = γvi
viτ

z = γwwτ
(11.335)

for Einsteinian velocities vi,w∈R3
c , positions xi, z∈R3, i = 1, 2, 3,

and proper time τ∈R
3.

If

w = v1 �3 v2 �3 v3 (11.336)

then

z =
(γv1

+ γv2
+ γv3

− 1)(x1 + x2 + x3)

γ	v1⊕v2
+ γ	v1⊕v3

+ γ	v2⊕v3
− (γv1

+ γv2
+ γv3

) + 2
(11.337)

where ⊕ = ⊕
E

is Einstein velocity addition and �3 is Einstein

coaddition of order 3, (10.74), p. 427. Note that Prob. (13) reduces

to Prob. (12)(II) above in the special case when v3 = 0.

Hint: Employ (10.109) and (10.110), p. 443, with k = 3.

(14) Generalize the result of Prob. (12)(II) for k = 2 and the result of

Prob. (13) for k = 3 to all k∈N.
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(15) In classical mechanics vector positions x,y∈R3 at an arbitrary, but

fixed, time t∈R form a commutative group (R3,+) under standard

vector addition

z = x + y (11.338)

in R3. Show that in relativistic mechanics we have the following

analogous result. Gyrovector positions x,y ∈R3 at an arbitrary,

but fixed, proper time τ∈R>0 form a gyrocommutative gyrogroup

(R3,⊕, τ) under the gyrogroup gyrovector addition

z = x⊕y =

{√

τ2 + y2
c

τ
+

1

c2
1

τ

x·y
τ +

√

τ2 + x2
c

}

x + y (11.339)

in R3, xc = x/c, yc = y/c.

Hint: Find a relationship with PV addition in Def. 3.47, p. 93.

(16) Extend the result of Problem (15) to higher dimensions; and intro-

duce scalar multiplication that turns the resulting gyrocommuta-

tive gyrogroup into a gyrovector space.

(17) Show that (R3,⊕,−τ), with the binary operation (11.339) in which

τ is replaced by −τ , does not form a gyrogroup.
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Chapter 12

Relativistic Gyrotrigonometry

The history and vital contribution to science of trigonometry are skillfully

presented in Eli Maor’s book Trigonometric Delights [Maor (1998)]. It is in-

teresting to realize that trigonometry has its natural extension to relativistic

gyrotrigonometry. In this chapter, accordingly, relativistic gyrotrigonomet-

ric delights will be presented.

Relativistic gyrotrigonometry is the study of how the sides and gyroan-

gles of a relativistic gyrotriangle are related to each other. A relativistic

gyrotriangle, in turn, is a gyrotriangle in an Einstein gyrovector space. We

will find that the gamma identity, (3.177), p. 88, which relates Einstein

velocity addition law to the gamma factor, plays an important role. Natu-

rally, we begin the study by presenting the standard notation that we use

with the relativistic gyrotriangle, Fig. 12.1.

12.1 The Relativistic Gyrotriangle

The usefulness of the common vector space approach to the study of the

Euclidean triangle is well known [Hausner (1998)]. Accordingly, we wish

to uncover a fully analogous gyrovector space approach to the study of the

relativistic gyrotriangle. In Fig. 12.1 we, therefore, introduce our standard

gyrotriangle notation, which shares important analogies with the standard

Euclidean triangle notation.

Let A,B,C∈Vs be any three non-gyrocollinear points of an Einstein gy-

rovector space (Vs,⊕,⊗), shown in Fig. 12.1 for Vs = R2
s. The gyrotriangle

with vertices A,B and C is denoted ABC. The sides of a gyrotriangleABC

in the Einstein gyrovector space (Vs,⊕,⊗), oriented as shown in Fig. 12.1,

537
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PSfrag replacements

A

B

C

a

b

c
c = 	A⊕

B

a
=
	
B
⊕
C

b
=
	C
⊕A

α

β

γ

a = ‖a‖ = ‖	B⊕C‖

b = ‖b‖ = ‖	C⊕A‖

c = ‖c‖ = ‖	A⊕B‖

cosα = 	A⊕B
‖	A⊕B‖ · 	A⊕C

‖	A⊕C‖

cosβ = 	B⊕A
‖	B⊕A‖ · 	B⊕C

‖	B⊕C‖

cos γ = 	C⊕A
‖	C⊕A‖ · 	C⊕B

‖	C⊕B‖

I

I

I

Fig. 12.1 The relativistic gyrotriangle in an Einstein gyrovector space. The standard
notation used with the gyrotriangle ABC, its gyrovector sides, and its gyroangles in an
Einstein gyrovector space (Vs,⊕,⊗) is shown for the Einstein gyrovector plane. In the
Newtonian limit of large s, s → ∞, any side gyrolength reduces to its Euclidean coun-
terpart. Thus, for instance, lims→∞ a = lims→∞ ‖	B⊕C‖ = ‖ − B + C‖ = a

Euclidean
.

Similarly, in that limit any gyroangle reduces to its Euclidean angle counterpart,
lims→∞ cos α = lims→∞

	A⊕B
‖	A⊕B‖

· 	A⊕C
‖	A⊕C‖

= −A+B
‖−A+B‖

· −A+C
‖−A+C‖

= cos α
Euclidean

.

form the gyrovectors

a = 	C⊕B
b = 	C⊕A
c = 	A⊕B

(12.1)

Accordingly, the side-gyrolengths of the gyrotriangle ABC in Fig. 12.1 are

a = ‖a‖, b = ‖b‖, c = ‖c‖ (12.2)
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It follows from the notation in (12.2) that

γa = γa =
1

√

1− a2

s2

=
1

√

1− a2
s

(12.3)

where we use the notation as = a/s, so that

a2
s =

γ2
a − 1

γ2
a

(12.4)

and similarly for b2s and c2s, etc.

The three gyrotriangle side gyrovectors in (12.1) satisfy the gyrovec-

tor identity, Theorem 2.15, p. 23, called the gyrotriangle law of gyrovector

addition,

(	A⊕B)⊕gyr[	A,B](	B⊕C) = 	A⊕C (12.5)

Following Def. 2.17, by (2.24), p. 24, Identity (12.5) can be written as a

gyropolygonal gyroaddition of “sides”, now recognized as gyrovectors,

(	A⊕B)♦+ (	B⊕C) = 	A⊕C (12.6)

A,B,C ∈ Vs.

The three gyrotriangle side gyrovectors in (12.1) also satisfy the gy-

rovector identity, Theorem 3.13, p. 57,

	(	C⊕B)⊕(	C⊕A) = gyr[	C,B](	B⊕A) (12.7)

A,B,C ∈ Vs.

The Euclidean analogs of the gyrovector identity (12.5) – (12.6) and of

the gyrovector identity (12.7) are obvious. These are the vector identities

(−A+B) + (−B + C) = −A+ C (12.8)

and

−(−C +B) + (−C +A) = −B +A (12.9)

A,B,C ∈ V,

Despite of their simplicity, the vector identities (12.8) and (12.9) per-

form remarkably well in the vector space approach to Euclidean geometry.

Identity (12.8) is known as the triangle law of vector addition. We, ac-

cordingly, call the gyrovector identity (12.5) – (12.6) the gyrotriangle law of

gyrovector addition.
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Noting that gyrations keep the norm invariant, (10.10), p. 404, Identity

(12.7) implies

‖	(	C⊕B)⊕(	C⊕A)‖ = ‖	B⊕A‖ (12.10)

thus obtaining a gyrovector identity which has a form identical to its vector

counterpart,

‖ − (−C +B) + (−C +A)‖ = ‖ −B +A‖ (12.11)

Identity (12.11) implies that Euclidean distance is invariant under Eu-

clidean translations. In full analogy, Identity (12.10) implies that Einstein’s

gyrodistance, Def. 6.8, p. 157, is invariant under left gyrotranslations.

We should note that in the Euclidean limit of large s, s → ∞, the

gyrogeometric identities (12.5), (12.7) and (12.10) reduce, respectively, to

their Euclidean counterparts (12.8), (12.9) and (12.11).

By the notation in (12.1), the gyrovector identity (12.10) can be written

as

‖	a⊕b‖ = ‖c‖ (12.12)

so that

γ	a⊕b = γc (12.13)

It follows from (12.13) and the gamma identity (3.177), p. 88, that

γc = γ	aγb(1 +
	a·b
s2

) (12.14)

Noting that 	a = −a, Identity (12.14) can be written as

γc = γaγb(1− a·b
s2

)

= γaγb(1− ab cosγ

s2
)

(12.15)

In (12.15) the gyroangle γ = ∠ACB of the gyrotriangle ABC in Fig. 12.1

is given by the equation

cos γ =
a·b
ab

(12.16)

in full analogy with its Euclidean counterpart.

Hence, with the notation in (12.1) and (12.2), we see in Fig. 12.1 the

two gyrovectors 	C⊕A and 	C⊕B, which are rooted at the point C
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in an Einstein gyrovector space (Vs,⊕,⊗). In fact, what we explicitly

see in Fig. 12.1 is not precisely the gyrovector 	C⊕B but, rather, the

gyrovector 	B⊕C. We should, therefore, interject here that in general

	B⊕C 6= 	(	C⊕B) = C	B since Einstein addition is noncommutative.

The measure of the included gyroangle γ, Fig. 12.1, is given by the equation

cos γ =
	C⊕A
‖	C⊕A‖ ·

	C⊕B
‖	C⊕B‖ (12.17)

When C = O is the origin of the Einstein gyrovector space (Vs,⊕,⊗),

(12.17) reduces to

cos γ =
	O⊕A
‖	O⊕A‖ ·

	O⊕B
‖	O⊕B‖ =

A

‖A‖·
B

‖B‖ (12.18)

Hence, a gyroangle with vertex at the origin, O, of its Einstein gyrovector

space coincides with its Euclidean counterpart. In this sense we say that

the origin of an Einstein gyrovector space is conformal.

According to (12.17) and (12.18) the gyrocosine function cos is identi-

cal with the familiar Euclidean cosine function cos of a gyroangle γ in an

Einstein gyrovector space. It is given by the inner product of two unit gy-

rovectors that emanate from a common point and have included gyroangle

γ. It is thus justified to use the same notation, cos, for both the trigono-

metric cosine function and the gyrotrigonometric gyrocosine function.

Since the inner product is invariant under gyrations, it follows from

(12.7) that the gyroangle (12.17) is invariant under left gyrotranslations,

Theorem 8.6, p. 267.

In (12.15) we have uncovered the classical hyperbolic law of cosines in

a modern guise. For any gyrotriangle ABC, Fig. 12.1, in any Einstein

gyrovector space (Vs,⊕,⊗), (12.15) gives the result

γc = γaγb(1− asbs cos γ) (12.19)

called the law of gyrocosines [Ungar (2005a), Sec. 5].

We should note that in the Euclidean limit of large s, s→∞, the law of

gyrocosines (12.19) reduces to the trivial identity 1 = 1. Hence, (12.19) has

no immediate Euclidean counterpart, thus presenting a disanalogy between

hyperbolic and Euclidean geometry. As a result, each of Theorems 12.1

and 12.2 below has no Euclidean counterpart as well.

The law of gyrocosines (12.19) is useful for calculating one side (that

is, the side-gyrolength), c, of a gyrotriangle ABC, Fig. 12.1, when the

gyroangle γ opposite to side c and the other two sides, a and b, are known.
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12.2 Law of Gyrocosines, SSS to AAA Conversion Law

Let ABC be a relativistic gyrotriangle in an Einstein gyrovector space

(Vs,⊗,⊕) with its standard notation in Fig. 12.1. According to (12.19) the

gyrotriangle ABC possesses the following three identities, each of which

represents its law of gyrocosines,

γa = γbγc(1− bscs cosα)

γb = γaγc(1− ascs cosβ)

γc = γaγb(1− asbs cos γ)

(12.20)

Unlike Euclidean triangles, the gyroangles of a gyrotriangle are uniquely

determined by its sides.

Solving the system (12.20) of three identities for the three unknowns

cosα, cosβ and cos γ, and noticing (12.4), we have the following theorem.

Theorem 12.1 (The Relativistic Law of Gyrocosines, The Rela-

tivistic SSS to AAA Conversion Law). Let ABC be a gyrotriangle in

an Einstein gyrovector space (Vs,⊕,⊗). Then, in the gyrotriangle notation

in Fig. 12.1,

cosα =
−γa + γbγc

γbγcbscs
=

−γa + γbγc
√

γ2
b − 1

√

γ2
c − 1

cosβ =
−γb + γaγc

γaγcascs
=

−γb + γaγc
√

γ2
a − 1

√

γ2
c − 1

cos γ =
−γc + γaγb

γaγbasbs
=

−γc + γaγb
√

γ2
a − 1

√

γ2
b − 1

(12.21)

We call (12.21) the relativistic SSS (Side-Side-Side) to AAA

(gyroAngle-gyroAngle-gyroAngle) conversion law. It is useful for calcu-

lating the gyroangles of a relativistic gyrotriangle when its sides (that is,

its side-gyrolengths) are known.

12.3 The AAA to SSS Conversion Law

Unlike Euclidean triangles, the sides of a gyrotriangle are uniquely deter-

mined by its gyroangles.

Theorem 12.2 (The Relativistic AAA to SSS Conversion Law).

Let ABC be a relativistic gyrotriangle in an Einstein gyrovector space
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(Vs,⊕,⊗). Then, in the gyrotriangle notation in Fig. 12.1,

γa =
cosα+ cosβ cos γ

sinβ sin γ

γb =
cosβ + cosα cos γ

sinα sin γ

γc =
cos γ + cosα cosβ

sinα sinβ

(12.22)

where we define the gyrosine of the gyrotriangle gyroangle α, sinα, to be

the nonnegative value of
√

1− cos2 α, etc.

Proof. Let ABC be a gyrotriangle in an Einstein gyrovector space

(Vs,⊗,⊕) with its standard notation in Fig. 12.1. It follows straightfor-

wardly from the relativistic SSS to AAA conversion law (12.21) that

(
cosα+ cosβ cos γ

sinβ sin γ

)2

=
(cosα+ cosβ cos γ)2

(1− cos2 β)(1− cos2 γ)
= γ2

a (12.23)

implying the first identity in (12.22). The remaining two identities in

(12.22) are obtained from (12.21) in a similar way. �

We call (12.22) the relativistic AAA to SSS conversion law. It is use-

ful for calculating the sides (that is, the side-gyrolengths) of a relativistic

gyrotriangle when its gyroangles are known in an Einstein gyrovector space.

Solving the third identity in (12.22) for cos γ we have

cos γ = − cosα cosβ + γc sinα sinβ

= − cos(α+ β) + (γc − 1) sinα sinβ
(12.24)

implying

cos γ = cos(π − α− β) + (γc − 1) sinα sinβ (12.25)

In the Euclidean limit of large s, s → ∞, γc reduces to 1, so that the

gyrotrigonometric identity (12.25) reduces to the trigonometric identity

cos γ = cos(π − α− β) (12.26)

in Euclidean geometry. The latter, in turn, is equivalent to the familiar

result

α+ β + γ = π (12.27)

of Euclidean geometry, according to which the triangle angle sum in π.
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12.4 The Law of Gyrosines

Substituting (12.21) in (12.22), noting the relation (12.4) between a gyro-

triangle side, a, in a gyrovector space (Vs,⊕,⊗), and its gamma factor γa,

we obtain the following theorem.

Theorem 12.3 (The Relativistic Law of Gyrosines). Let ABC be

a relativistic gyrotriangle in an Einstein gyrovector space (Vs,⊕,⊗). Then,

in the gyrotriangle notation in Fig. 12.1,

sinα

γaa
=

sinβ

γbb
=

sin γ

γcc
(12.28)

The relativistic law of gyrosines (12.28) is fully analogous to the law of

sines, to which it reduces in the Euclidean limit, s→∞, of large s. It can

also be obtained directly from gyrotrigonometry, as explained in Fig. 12.5,

p. 557.

12.5 The Relativistic Equilateral Gyrotriangle

An equilateral gyrotriangle is a gyrotriangle with all three sides of equal

gyrolength. It follows from (12.21) that the three gyroangles of a relativistic

equilateral gyrotriangle are equal, α = β = γ = θ. We wish to find the sides

of a relativistic equilateral gyrotriangle with a given gyroangle θ > 0. It

follows from (12.22) that the sides of the equilateral gyrotriangle are given

by the equations

γa = γb = γc =
cos θ

1− cos θ
(12.29)

so that by (12.4),

as = bs = cs =

√
2 cos θ − 1

cos θ
(12.30)

In order to insure the reality of the side-gyrolengths a, b, c, the gyrotri-

angle gyroangle θ > 0 is restricted to

0 < θ ≤ π

3
(12.31)

so that 2 cos θ − 1 ≥ 0 in (12.30). Sides of gyrolength 0 correspond to

θ = π/3, and they are included for convenience. We have thus established

the following theorem.
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Theorem 12.4 (The Relativistic Equilateral Gyrotriangle Theo-

rem). Let ABC be a relativistic equilateral gyrotriangle with sides a and

gyroangles θ in an Einstein gyrovector space (Vs,⊕,⊗) (that is, a = b = c

and α = β = γ = θ in Fig. 12.1). Then

0 < θ ≤ π

3
(12.32)

and

as =

√
2 cos θ − 1

cos θ
(12.33)

In the Euclidean-Newtonian limit of large s, s→∞, (12.33) reduces to

the equation

√
2 cos θ − 1

cos θ
= 0 (12.34)

which, under condition (12.32), possesses the unique solution θ = π/3.

Accordingly, in Euclidean geometry there is only one angle, θ = π/3, that

generates an equilateral triangle. The sides of the Euclidean equilateral

triangle, in contrast, can jointly assume any positive value.

12.6 The Relativistic Gyrosquare

Following Def. 8.65, p. 336, a gyrosquare is a gyroquadrilateral (a gyropoly-

gon with four sides) in a gyrovector space with all four sides of equal gy-

rolength and all four gyroangles of equal measure θ > 0. Let a be the

gyrolength of each side of a gyrosquare, and let c be the gyrolength of

each gyrodiagonal of the gyrosquare. Each gyrodiagonal divides the gy-

rosquare into two gyrotriangles with side gyrolengths a, a and c, and with

corresponding gyroangles θ/2, θ/2 and θ. Hence, by (12.22), each side gy-

rolength a of the gyrosquare in an Einstein gyrovector space, and each of

its gyrodiagonal gyrolength c is related to its gyroangle θ by the equations

γa =
cos θ

2 (1 + cos θ)

sin θ
2 sin θ

= cot2
θ

2

γc =
cos θ + cos2 θ

2

sin2 θ
2

=
1 + 3 cos θ

1− cos θ

(12.35)
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so that, by (12.4),

as =

√

γ2
a − 1

γa
= sec2 θ

2

√
cos θ

cs =

√

γ2
c − 1

γc
=

4 cos θ
2

1 + 3 cos θ

√
cos θ

(12.36)

In order to insure simultaneously the reality of the side gyrolengths a

and the gyrodiagonal gyrolengths c, the gyroangle 0 < θ < π is restricted

to

0 < θ ≤ π

2
(12.37)

so that cos θ ≥ 0 in (12.36). The gyrosquare with side gyrolength 0, corre-

sponding to θ = π/2, is included for convenience. We have thus established

the following theorem.

Theorem 12.5 (The Relativistic Gyrosquare Theorem). Let S be

a gyrosquare with sides a, gyrodiagonals c, and gyroangles θ in an Einstein

gyrovector space (Vs,⊕,⊗). Then

0 < θ ≤ π

2
(12.38)

and

as = sec2 θ

2

√
cos θ

cs =
4 cos θ

2

1 + 3 cos θ

√
cos θ

(12.39)

In the Euclidean limit of large s, s→∞, (12.39) reduces to the system

of two equations

sec2 θ

2

√
cos θ = 0

4 cos θ
2

1 + 3 cos θ

√
cos θ = 0

(12.40)

which, under condition (12.38), possesses the unique solution θ = π/2.

Accordingly, in Euclidean geometry there is only one angle, θ = π/2, that

generates a square. The equal sides of the Euclidean square, in contrast,

can jointly assume any positive value.
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PSfrag replacements

AB

C D

O

Fig. 12.2 A gyrosquare ABCD with gy-
roangle θ = π/3 in an Einstein gyrovec-
tor plane (R2

s=1,⊕,⊗). The gyrosquare is
located in a special position such that its
center coincides with the center of the disc
R2

s=1. Hence, it appears to our Euclidean
eyes as a square. In particular, each angle
of the square appears to be π/2. In order
to enable our Euclidean eyes to see that

PSfrag replacements

A′

B′

C ′

D′ = O = (0, 0)

Fig. 12.3 each gyroangle of the gy-
rosquare ABCD in Fig. 12.2 is θ = π/3,
we left gyrotranslate the gyrosquare by 	D
into a new position in the disc, obtaining
the congruent gyrosquare A′B′C′D′. The
latter has a vertex that coincides with the
center of the disc, D′ = O = (0, 0), en-
abling our Euclidean eyes to estimate the
gyroangle θ = π/3 as the angle θ = π/3.

Extending Theorems 12.4 and 12.5 one can consider regular gyropoly-

gons with n > 4 sides, and explore relations between their sides and gy-

roangles.

12.7 The Einstein Gyrosquare with θ = π/3

As an example, we calculate the parameters of the gyrosquare with gyroan-

gle θ = π/3 in the Einstein gyrovector plane (R2
s=1,⊕,⊗) that are needed

in order to present it graphically in Figs. 12.2 and 12.3.

Let θ = π/3. Then cos θ = 1/2 and cos(θ/2) =
√

3/2 so that, by (12.39),

the gyrodiagonal gyrolength c of the gyrosquare with gyroangle θ = π/3

that we seek is

c =
4 cos θ

2

1 + 3 cos θ

√
cos θ =

2
√

6

5
, θ =

π

3
(12.41)

Hence, in order to have a gyrosquare with gyroangle θ = π/3, we wish to

construct a gyrosquare with gyrodiagonal gyrolength c = 2
√

6/5. It follows
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from (12.41) that

γc =
1√

1− c2
= 5 (12.42)

so that, by the Einstein half, (6.297), p. 219,

1
2⊗c =

γc

1 + γc

c =
2√
6

(12.43)

Accordingly, we have

( 1
2⊗c)2 = 2

3 =
(

1√
3

)2

+
(

1√
3

)2

(12.44)

Hence, the vertices of the required gyrosquare ABCD with θ = π/3 are

selected to be the points A,B,C,D ∈ R
2
s=1 of the disc, given by their

Cartesian coordinates with origin O = (0, 0) at the center of the disc,

according to the equations

A =

(
1√
3
,

1√
3

)

B =

(

− 1√
3
,

1√
3

)

C =

(

− 1√
3
,− 1√

3

)

D =

(
1√
3
,− 1√

3

)

(12.45)

as shown in Fig. 12.2.

In Fig. 12.2 the center of the gyrosquare ABCD coincides with the

origin, O = (0, 0) of its gyrovector space which is, in turn, the ball of a

vector space whose center is also O = (0, 0). It follows from (12.44) – (12.45)

that the (Euclidean) length |OA|Euclidean of the segment OA in Fig. 12.2 is

given by the equation

|OA|Euclidean = ‖ −O +A‖ = ‖A‖ =

√

2

3
(12.46)

But, this is also the (hyperbolic) gyrolength |OA|hyperbolic of the same OA,

now considered as a gyrosegment in Fig. 12.2,

|OA|hyperbolic = ‖	O⊕A‖ = ‖A‖ =

√

2

3
(12.47)
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Thus, considering OA in Fig. 12.2 as both (i) a segment in a vector space

and (ii) a gyrosegment in a gyrovector space, which emanates from the

origin of the space, the (Euclidean) length and the (hyperbolic) gyrolength

of OA coincide.

Contrasting OA, let us now consider CA in Fig. 12.2 as both (i) a

segment in a vector space and (ii) a gyrosegment in a gyrovector space.

Here the length of the segment CA is

|CA|Euclidean = |OA|Euclidean + |OC|Euclidean = 2

√

2

3
(12.48)

noting that |OC| = |OA|, while the gyrolength of the gyrosegment CA is

|CA|hyperbolic = |OA|hyperbolic⊕|OC|hyperbolic = 2⊗
√

2

3
=

√
2
3 +

√
2
3

1 + 2
3

=
2
√

6

5
(12.49)

noting, again, that |OC| = |OA|. The latter gyrolength, in turn, is just

the gyrodiagonal gyrolength c = 2
√

6/5 of a gyrosquare with gyroangle

θ = π/3, as we see from (12.41). The gyrosquare ABCD in Fig. 12.2 is

thus a gyrosquare with gyrodiagonal c = 2
√

6/5 and, hence, with gyroangle

θ = π/3, as expected.

The gyrosquare ABCD in Fig. 12.2 seems to our Euclidean eyes as a

square in a Euclidean plane. Clearly, corresponding angles and gyroangles

do not coincide in Einstein gyrovector spaces unless their common vertex

coincides with the space origin. In this sense, the space origin of an Einstein

gyrovector space is said to be conformal. In order to convince our eyes,

visually, that the gyrosquare ABCD in Fig. 12.2 has gyroangle θ = π/3,

we left gyrotranslate each of the vertices of gyrosquare ABCD by 	D
obtaining the congruent gyrosquare A′B′C ′D′ in Fig. 12.3, where

A′ = 	D⊕A
B′ = 	D⊕B
C ′ = 	D⊕C
D′ = 	D⊕D = (0, 0)

(12.50)

One vertex of the left gyrotranslated gyrosquare A′B′C ′D′, the vertex

D′ = (0, 0), coincides with the gyrovector space origin and, as a result,

the gyroangle θ = ∠A′D′C ′ of the vertex D′ coincides with its correspond-

ing (Euclidean) angle. This, in turn, enables our Euclidean eyes to estimate

in Fig. 12.3 that indeed θ = π/3, as expected.
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12.8 The ASA to SAS Conversion Law

Theorem 12.6 (The Relativistic ASA to SAS Conversion Law).

Let ABC be a relativistic gyrotriangle in an Einstein gyrovector space

(Vs,⊕,⊗). Then, in the gyrotriangle notation in Fig. 12.1,

as =
γccs sinα

cosα sinβ + γc sinα cosβ

bs =
γccs sinβ

cosβ sinα+ γc sinβ cosα

cos γ = cos(π − α− β) + (γc − 1) sinα sinβ

(12.51)

Proof. Noting (12.4) and using Mathematica, it follows from the third

identity in (12.22) and from (12.21) that

(
γccs sinα

cosα sinβ + γc sinα cosβ

)2

=

(
γccs sinα sinβ

cosα sin2 β + γc sinα sinβ cosβ

)2

=
(γ2

c − 1)(1− cos2 α)(1− cos2 β)

(cosα(1− cos2 β) + (cos γ + cosα cosβ) cosβ)2

=
(γ2

c − 1)(1− cos2 α)(1− cos2 β)

(cosα+ cosβ cos γ)2

= a2
s

(12.52)

thus obtaining the first identity in (12.51). The second identity in (12.51),

for bs, is obtained from the first identity, for as, by interchanging α and β.

Finally, the third identity in (12.51) has been verified in (12.25). �

Noting Identity (12.4) for c2s, the first two identities in (12.51) imply

asbs =
(γ2

c − 1) sinα sinβ

(cosα sinβ + γc sinα cosβ)(cosβ sinα+ γc sinβ cosα)
(12.53)

This identity will prove useful in calculating the gyrotriangle defect in

Sec. 12.9.

The system of identities (12.51) of Theorem 12.6 gives the relativistic

ASA (gyroAngle-Side-gyroAngle) to SAS (Side-gyroAngle-Side) conver-

sion law. It is useful for calculating two sides and their included gyroangle
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of a relativistic gyrotriangle when the remaining two gyroangles and the

side included between them are known.

12.9 The Relativistic Gyrotriangle Defect

It follows by straightforward substitution from (12.22) and (12.53) (a use

of Mathematica for the substitution and its simplification is recommended

for obtaining the first equation in (12.54)) that

γaγbasbs sin γ

(1 + γa)(1 + γb)− γaγbasbs cos γ
= cot

α+ β + γ

2

= tan
π − (α+ β + γ)

2

= tan
δ

2

(12.54)

where

δ = π − (α+ β + γ) (12.55)

is the (gyrotriangular) defect of the relativistic gyrotriangle ABC in

Fig. 12.1.

Identity (12.54) is useful for calculating the defect of a gyrotriangle in

an Einstein gyrovector space when two sides and their included gyroangle

of the gyrotriangle are known.

Let us now substitute cos γ from (12.21) and a2
s and b2s from (12.4) in

tan2(δ/2) of (12.54), obtaining

tan2 δ

2
=

γ2
aγ

2
ba

2
sb

2
s(1− cos2 γ)

((1 + γa)(1 + γb)− γaγbasbs cos γ)2

=
1 + 2γaγbγc − γ2

a − γ2
b − γ2

c

(1 + γa + γb + γc)2

(12.56)

We see from (12.56) that the defect δ of a gyrotriangle ABC in an

Einstein gyrovector space depends symmetrically on the gyrotriangle sides

a, b and c, as expected. Formalizing, we have established the following

theorem.

Theorem 12.7 (The Relativistic Gyrotriangular Defect I). Let

ABC be a gyrotriangle in an Einstein gyrovector space (Vs,⊕,⊗) with the
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standard gyrotriangle notation in Fig. 12.1. Then the gyrotriangular defect

δ of ABC is given by the equation

tan
δ

2
=

√

1 + 2γaγbγc − γ2
a − γ2

b − γ2
c

1 + γa + γb + γc
(12.57)

In the Newtonian-Euclidean limit of large s, s → ∞, gamma factors

reduce to 1 so that (12.57) reduces to tan(δ/2) = 0 implying δ = 0. Hence,

the triangular defects of Euclidean triangles vanish, as expected.

Theorem 12.8 (The Relativistic Gyrotriangular Defect II). Let

ABC be a gyrotriangle in an Einstein gyrovector space (Vs,⊕,⊗), with the

standard gyrotriangle notation in Fig. 12.1. Then the relativistic gyrotri-

angular defect δ of gyrotriangle ABC is given by the equation

tan
δ

2
=

p sin γ

1− p cos γ
(12.58)

where γ, δ, p > 0, and

p2 =
γa − 1

γa + 1

γb − 1

γb + 1
(12.59)

Proof. Noting (12.4), the first equation in (12.56) can be written as

(12.58) where γ, δ, p > 0, and where p is given by (12.59). �

We see from (12.58) – (12.59) that the relativistic gyrotriangular defect

δ of a gyrotriangle ABC in an Einstein gyrovector space depends symmet-

rically on the gyrotriangle sides a and b that include the gyroangle γ, as it

should.

12.10 The Right-Gyroangled Gyrotriangle

Before embarking on the gyrotrigonometry of Einstein gyrovector spaces we

must explore the right-gyroangled gyrotriangle in these spaces. Let ABC be

a right-gyroangled gyrotriangle in an Einstein gyrovector space (Vs,⊕,⊗)

with the right gyroangle γ = π/2, as shown in Fig. 12.4 for Vs = R2
s. It

follows from (12.22) with γ = π/2 that the sides a, b and c of gyrotriangle

ABC in Fig. 12.4 are related to the non-right gyroangles α and β of the
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PSfrag replacements

A

B

C

a

b

c

α

β

γ = π/2

a = 	B⊕C a = ‖a‖

b = 	C⊕A b = ‖b‖

c = 	A⊕B c = ‖c‖

sinα =
γaa

γcc
,

sinβ =
γbb

γcc
,

γc = γaγb

cosα =
b

c
=

b·c
bc

,

cosβ =
a

c
=

a·c
ac

,

sin2 α+ cos2 α = 1

sin2 β + cos2 β = 1

Fig. 12.4 Einsteinian Gyrotrigonometry, the gyrotrigonometry of Einstein Gyrovector
Spaces (Vs,⊕,⊗). Here, “cosine” and “sine” are elementary gyrotrigonometric func-
tions of an Einstein gyrovector space (Vs,⊕,⊗). Using notation identical with the no-
tation used for the elementary Euclidean trigonometric functions in a Euclidean vector
space is justified since the interrelations of the elementary gyrotrigonometric functions
in the gyrogeometry of Einstein gyrovector spaces is identical with that of their Eu-
clidean counterparts modulo gamma factors. Thus, for instance, sin2 α +cos2 α = 1 and
cot α = cos α/ sinα = γcb/(γaa) in Einsteinian gyrotrigonometry. Since the terms “hy-
perbolic sine” and “hyperbolic cosine” are already in use in the literature in a different
context, and in order to conform with our gyrolanguage, we coin the terms “gyrosine”,
“gyrocosine”, etc.

gyrotriangle by the equations

γa =
cosα

sinβ

γb =
cosβ

sinα

γc =
cosα cosβ

sinα sinβ

(12.60)

The identities in (12.60) imply the Einstein-Pythagoras Identity

γaγb = γc (12.61)

for a right-gyroangled gyrotriangle ABC with hypotenuse c and legs a and

b in an Einstein gyrovector space, Fig. 12.4. It follows from (12.61) that
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γ2
aγ

2
b = γ2

c = (1− c2s)−1, implying that the gyrolength of the hypotenuse is

given by the equation

cs =

√

γ2
aγ

2
b − 1

γaγb
(12.62)

Rewriting (12.61) in terms of rapidities, (3.186), p. 90, it takes a form

closely related to the standard one,

coshφa coshφb = coshφc (12.63)

of the hyperbolic Pythagorean theorem [Greenberg (1993), p. 334][Schw-

erdtfeger (1962), p. 151].

In the special case when the gyrotriangle is right-gyroangled as in

Fig. 12.4 where γ = π/2, it follows from the Einstein-Pythagoras Identity

(12.61) that the relativistic gyrotriangle defect identity (12.56) specializes

to

tan2 δ

2
=
γa − 1

γa + 1

γb − 1

γb + 1
(12.64)

Identity (12.64) gives the defect δ of a right-gyroangled gyrotriangle

in the Beltrami-Klein ball model of hyperbolic geometry, that is, in an

Einstein gyrovector space. The defect of a right-gyroangled gyrotriangle

in the Poincaré ball model of hyperbolic geometry, that is, in a Möbius

gyrovector space, was calculated in [Ungar (2001b), Eqs. (6.78) – (6.79)]

and later, but independently, in [Hartshorne (2003)]. It is generalized to

an arbitrary gyrotriangle in the Poincaré ball model in (8.137).

12.11 The Einsteinian Gyrotrigonometry

Let a, b and c be the two legs and the hypotenuse of a right-gyroangled

gyrotriangle ABC in an Einstein gyrovector space (Vs,⊕,⊗), Fig. 12.4. By

(12.4) and (12.60) we have

(a

c

)2

=
(γ2

a − 1)/γ2
a

(γ2
c − 1)/γ2

c

= cos2 β

(
b

c

)2

=
(γ2

b − 1)/γ2
b

(γ2
c − 1)/γ2

c

= cos2 α

(12.65)



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Relativistic Gyrotrigonometry 555

Similarly, by (12.4) and (12.60) we also have

(
γaa

γcc

)2

=
γ2

a − 1

γ2
c − 1

= sin2 α

(
γbb

γcc

)2

=
γ2

b − 1

γ2
c − 1

= sin2 β

(12.66)

Since sin2 θ+cos2 θ = 1 for all θ∈R, Identities (12.65) and (12.66) imply

(a

c

)2

+

(
γbb

γcc

)2

= 1

(
γaa

γcc

)2

+

(
b

c

)2

= 1

(12.67)

Moreover, it follows from (12.65) and (12.66) that

cosα =
b

c

cosβ =
a

c

(12.68)

and

sinα =
γaa

γcc

sinβ =
γbb

γcc

(12.69)

as shown in Fig. 12.4.

Interestingly, the gyrocosine function of a gyroangle of a right-

gyroangled gyrotriangle in an Einstein gyrovector space has the same form

as its Euclidean counterpart, the cosine function, (12.68). In contrast, it is

only modulo gamma factors that the gyrosine function has the same form

as its Euclidean counterpart, the sine function, (12.69).

Identities (12.67) give rise to the following two distinct Einsteinian-

Pythagorean identities,

a2 +

(
γb

γc

)2

b2 = c2

(
γa

γc

)2

a2 + b2 = c2

(12.70)
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for a relativistic right-gyroangled gyrotriangle with hypotenuse c and legs

a and b in an Einstein gyrovector space, shown in Fig. 12.4.

The two distinct Einsteinian-Pythagorean identities in (12.70) that

each relativistic right-gyroangled gyrotriangle possesses degenerate in the

Newtonian-Euclidean limit of large s, s→∞, into the single Pythagorean

identity

a2 + b2 = c2 (12.71)

that each Euclidean right-angled triangle possesses. This indicates that

the structure of gyrogeometry is richer than that of Euclidean geometry,

to which it degenerates in the limit s → ∞. Accordingly, the structure of

Einstein addition of relativistically admissible velocities is richer than that

of the common vector addition of classical velocities as well.

Some authors [Wallace and West (1998), p. 363] hold the opinion that

“in the hyperbolic model the Pythagorean theorem is not valid!” In other

words, “the Pythagorean theorem is strictly Euclidean.” It is therefore

interesting to realize that while Euclidean geometry possesses a single

Pythagorean identity, (12.71), the Beltrami-Klein model of hyperbolic ge-

ometry possesses a pair of Pythagorean identities, (12.70). Furthermore,

in the same way that the Euclidean single Pythagorean identity (12.71)

gives rise to Euclidean trigonometry, the pair of Einsteinian-Pythagorean

identities (12.70) gives rise to relativistic gyrotrigonometry, as shown in

Fig. 12.4.

Different ways to introduce non-Euclidean trigonometries are found, for

instance, in [Ungar (2000b); Ungar (2001a)] and in [McCleary (2002)].

As an application of gyrotrigonometry, we employ the gyrotrigonometric

identity in (12.69) to re-derive in Fig. 12.5 the law of gyrosines (12.28).

As another application of gyrotrigonometry we verify the following the-

orem.

Theorem 12.9 (The Base-Height Gyrotriangle Theorem). Let

ABC be a gyrotriangle with sides a, b, c in an Einstein gyrovector space

(Vs,⊕,⊗), Fig. 12.1, and let ha, hb, hc be the three altitudes of ABC

drawn from vertices A,B,C perpendicular to their opposite sides a, b, c or

their extension, respectively (For instance, h = hc in Fig. 12.5). Then

γa aγha
ha = γb bγhb

hb = γc cγhc
hc (12.72)

Proof. By (12.69) with the notation of Fig. 12.5 we have γha
ha =

γc c sinβ. Hence, by (12.4), (12.21), and Identity (12.56) for tan(δ/2),
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sinα =
γhh

γbb
, sinβ =

γhh

γaa

sinα

γaa
=

sinβ

γbb

h = hc

h = hc, etc.

Fig. 12.5 The Law of Gyrosines. Drawing gyrotriangle altitudes in Einstein Gyrovector
Spaces (Vs,⊕,⊗), and employing a basic gyrotrigonometric formula, shown in Fig. 12.4,
we obtain the Law of Gyrosines, (12.28), in full analogy with the derivation of its Eu-
clidean counterpart, the Law of Sines.

we have

γ2
aa

2γ2
ha
h2

a = γ2
aa

2γ2
c c

2 sin2 β

= s4(γ2
a − 1)(γ2

c − 1)(1− cos2 β)

= s4(γ2
a − 1)(γ2

c − 1)(1− (γaγc − γb)
2

(γ2
a − 1)(γ2

c − 1)
)

= s4(1 + 2γaγbγc − γ2
a − γ2

b − γ2
c )

= s4(1 + γa + γb + γc)2 tan2 δ

2

(12.73)

thus verifying the first identity in (12.74) below.

γaaγha
ha = s2(1 + γa + γb + γc) tan(δ/2)

γbbγhb
hb = s2(1 + γa + γb + γc) tan(δ/2)

γccγhc
hc = s2(1 + γa + γb + γc) tan(δ/2)

(12.74)

The remaining two identities in (12.74) follow from the first by interchang-
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ing a and b, and by interchanging a and c, respectively, noting that tan(δ/2)

is symmetric in a, b, c by Theorem 12.7.

Finally, the gyrotriangle base-height identity (12.72) of the theorem fol-

lows from the three identities in (12.74). �

Theorem 12.9 suggests the following definition.

Definition 12.10 (The Gyrotriangle Constant). Let a, b, c be the

three sides of a gyrotriangle ABC with corresponding heights ha, hb, hc in

an Einstein gyrovector space (Vs,⊕,⊗), Figs. 12.1 and 12.5.

The number S
ABC

,

S
ABC

= γaaγha
ha = γbbγhb

hb = γccγhc
hc (12.75)

is called the gyrotriangle constant of gyrotriangle ABC.

We may note that following the elementary gyrotrigonometric identities

in Fig. 12.5, the gyrotriangle constant (12.75) can be written in several

forms. Thus, for instance,

S
ABC

= γccγhc
hc = γccγaa sinβ (12.76)

for the gyrotriangle ABC in Fig. 12.5.

M.J. Greenberg points out in [Greenberg (1993), p. 321] that “It can be

proved rigorously that in hyperbolic geometry the area of a triangle can-

not be calculated as half the base times the height.” Similarly, E.E. Moise

states in [Moise (1974), p. 349] that “it is impossible to define an area func-

tion [in hyperbolic geometry] which has even a minimal resemblance to the

Euclidean area function.” However, in Sec. 12.12 we will see that if “half

the base” and “height” of a hyperbolic triangle are appropriately relativisti-

cally corrected in terms of the relativistic gamma factor, their product does

give a hyperbolic triangle area in the sense specified in Def. 12.11 below.

12.12 The Relativistic Gyrotriangle Gyroarea

Identities (12.72) of Theorem 12.9 suggest that each of the three terms

γaaγha
ha, γbbγhb

hb and γccγhc
hc plays a role in the gyroarea of gyrotriangle

ABC analogous to the role its Euclidean counterpart plays in the Euclidean

triangle area 1
2aha = 1

2bhb = 1
2chc of a Euclidean triangle ABC. In order

to show that this is indeed the case, and noting that in hyperbolic geometry

the hyperbolic triangle area is measured by its defect [Hartshorne (2000);
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Hartshorne (2003)], we present the following variation of the gyrotriangle

gyroarea definition.

Definition 12.11 (The Relativistic Gyrotriangle Gyroarea). Let

ABC be a gyrotriangle in an Einstein gyrovector space (Vs,⊕,⊗). Then,

the gyroarea |ABC| of ABC, Fig. 12.1, is given by the equation

|ABC| = − 2

K
tan

δ

2
= 2s2 tan

δ

2
(12.77)

where δ is the defect of gyrotriangle ABC, and

K = − 1

s2
(12.78)

is the Einstein gyrovector space Gaussian curvature (7.52), p. 252.

By (12.74) – (12.78), the gyroarea of gyrotriangle ABC is given by the

equation

|ABC| = 2

1 + γa + γb + γc
γaaγha

ha (12.79)

where a = ‖	B⊕C‖, etc.

In the Newtonian-Euclidean limit of large s, s→∞, each gamma factor

in (12.79) reduces to 1 and, hence, (12.79) reduces to the familiar Euclidean

triangle area,

lim
s→∞

|ABC| = 1

2
aha (12.80)

where now, in (12.80), a and ha are understood in their Euclidean sense,

a = ‖ −A+ C‖, as explained in the caption of Fig. 12.1.

In Euclidean geometry two triangles with the same base and same cor-

responding height have equal areas, as we see from (12.80). In contrast,

owing to the presence of the sum γa + γb + γc in (12.79), two relativistic

gyrotriangles with the same base and same corresponding height do not

have equal gyroareas.

The assumption in the title of [Ruoff (2005)], “Why Euclidean area mea-

sure fails in the noneuclidean plane”, is therefore not fully justified. If (i)

the hyperbolic triangle area, called gyroarea, is appropriately defined as in

Def. 12.11, and if (ii) the Euclidean triangle area is appropriately corrected

relativistically, as in (12.79), then the gyrotriangle gyroarea (12.79) is in

harmony with its Euclidean counterpart (12.80) to which it converges in

the Newtonian-Euclidean limit of large s, s→∞
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Interestingly, the relativistic gyrotriangle gyrocentroid is also given by

its relativistically corrected Euclidean counterpart, as shown in Sec. 10.5.

Other relativistically corrected classical concepts in terms of gamma factors

are well known in Einstein’s special theory of relativity. These are (i) time

dilation, (ii) length contraction, and (iii) relativistic mass. A similar obser-

vation in the Poincaré ball model of hyperbolic geometry, or equivalently,

in the Möbius gyrovector space, is found in Sec. 8.8.

12.13 The Gyrosquare Gyroarea

Let S(a) be a gyrosquare in an Einstein gyrovector space, with side gy-

rolength a and gyroangle θ. The gyrosquare defect δ is clearly δ = 2π− 4θ,

so that its gyroarea |S(a)| is given by the equation

|S(a)| = 2s2 tan
δ

2
= 2s2 tan(π − 2θ) (12.81)

in accordance with the gyrotriangle gyroarea definition in (12.77). Hence,

by standard trigonometry,

|S(a)| = 2s2 tan(π − 2θ)

= −2s2 tan 2θ

=
8s2 tan θ

2 (1− tan2 θ
2 )

4 tan2 θ
2 − (1− tan2 θ

2 )2

(12.82)

But, by (12.35) we have

tan2 θ

2
=

1

γa

(12.83)

Eliminating tan2 θ
2 between (12.82) and (12.83), and noting (12.4),

|S(a)| = 8γ
5/2
a

(1 + γa )(−1 + 6γa − γ2
a)
s2
γ2

a − 1

γ2
a

=
8γ

5/2
a

(1 + γa )(−1 + 6γa − γ2
a)
a2

(12.84)

and, as expected, in the limit of large s the gyrosquare gyroarea reduces to

the square area,

lim
s→∞

|S(a)| = a2 (12.85)
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Fig. 12.6 A1BC and A2BC are two gyrotriangles in an Einstein gyrovector plane
(R2

s ,⊕,⊗), where A1 is distinct from A2. The point P ∈ R2
s is an intersection point

of the gyrosegments A1A2 and BC. Here, as opposed to Figs. 12.7 – 12.8, A1 and A2

lie on opposite sides of gyroline BC, and the point P lies between A1, A2 and between
B, C.

12.14 The Gyrotriangle Constant Principle

Let A1BC and A2BC be two gyrotriangles in an Einstein gyrovector plane

(R2
s,⊕,⊗) that share a common basis BC, as shown in Figs. 12.6 – 12.8.

The gyrolength |BC| of a gyrotriangle side BC is given by

|BC| = ‖	B⊕C‖ (12.86)

and the gyrotriangle constants SA1BC and SA2BC of gyrotriangles A1BC

and A2BC in Def. 12.10, (12.75) – (12.76), are given by

SA1BC = γ|BC| |BC|γ|A1B| |A1B| sinα1

SA2BC = γ|BC| |BC|γ|A2B| |A2B| sinα3

(12.87)
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Fig. 12.7 As in Fig. 12.6, the points A1

and A2 lie on opposite sides of the gyroseg-
ment BC in an Einstein gyrovector plane
(R2

s ,⊕,⊗). Unlike Fig. 12.6, the point P
does not lie between the points B and C.
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Fig. 12.8 As in Fig. 12.6 with three ex-
ceptions. The point P does not lie between
B,C or A1, A2, and A1 and A2 lie on the
same side of BC in an Einstein gyrovector
plane (R2

s ,⊕,⊗).

The relativistic law of gyrosines, (12.28), gives for the gyrotriangles

A1BP and A2BP in Figs. 12.6 – 12.8, respectively,

γ|A1P | |A1P |
sinα1

=
γ|A1B| |A1B|

sinα2

γ|A2P | |A2P |
sinα3

=
γ|A2B| |A2B|

sinα4

(12.88)

where sinα4 = sinα2 since gyroangles α2 and α4 are supplementary, α2 +

α4 = π (or identical in the case that A1 and A2 are on the same side of

BC, as in Fig. 12.8). Hence, by (12.88) and (12.87), we have

γ|A1P | |A1P |
γ|A2P | |A2P |

=
γ|A1B| |A1B| sinα1

γ|A2B| |A2B| sinα3

=
γ|A1B| |A1B| sinα1γ|BC| |BC|
γ|A2B| |A2B| sinα3γ|BC| |BC|

=
SA1BC

SA2BC

(12.89)
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thus obtaining the following gyrotriangle constant principle.

Theorem 12.12 (The Gyrotriangle Constant Principle). Let

A1BC and A2BC be two gyrotriangles in an Einstein gyrovector plane

(R2
s,⊕,⊗), A1 6= A2, such that the two gyrosegments A1A2 and BC, or

their extensions, intersect at a point P ∈ R
2
s, as shown in Figs. 12.6 – 12.8.

Then,

γ|A1P | |A1P |
γ|A2P | |A2P |

=
SA1BC

SA2BC

(12.90)

The gyrotriangle constant principle (12.90) is fully analogous to the

(Euclidean) triangle area principle, discovered by Grünbaum and Shephard
[Grünbaum and Shephard (1995)] and studied by [Dickinson and Lund

(2006)]. Interestingly, the area principle has been discovered earlier, in

1816, but the early discovery was completely forgotten, as Grünbaum and

Shephard point out. The triangle area principle of Grünbaum and Shephard

is a basic tool that can be used to prove various theorems in Euclidean geom-

etry, including the theorems of Ceva and Menelaus, as shown in [Grünbaum

and Shephard (1995)]. In full analogy, the gyrotriangle constant principle

can be used to prove various analogous theorems in hyperbolic geometry,

including the hyperbolic theorems of Ceva and Menelaus that have already

been proved in Sec. 11.4 by a different method. These theorems will there-

fore be revisited in Sec. 12.15.

12.15 Ceva and Menelaus, Revisited

A relativistic mechanical proof of the necessary condition in each of the

hyperbolic theorems of Ceva and Menelaus has been presented in Theorems

11.1 and 11.2 in terms of the Einstein relativistic mass. Instructively, we

present here a second proof in terms of the gyrotriangle constant principle

in Theorem 12.12. This second proof is fully analogous to its Euclidean

counterpart, which Grünbaum and Shephard presented in [Grünbaum and

Shephard (1995)] in terms of their triangle area principle.

To verify the Hyperbolic Ceva Theorem 11.1, p. 461, we apply the gy-

rotriangle constant principle (12.90) to the pairs of gyrotriangles with base

AO,BO, and CO, respectively, in Figs. 12.9 – 12.10.

Applying the gyrotriangle constant principle (12.90) to the pair of gy-

rotriangles BAO and CAO with base AO in each of Figs. 12.9 – 12.10, we
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Fig. 12.9 The Hyperbolic Theorem of
Ceva, revisited. The point O lies inside the
gyrotriangle ABC in an Einstein gyrovec-
tor plane (R2

s ,⊕,⊗).
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Fig. 12.10 The Hyperbolic Theorem of
Ceva, revisited. The point O lies outside
of the gyrotriangle ABC in an Einstein gy-
rovector plane (R2

s ,⊕,⊗).

have

γ|BP | |BP |
γ|CP | |CP |

=
SBAO

SCAO

(12.91)

Similarly, applying the gyrotriangle constant principle (12.90) to the pair of

gyrotriangles CBO and ABO with base BO in Figs. 12.9 – 12.10, we have

γ|CQ| |CQ|
γ|AQ| |AQ|

=
SCBO

SABO

(12.92)

and applying the gyrotriangle constant principle (12.90) to the pair of gy-

rotriangles ACO and BCO with base CO in Figs. 12.9 – 12.10, we have

γ|AR| |AR|
γ|BR| |BR|

=
SACO

SBCO

(12.93)

Noting that the gyrotriangle constant SABC , (12.75), is a symmetric

function of its indices, it follows from (12.91) – (12.93) that

γ|BP | |BP |
γ|CP | |CP |

γ|CQ| |CQ|
γ|AQ| |AQ|

γ|AR| |AR|
γ|BR| |BR|

=
SBAO

SCAO

SCBO

SABO

SACO

SBCO

= 1 (12.94)

thus verifying the Hyperbolic Ceva Theorem 11.1.
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Fig. 12.11 The Hyperbolic Theorem of Menelaus in the Einstein gyrovector plane, re-
visited.

To verify the Hyperbolic Menelaus Theorem 11.2, p. 463, we apply the

gyrotriangle constant principle (12.90) to the three pairs of gyrotriangles

with base RQ in Fig. 12.11.

Applying the gyrotriangle constant principle (12.90) to the pair of gy-

rotriangles BRQ and CRQ with base RQ in Fig. 12.11, we have

γ|BP | |BP |
γ|CP | |CP |

=
SBRQ

SCRQ

(12.95)

Similarly, applying the gyrotriangle constant principle (12.90) to the pair

of gyrotriangles CRQ and ARQ with base RQ in Fig. 12.11, we have

γ|CQ| |CQ|
γ|AQ| |AQ|

=
SCRQ

SARQ

(12.96)

and applying the gyrotriangle constant principle (12.90) to the pair of gy-

rotriangles ARQ and BRQ with base RQ in Fig. 12.11, we have

γ|AR| |AR|
γ|BR| |BR|

=
SARQ

SBRQ

(12.97)
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Hence, it follows from (12.95) – (12.97) that

γ|BP | |BP |
γ|CP | |CP |

γ|CQ| |CQ|
γ|AQ| |AQ|

γ|AR| |AR|
γ|BR| |BR|

=
SBRQ

SCRQ

SCRQ

SARQ

SARQ

SBRQ

= 1 (12.98)

thus verifying the Hyperbolic Menelaus Theorem 11.2.

12.16 Saccheri Gyroquadrilaterals

In 1733, Milan, Giovanni Girolamo Saccheri wrote Euclides Vindicatus.

In the book Saccheri invented what is now called hyperbolic geometry.

The Saccheri hyperbolic quadrilateral, called in gyrolanguage the Saccheri

gyroquadrilateral, is a gyroquadrilateral that has two opposing sides that are

congruent and perpendicular to a third side in a gyrovector space, as shown

in Fig. 12.12 for an Einstein gyrovector space. For more details about the

Saccheri quadrilateral see, for instance, [Wallace and West (1998), p. 96]

and [McCleary (1994), p. 34]. The congruent gyrosegments AD and BC

are the sides, or legs, of the Saccheri gyroquadrilateralABCD in Fig. 12.12.

The gyrosegment AB is the base and the gyrosegment CD is the summit of

the Saccheri gyroquadrilateral. The gyroangles ∠ADC and ∠BCD, called

the summit gyroangles, provided the focal point for Saccheri’s attempt to

prove the Euclid’s Parallel Postulate.

The two gyrodiagonals, AC and BD, of the gyroquadrilateral ABCD

on the base AB in Fig. 12.12 have equal gyrolengths by SAS congruency,

Theorem 8.32, p. 288. Hence, the two summit gyroangles of the gyro-

quadrilateral ABCD have equal measures by SSS congruency, Theorem

8.31, p. 288. Let α be the measure of each of the two summit gyroangles

of the Saccheri gyroquadrilateral ABCD on the base AB in Fig. 12.12,

α = ∠ADC = ∠BCD (12.99)

Furthermore, as shown in Fig. 12.12, a is the gyrolength of each of the

congruent sides, AD and BC, of the Saccheri gyroquadrilateral ABCD, b

is the gyrolength of its base, c is the gyrolength of its summit, and d is the

gyrolength of each of its two gyrodiagonals. In symbols,

a = ‖	A⊕D‖ = ‖	B⊕C‖
b = ‖	A⊕B‖
c = ‖	C⊕D‖
d = ‖	A⊕C‖ = ‖	B⊕D‖

(12.100)
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The Saccheri Gyroquadrilateral

Fig. 12.12 The Saccheri Gyroquadrilateral in an Einstein gyrovector space (Vs,⊕,⊗).

We wish to express the Saccheri gyroquadrilateral parameters d, c, and

α, in Fig. 12.12, in terms of its two basic parameters a and b.

It follows from Einstein-Pythagoras Identity (12.61) that

γd = γaγb (12.101)

so that, by (12.4),

ds =

√

γ2
d − 1

γd
=

√

γ2
aγ

2
b − 1

γaγb
(12.102)

In order to calculate c in terms of a and b we have to calculate the

gyrocosine of the gyroangles

β1 = ∠BAC

β2 = ∠CAD
(12.103)

in Fig. 12.12 in terms of a and b, and employ the property β1 + β2 = π/2.
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The latter implies cosβ2 = sinβ1 so that, in particular,

sin2 β1 = cos2 β2 (12.104)

By the relativistic law of gyrocosines in Theorem 12.1, and by (12.101),

we have

cosβ1 =
−γa + γbγd

√

γ2
b − 1

√

γ2
d − 1

=

√

γ2
b − 1

√

γ2
aγ

2
b − 1

γa

(12.105)

so that

sin2 β1 = 1− cos2 β1 =
γ2

a − 1

γ2
aγ

2
b − 1

(12.106)

Similarly, by the relativistic law of gyrocosines in Theorem 12.1, and by

(12.101), we have

cosβ2 =
−γc + γaγd

√

γ2
a − 1

√

γ2
d − 1

=
−γc + γ2

aγb
√

γ2
a − 1

√

γ2
aγ

2
b − 1

(12.107)

so that

cos2 β2 =
(γ2

aγb − γc)2

(γ2
a − 1)(γ2

aγ
2
b − 1)

(12.108)

Equations (12.104), (12.106) and (12.108) imply

γc = 1 + γ2
a(γb − 1) (12.109)

Hence, by (12.4), we have

cs =

√

γ2
c − 1

γc
=

√
γb − 1

√

2 + γ2
a(γb − 1)

1 + γ2
a(γb − 1)

γa (12.110)

It follows from (12.109) that

1 < γ2
a =

γc − 1

γb − 1
(12.111)

so that γc > γb. The latter implies that c > b since γx = (1− (x/s)2)−1/2,

0 < x < s, is a monotonically increasing function of x.
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We now wish to calculate the summit gyroangle α in Fig. 12.12 in terms

of a and b. By the relativistic law of gyrocosines in Theorem 12.1, and by

(12.101) and (12.109), we have

cosα =
−γd + γaγc

√

γ2
a − 1

√

γ2
c − 1

=

√

γ2
a − 1

√
γb − 1

√

2 + γ2
a(γb − 1)

(12.112)

Since cosα in (12.112) is positive, the summit gyroangle α is acute,

0 < α < π/2, as expected. In the Euclidean limit of large s, s→∞, gamma

factors reduce to 1 and, hence, cosα in that limit vanishes, implying

lim
s→∞

α =
π

2
(12.113)

The result in (12.113) is expected, since in Euclidean geometry each of the

summit angles of a Saccheri quadrilateral is π/2.

Summarizing, we have established the following theorem.

Theorem 12.13 (The Saccheri Gyroquadrilateral Theorem). Let

ABCD be a Saccheri gyroquadrilateral on the base AB in an Einstein gy-

rovector space (Vs,⊕,⊗) with base gyrolength b and sides gyrolength a,

Fig. 12.12. Then, each of its gyrodiagonals has gyrolength d, its summit

has gyrolength c, and each of its summit gyroangles has measure α, where

ds =

√

γ2
aγ

2
b − 1

γaγb
(12.114)

cs =

√
γb − 1

√

2 + γ2
a(γb − 1)

1 + γ2
a(γb − 1)

γa (12.115)

and

cosα =

√

γ2
a − 1

√
γb − 1

√

2 + γ2
a(γb − 1)

(12.116)

Furthermore,

γ2
a =

γc − 1

γb − 1
(12.117)

and

c > b (12.118)
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The Lambert Gyroquadrilateral

Fig. 12.13 The Lambert Gyroquadrilateral in an Einstein gyrovector space (Vs,⊕,⊗).
The Saccheri gyroquadrilateral in Fig. 12.12 is partitioned here into a pair of Lambert
gyroquadrilaterals, each of which has three internal right gyroangles and a fourth, acute
gyroangle α. The two Lambert gyroquadrilaterals MAB BCMCD and AMAB MCD D are
generated from the Saccheri gyroquadrilateral ABCD in Fig. 12.12 in terms of the base
midpoint MAB and the summit midpoint MCD as explained in Theorem 12.14.

12.17 Lambert Gyroquadrilaterals

A Lambert gyroquadrilateral is a gyroquadrilateral in an Einstein gyrovector

space in which three of the interior gyroangles are right gyroangles. The

fourth gyroangle α is acute, shown in Fig. 12.13 in an Einstein gyrovector

plane.

Johann Heinrich Lambert (1728–1777), a German mathematician,

physicist and astronomer, was the first to introduce hyperbolic functions

into trigonometry. While studying the Saccheri gyroquadrilateral he real-

ized the gyroquadrilateral that now bears his name.

Theorem 12.14 Let ABCD be a Saccheri gyroquadrilateral on the base

AB, and let MAB and MCD be, respectively, the gyromidpoints of the base
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AB and the summit CD of the gyroquadrilateral, Fig. 12.13. Then, the

gyromidpoints gyrosegment MABMCD is perpendicular to both AB and CD.

Proof. The gyrotriangles ADMCD and BCMCD , Fig. 12.13, are congru-

ent by SAS. Hence, by SSS, the gyrotrianglesAMABMCD and BMABMCD

are congruent, implying

∠AMABMCD = ∠BMABMCD =
π

2
(12.119)

Similarly, the gyrotriangles ADMAB and BCMAB are congruent by

SAS. Hence, by SSS, the gyrotriangles CMABMCD and DMABMCD are

congruent, implying

∠CMCDMAB = ∠DMCDMAB =
π

2
(12.120)

as desired. �

It follows from Theorem 12.14 that the two gyroquadrilaterals

MABBCMCD and MABADMCD in Fig. 12.13 are Lambert gyroquadrilat-

erals.

Furthermore, with the notation in Fig. 12.13 for the Lambert gyro-

quadrilateral MABBCMCD , since bh = 1
2⊗b and ch = 1

2⊗c, we have by

(12.118),

ch > bh (12.121)

Hence, a side included between right gyroangles in a Lambert gyroquadri-

lateral has gyrolength smaller than that of the opposing side.

Let d be the gyrolength of the gyrodiagonal MABC of the Lambert

gyroquadrilateral MABBCMCD in Fig. 12.13, that is

d = ‖	MAB⊕C‖ (12.122)

The two gyrotriangles MABBC and MABMCDC are right gyroangled so

that, by the Einstein-Pythagoras Identity (12.61)

γd = γaγbh

γd = γmγch

(12.123)

implying

γaγbh
= γmγch

(12.124)
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Hence, by (12.124) and (12.121), we have

γm =
γbh

γch

γa < γa (12.125)

implying

m < a (12.126)

so that, again, a side included between right gyroangles in a Lambert gy-

roquadrilateral has gyrolength smaller than that of the opposing side.

We now wish to express the non-right gyroangle α of the Lambert gyro-

quadrilateral MABBCMCD in Fig. 12.13 in terms of its parameters m and

bh, which are the gyrolengths of its sides that are included between two

right gyroangles. For this sake we need several identities that we develop

below.

Since bh = 1
2⊗b, Fig. 12.13, we have

γ2
bh

= γ2
(1/2)⊗b =

1 + γb

2
(12.127)

(see an exercise in Sec. 12.18). Hence, by (12.125), (12.127) and (12.109),

we have

γ2
m =

γ2
bh

γ2
ch

γ2
a =

γ2
(1/2)⊗b

γ2
(1/2)⊗c

γ2
a =

1 + γb

1 + γc
γ2

a =
1 + γb

2 + γ2
a(γb − 1)

γ2
a (12.128)

Solving (12.128) for γ2
a, and noting (12.127), we have

γ2
a =

2γ2
m

γb + 1− γ2
m(γb − 1)

=
γ2

m

γ2
m(1− γbh

) + γbh

(12.129)

Finally, it follows from (12.112), by substitutions from (12.129) and

(12.127), and by employing (12.4), that

cosα =
√

γ2
m − 1

√

γ2
bh
− 1 = γmmsγbh

bhs (12.130)

ms = m/s, bhs = bh/s, thus obtaining a most elegant expression for the

gyrocosine of the non-right gyroangle α of the Lambert gyroquadrilateral

in an Einstein gyrovector space, Fig. 12.13.

As expected, (12.130) demonstrates that cosα > 0, so that the non-right

gyroangle α is acute. Furthermore, it also demonstrates that the gyroangle

α is a symmetric function of the gyrolengths m and bh of the two sides that

are included between right gyroangles.
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Remarkably, (12.130) reveals that the gyrolengths m and bh of the two

sides that are included between right gyroangles in the Lambert gyroquadri-

lateral, Fig. 12.13, must obey each of the following three mutually equiva-

lent conditions

(γ2
m − 1)(γ2

bh
− 1) < 1

γ2
m + γ2

bh
> γ2

mγ
2
bh

m2 + bh
2 < s2

(12.131)

in order to insure that the gyroangle α > 0 in (12.130) exists.

The defect δ of the Lambert gyroquadrilateral MABBCMCD in

Fig. 12.13 is

δ = 2π − (3
π

2
+ α) =

π

2
− α (12.132)

Hence, its relativistic gyroarea is, by Def. 12.11 and (12.130),

|MABBCMCD | = − 2

K
tan

δ

2

= 2s2 tan(
π

4
− α

2
)

= 2s2
cosα

1 + sinα

= 2s2
cosα

1 +
√

1− cos2 α

=
2

1 +
√

γ2
m + γ2

bh
− γ2

mγ
2
bh

γmmγbh
bh

(12.133)

In the Newtonian-Euclidean limit of large s, s→∞, each gamma factor

in (12.133) reduces to 1. Hence, the gyroarea (12.133) of the Lambert

gyroquadrilateral MABBCMCD in Fig. 12.13 reduces in that limit to the

area, base times the height, of the corresponding Euclidean rectangle.

Summarizing, we have established the following theorem.

Theorem 12.15 (The Lambert Gyroquadrilateral Theorem). Let

ABCD be a Lambert gyroquadrilateral in a gyrovector space (Vs,⊕,⊗) (i)

with side-gyrolengths

a = ‖	A⊕D‖
b = ‖	A⊕B‖

(12.134)
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The Lambert Gyroquadrilateral

Fig. 12.14 The Lambert Gyroquadrilateral in an Einstein gyrovector space (Vs,⊕,⊗).
Illustrating Theorem 12.15.

of the two sides that are included between right gyroangles, (ii) with side-

gyrolengths

c = ‖	B⊕C‖
d = ‖	C⊕D‖

(12.135)

of the respective opposing sides, and (iii) with acute gyroangle α, as shown

in Fig. 12.14.

Then,

a < c, b < d

γaγd = γbγc

a2+b2 < s2

(12.136)

and

cosα =
√

γ2
a − 1

√

γ2
b − 1 (12.137)
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Furthermore, the gyroarea |ABCD| of the Lambert gyroquadrilateral

ABCD in Fig. 12.14 is given by the equation

|ABCD| = 2

1 +
√

γ2
a + γ2

b − γ2
aγ

2
b

γaaγbb (12.138)

12.18 Exercises

(1) Substitute (12.29) into (12.57) and employ Mathematica to prove

that the gyrotriangle defect of an equilateral gyrotriangle with gy-

roangle θ is δ = π − 3θ, as expected.

(2) Employ the gyrotriangle constant principle (12.90) to generalize the

hyperbolic theorems of Ceva and Menelaus in Sec. 11.4. Hint: Gen-

eralizations and their proof are analogous to the way Grünbaum

and Shephard employ in [Grünbaum and Shephard (1995)] their

area principle to verify the well known Euclidean theorems of Ceva

and Menelaus as well as some generalizations of these.

(3) Verify Identity (12.127). Hint: Employ the Einstein half (6.297).

(4) For the inequality a2 + b2 < s2 in (12.136) and α in (12.137), show

that

lim
a2+b2→s2

α = 0 (12.139)

so that, with that limit, the vertex C of the acute gyroangle α

of the Lambert gyroquadrilateral ABCD in Fig. 12.14 approaches

the boundary of the ball Vs. Furthermore, show that no other

vertex of the Lambert gyroquadrilateral ABCD in Fig. 12.14 can

be made approach the boundary of the ball Vs without destroying

the structure of ABCD as a Lambert gyroquadrilateral with the

acute gyroangle at vertex C.
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Chapter 13

Stellar and Particle Aberration

The discovery of stellar aberration in the 1720s by Molyneux and Bradley

was of major significance in astronomy. Molyneux and Bradley found stel-

lar aberration when they were looking for a different astronomical phe-

nomenon, stellar parallax, which is the apparent displacement of a star re-

sulting from changes in the point of observation as the Earth moves through

its orbit around the Sun. At first they did not know what they were observ-

ing. Molyneux may never have known; he died in 1728, about six months

before Bradley arrived at his explanation of their observations [Bradley

(1728); Stewart (1964)]. Stellar aberration is particle aberration where the

particle is a photon emitted from a star. Particle aberration, in turn, is the

change in the apparent direction of a moving particle caused by the rela-

tive motion between two observers. The case when the two observers are E

(at rest relative to the Earth) and S (at rest relative to the Sun) is shown

graphically in Fig. 13.1 (classical interpretation) and Fig. 13.2 (relativistic

interpretation).

The classical interpretation of particle aberration involves the use of the

Euclidean triangle law of Newtonian velocity addition, and trigonometry,

as shown in Fig. 13.1 and explained in Sec. 13.1. Guided by analogies,

therefore, the relativistic interpretation of particle aberration involves the

use of the gyrotriangle law, (12.5), p. 539, of Einsteinian velocity addition,

and the relativistic gyrotrigonometry studied in Chap. 12, as shown in

Fig. 13.2 and explained in Sec. 13.2.

Hence, suggestively, the gyrotriangle law of Einsteinian velocity addi-

tion plays in Einstein’s relativistic mechanics the role analogous to the role

that the common triangle law of Newtonian velocity addition plays in clas-

sical mechanics. Like any theoretical speculation, this suggestion about the

physical significance of the gyrotriangle law of relativistic velocity addition

must abide empirical bounds. Fortunately, the phenomenon of stellar aber-

577
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Fig. 13.1 Particle Aberration: Classical
interpretation in terms of the triangle law
of addition of Newtonian velocities in the
standard model of 3-dimensional Euclidean
geometry (R3, +). Two dimensions are
shown for graphical clarity. Here + is the
common vector addition in R3.
A particle P moves with Newtonian veloc-
ity pe (ps) relative to the Earth E (the
Sun S), making an angle θe (θs) with the
Newtonian velocity v of the Sun S relative
to the Earth E.
In order to calculate the Newtonian (clas-
sical) particle aberration θs − θe, the Eu-
clidean triangle ESP is augmented into the
Euclidean right-angled triangle EQP , al-

lowing elementary trigonometry to be em-
ployed.
Points are given by their orthogonal Carte-
sian coordinates (x, y, z), x2+y2+z2 < ∞.
The coordinates are not shown.
The Euclidity of (R3,+) is determined by
the Euclidean metric in which the distance
between two points A,B is ‖ − A + B‖.
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Fig. 13.2 Particle Aberration: Relativis-
tic interpretation in terms of the gyrotri-
angle law of addition of Einsteinian veloci-
ties in the Beltrami-Klein ball model of 3-
dimensional hyperbolic geometry (R3

c ,⊕).
Here ⊕ is Einstein addition in the c-ball
R3

c ⊂ R3.
A particle P moves with Einsteinian veloc-
ity pe (ps) relative to the Earth E (the
Sun S), making an angle θe (θs) with the
Einsteinian velocity v of the Sun S relative
to the Earth E.
In order to calculate the relativistic particle
aberration θs − θe, the gyrotriangle ESP
is augmented into the right-gyroangled gy-
rotriangle EQP , allowing elementary gy-

rotrigonometry to be employed.
Points are given by their orthogonal Carte-
sian coordinates (x, y, z), x2+y2+z2 < c2.
The coordinates are not shown.
The hyperbolicity of (R3

c ,⊕) is determined
by the hyperbolic gyrometric in which
the distance between two points A,B is
‖	A⊕B‖.

ration comes to the rescue, enabling us to test whether, indeed, relativistic

velocity composition in the universe obeys the gyrotriangle law.

In order to set the stage for the study of the relativistic interpretation of

particle aberration by analogies, shown in Figs. 13.1 – 13.2, that it shares

with its classical counterpart, we begin this chapter with the classical in-

terpretation of particle aberration.
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13.1 Particle Aberration: The Classical Interpretation

Fig. 13.1 presents the Newtonian velocity space R3 along with several of

its points, where only two dimensions are shown for clarity. The space is

equipped with orthogonal Cartesian coordinates with origin O = (0, 0, 0),

so that the position of each point of the space R3 is determined by its

Cartesian coordinates (x, y, z), x2 +y2 +z2 <∞, as illustrated numerically

in Example 13.1, p. 581.

The origin O is not shown in Fig. 13.1 in order to emphasize the result

that calculated observables are independent of the choice of the origin, as

explained in Remark 13.5 in Sec. 13.3.

Newtonian velocities in R3 are vectors in R3. Thus, for instance, the two

points E, S ∈ R3 give rise to the velocity v = −E + S, shown in Fig. 13.1,

representing the Newtonian velocity of S relative to E. Also the points

E and S represent velocities since they are identified with vectors. Thus,

for instance, the point S is identified with the vector −O + S so that it

represents the Newtonian velocity of S relative to the origin O.

In Fig. 13.1 we see a particle P moving uniformly with velocity ps =

−S+P (pe = −E+P ) relative to S (E), making an angle θs (θe) with the

velocity v = −E +S of S relative to E. Owing to the motion of E relative

to S (that is, owing to v 6= 0 in Fig. 13.1), θe 6= θs. Here the velocity of E

relative to S is −S +E = −v.

The change θs−θe in the apparent direction of a moving particle caused

by the relative motion between the two observers E and S is called (clas-

sical) particle aberration. A relationship between θs and θe is called a

(classical) particle aberration formula.

The special case when the points E and S of Fig. 13.1 in the Newtonian

velocity space R
3 represent the Earth and the Sun, as well as their New-

tonian velocities relative to the observer O who is at rest relative to the

(arbitrarily selected) origin O, is of particular interest. If, in this special

case, the particle P is a photon coming from a star, then the photon aber-

ration θs − θe is known as stellar aberration or starlight aberration. The

classical interpretation of stellar aberration is well known. It is, however,

presented here for the sole reason of creating analogies with a novel way

to interpret the stellar aberration relativistically by employing gyrotrigono-

metric and gyrogeometric theoretic techniques that have been developed in

this book.

In order to uncover classical particle aberration formulas we draw the

altitude PQ from vertex P to side ES (extended if necessary) obtaining
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the right-angled triangle EQP in Fig. 13.1. The latter, in turn, enables

trigonometry to be applied.

Let us use the notation in Fig. 13.1,

a = −S +Q

b = −P +Q

v = −E + S

pe = −E + P

ps = −S + P

(13.1)

for vectors between points shown in Fig. 13.1, along with the notation

a = ‖a‖, b = ‖b‖, v = ‖v‖, pe = ‖pe‖ and ps = ‖ps‖ for the magnitudes

of these vectors.

Since the points E, S,Q are collinear, as shown in Fig. 13.1, we have by

the triangle equality,

‖ −E +Q‖ = ‖ −E + S‖+ ‖ − S +Q‖ = v + a (13.2)

By elementary trigonometry we see from Fig. 13.1 that

a = ps cos θs

b = ps sin θs

(13.3)

and

a+ v = pe cos θe

b = pe sin θe

(13.4)

so that

cot θe =
a+ v

b
=
ps cos θs + v

ps sin θs
= cot θs +

v

ps sin θs
(13.5)

and

cot θs =
a

b
=
pe cos θe − v
pe sin θe

= cot θe −
v

pe sin θe
(13.6)

We have thus obtained in (13.5) and (13.6) the two equivalent classical

particle aberration formulas

cot θe = cot θs +
v

ps sin θs

cot θs = cot θe −
v

pe sin θe

(13.7)
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The two equivalent equations in (13.7) imply ps sin θs = pe sin θe, thus

recovering the law of sines

ps

sin θe
=

pe

sin θs
(13.8)

for the Euclidean triangle ESP in Fig. 13.1, noting that sin θs = sin(π−θs).

It is clear from (13.7) that a particle with infinite velocity, pe = ps =∞,

generates no aberration, θe = θs. Since stellar aberration that results from

the motion of the Earth relative to the Sun is observed, the speed of light

particles, photons, must be finite. In order to observe the stellar aberration

θs − θe in Figs. 13.1 – 13.2 there is no need to compare observations of θe,

made by an observer E at rest relative to the Earth, with observations of

θs, made by an observer S at rest relative to the Sun. The effect of stellar

aberration varies during the year [Stewart (1964), Figure, p. 105] as the

Earth moves around the Sun. It is this variation that can be observed by

E, and which was observed by Molyneux and Bradley.

In order to reduce the particle aberration formulas (13.7) to correspond-

ing photon aberration formulas, one may substitute either pe = c or ps = c

where c is a finite speed of light in vacuum. Approximately, however, Synge

substitutes both pe = c and ps = c, which imply θs = θe, in obtaining

his Newtonian (classical) photon aberration formulas from (13.7) [Synge

(1965), Eq. (134), p. 147].

Example 13.1 Instructively, a numerical illustration of the classical par-

ticle aberration shown in Fig. 13.1 is presented. Let us introduce an or-

thogonal Cartesian coordinate system into Fig. 13.1, as shown in Fig. 13.3,

and consider the points E,P, S ∈ R2 of Figs. 13.1 and 13.3, given by their

orthogonal Cartesian coordinates as

E = (0.6, 0.4)

P = (−0.6, − 0.4)

S = (−0.2, 0.4)

(13.9)

The points E,P, S in the Newtonian velocity space R2 may represent

the planar velocity of the Earth, a Particle coming from a star, and the Sun

relative to an observer O = (0, 0) at rest, O being the arbitrarily selected

origin of R2. However, no attempt is made in this example to select realistic

numerical values. We select the unit of velocity in which a vacuum speed

of light is c = 1.
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Fig. 13.3 Illustration for Example 13.1,
p. 581: Introducing Cartesian coordinates
into Fig. 13.1 on the classical interpreta-
tion of particle aberration. The vector v

represents the Newtonian velocity of S rel-
ative to E in the Newtonian velocity space
R3.
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Fig. 13.4 Illustration for Example 13.3,
p. 589: Introducing Cartesian coordinates
into Fig. 13.2 on the relativistic interpre-
tation of particle aberration. The gyrovec-
tor v represents the Einsteinian velocity of
S relative to E in the Einsteinian velocity
space R3

c .

Furthermore, let us define the point Q by its orthogonal Cartesian co-

ordinates,

Q = (−0.6, 0.4) (13.10)

so that triangle EQP in Figs. 13.1 and 13.3 is right angled, and the points

E, S,Q are collinear, as shown in Figs. 13.1 and 13.3.

Then, by (13.1) and (13.9) – (13.10),

a = −S +Q = (−0.4, − 0)

b = −P +Q = (0, 0.8)

v = −E + S = (−0.8, 0)

pe = −E + P = (−1.2, − 0.8)

ps = −S + P = (−0.4, − 0.8)

(13.11)

Therefore,

a = ‖a‖ = 0.4

b = ‖b‖ = 0.8

v = ‖v‖ = 0.8

pe = ‖pe‖ = 1.44222051018560

ps = ‖ps‖ = 0.89442719099992

(13.12)
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so that, by (13.3) – (13.4), we have

cos θs =
a

ps
= 0.44721359549996

cos θe =
a+ v

pe
= 0.83205029433784

(13.13)

implying

θs = cos−1 0.44721359549996 = 1.10714871779409

θe = cos−1 0.83205029433784 = 0.58800260354757
(13.14)

Hence, finally, the classical particle aberration is

θs − θe = 0.51914611424652 (13.15)

radians (within the accuracy of MATLAB [Higham (2005)], the numerical

software used in the example).

To confirm numerically the aberration formula (13.5) we note that, in-

deed, it follows from (13.14) and (13.12) that

cot θe = 1.5 (13.16)

and

cot θs +
v

ps sin θs
= 1.5 (13.17)

are equal, as expected from (13.5).

One may note that the particle speed pe relative to Earth in (13.12) is

greater than a vacuum speed of light, pe > 1. This is allowed in classical

mechanics, while it is not allowed in relativistic mechanics. Indeed, the

present Example will be treated relativistically in Example 13.3, p. 589,

where all relative velocities of massive particles turn out geometrically to

be smaller than the unique vacuum speed of light c = 1.

13.2 Particle Aberration: The Relativistic Interpretation

We are now in a position to “relativize” the classical particle aberration in

Fig. 13.1 into the relativistic particle aberration in Fig. 13.2. We will thus

present the relativistic particle aberration in a way fully analogous to the

way of our presentation of the classical particle aberration in Section 13.1.

Fig. 13.2, fully analogous to Fig. 13.1, presents the Einsteinian velocity

space R3
c along with several of its points, where only two dimensions are
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shown for clarity. The space is equipped with orthogonal Cartesian coordi-

nates with origin O = (0, 0, 0), so that the position of each point of the space

R3
c is determined by its Cartesian coordinates (x, y, z), x2 + y2 + z2 < c2,

as illustrated numerically in Example 13.3 below.

The origin O is not shown in Fig. 13.2 in order to emphasize the result

that calculated observables are independent of the choice of the origin, as

explained in Remark 13.5 in Sec. 13.3.

Einsteinian velocities in R3
c are gyrovectors in R3

c . Thus, for instance,

the two points E, S ∈ R3
c give rise to the velocity v = 	E⊕S, representing

the Einsteinian velocity of S relative to E. Also the points E and S repre-

sent velocities since they are identified with gyrovectors. Thus, for instance,

the point S is identified with the gyrovector 	O⊕S so that it represents

the Einsteinian velocity of S relative to the origin O.

In Fig. 13.2 we see a particle P moving uniformly with velocity ps (pe)

relative to S (E), making an angle θs (θe) with the velocity

v = 	E⊕S (13.18)

of S relative to E. Owing to the motion of E relative to S, θe 6= θs, as

seen in Fig. 13.2 with v 6= 0. Here the velocity of E relative to S is 	S⊕E
which is, in general, different from

	v = 	(	E⊕S) (13.19)

owing to the presence of Thomas precession.

As in the classical case of Section 13.1, the change θs−θe in the apparent

direction of a moving particle caused by the relative motion between the two

observers E and S is called (relativistic) particle aberration. A relationship

between θs and θe is called a (relativistic) particle aberration formula.

The special case when the points E and S of Fig. 13.2 in the Einsteinian

velocity space R
3
c represent the Earth and the Sun, as well as their Ein-

steinian velocities relative to the observer O who is at rest relative to the

(arbitrarily selected) origin O, is of particular interest. If, in this special

case, the particle P is a photon coming from a star, then the photon aber-

ration θs − θe is called relativistic stellar aberration.

In order to uncover relativistic particle aberration formulas we draw the

altitude PQ from vertex P to side ES (extended if necessary) obtaining

the right-gyroangled gyrotriangle EQP in Fig. 13.2. The latter, in turn,

enables gyrotrigonometry to be applied.
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In full analogy with (13.1), we set the notation

a = 	S⊕Q
b = 	P⊕Q
v = 	E⊕S

pe = 	E⊕P
ps = 	S⊕P

(13.20)

for gyrovectors in the Einstein gyrovector 3-space (R3
c ,⊕,⊗), shown in

Fig. 13.2, along with the notation a = ‖a‖, b = ‖b‖, v = ‖v‖, pe = ‖pe‖
and ps = ‖ps‖ for the magnitudes of these gyrovectors.

It follows from (13.20), the Gyrotranslation Theorem 3.13, p. 57, and

the left loop property, that

	v⊕pe = 	(	E⊕S)⊕(	E⊕P )

= gyr[	E, S](	S⊕P )

= gyr[	E⊕S, S](	S⊕P )

= gyr[v, S]ps

(13.21)

Since gyrations keep the norm invariant, (10.10), p. 404, it follows from

(13.21) that ‖	v⊕pe‖ = ‖gyr[v, S]ps‖ = ‖ps‖ = ps, so that

γ	v⊕pe
= γps

= γps
(13.22)

Since the points E, S,Q are gyrocollinear we have, by the gyrotriangle

equality, Theorem 6.48, p. 184,

‖	E⊕Q‖ = ‖	E⊕S‖ ⊕ ‖	S⊕Q‖ = v⊕a (13.23)

in full analogy with (13.2).

By elementary relativistic gyrotrigonometry, summarized in Fig. 12.4,

p. 553, we see from Fig. 13.2 that

a = ps cos θs

γb b = γps
ps sin θs

(13.24)

and

a⊕v = pe cos θe

γb b = γpe
pe sin θe

(13.25)
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so that, by (13.24),

cot θs =
cos θs

sin θs
=
γps

a

γb b
(13.26)

and, by (13.25),

cot θe =
cos θe

sin θe
=
γpe

(v⊕a)

γb b
(13.27)

To simplify (13.27) we note that by the gamma-Pythagorean identity

(12.61), p. 553, we have the two identities

γpe
= γv⊕aγb

γps
= γaγb

(13.28)

for the respective right-gyroangled gyrotriangles EQP and SQP in

Fig. 13.2. Furthermore, since the gyroangle included between a and v

is 0, Fig. 13.2, it follows from the gamma identity (3.177), p. 88, that

γv⊕a = γvγa(1 +
av

c2
)

γv	a = γvγa(1− av

c2
)

(13.29)

Remark 13.2 We may note that with the notation u = ‖u‖ and v = ‖v‖
we have γu = γu and γv = γv as in (13.22). But, in general, γu⊕v 6= γu⊕v

since, in general, u⊕v = ‖u‖⊕‖v‖ 6= ‖u⊕v‖.

Similarly, it follows from Einstein addition of parallel velocities, (3.188),

p. 91, that

v⊕a =
v + a

1 + av
c2

v	a =
v − a

1− av
c2

(13.30)

Hence, we have the following two chains of equations for cot θe and

cot θs, which are numbered for subsequent explanation.
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The chain of equations for cot θe is:

cot θe

(1)
︷︸︸︷
===

γpe

γb b
(v⊕a)

(2)
︷︸︸︷
===

γb γv⊕a

γb b
(v⊕a)

(3)
︷︸︸︷
===

γb γvγa(1 + av
c2 )

γb b
(v⊕a)

(4)
︷︸︸︷
===

γaγb γv(v + a)

γb b

(5)
︷︸︸︷
=== γaγb γv

v + a

γps
ps sin θs

(6)
︷︸︸︷
===

γaγb

γps

γv

v + ps cos θs

ps sin θs

(7)
︷︸︸︷
=== γv

v
ps

+ cos θs

sin θs

(8)
︷︸︸︷
=== γv cot θs +

γvv

ps sin θs

(13.31)

The derivation of the equalities in (13.31) follows.

(1) follows from (13.27).

(2) follows from (1) and the first equation in (13.28).

(3) follows from (2) and the gamma identity (13.29).

(4) follows from (3) and (13.30).

(5) follows from (4) and the second equation in (13.24).

(6) follows from (5) and the first equation in (13.24).

(7) follows from (6) and the second equation in (13.28).

(8) follows from (7) by straightforward algebra.
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The chain of equations for cot θs is:

cot θs

(1)
︷︸︸︷
===

γps
a

γb b

(2)
︷︸︸︷
===

γaγba

γb b

(3)
︷︸︸︷
===

γaγba

γpe
pe sin θe

(4)
︷︸︸︷
===

γaγb

γpe
pe sin θe

(pe cos θe	v)

(5)
︷︸︸︷
===

γaγb

γpe
pe sin θe

pe cos θe − v
1− pev cos θe

c2

(6)
︷︸︸︷
===

γaγb

γpe
pe sin θe

pe cos θe − v
γpe	v

γpe
γv

(7)
︷︸︸︷
===

γaγb γv

pe sin θe

pe cos θe − v
γpe	v

(8)
︷︸︸︷
===

γaγb γv

pe sin θe

pe cos θe − v
γps

(9)
︷︸︸︷
=== γv

cos θe − v
pe

sin θe

(10)
︷︸︸︷
=== γv cot θe −

γvv

pe sin θe

(13.32)

The derivation of the equalities in (13.32) follows.

(1) follows from (13.26).

(2) follows from (1) and the second equation in (13.28).

(3) follows from (2) and the second equation in (13.25).

(4) follows from (3) and the first equation in (13.25). Here the

first equation in (13.25) is solved for a, noting that the binary

operation ⊕ in this equation is commutative and associative,

as noted below (3.188).

(5) follows from (4) and (13.30).
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(6) follows from (5) and the gamma identity (3.177), noting from

Fig. 13.2 that pev cos θe = pe·v. Note that the subscript in

γpe	v is a gyrovector (not the magnitude of a gyrovector) in

accordance with Remark 13.2.

(7) follows from (6) by a straightforward algebra.

(8) follows from (7) and (13.22).

(9) follows from (8) and the second equation in (13.28).

(10) follows from (9) by a straightforward algebra.

In the chains of equations (13.31) and (13.32) we have obtained the

relativistic particle aberration formulas

cot θe = γv cot θs +
γvv

ps sin θs
= γv

cos θs + v/ps

sin θs

cot θs = γv cot θe −
γvv

pe sin θe
= γv

cos θe − v/pe

sin θe

(13.33)

which are equivalent to each other. The particle speeds pe and ps in (13.33)

are related by the relativistic law of gyrosines, Theorem 12.3, p. 544,

γps
ps

sin θe
=
γpe

pe

sin θs
(13.34)

for the gyrotriangle ESP in Fig. 13.2, noting that sin θs = sin(π − θs).

The relativistic particle aberration formulas in (13.33) prove fully anal-

ogous with the classical particle aberration formulas in (13.7). Moreover,

they agree with the relativistic particle aberration formulas found in the

literature, where they are derived by traditional methods rather than by

gyrotrigonometry; see, for instance, [Rindler (1982), p. 53] and [Landau

and Lifshitz (1975), pp. 12–14].

Example 13.3 Instructively, a numerical illustration of the relativistic

particle aberration shown in Fig. 13.2 is presented. Let us introduce an or-

thogonal Cartesian coordinate system into Fig. 13.2, as shown in Fig. 13.4,

and consider the points E,P, S ∈ R2
c=1 of Figs. 13.2 and 13.4, given by

their orthogonal Cartesian coordinates as

E = (0.6, 0.4)

P = (−0.6, − 0.4)

S = (−0.2, 0.4)

(13.35)

as in (13.9). As in (13.9), we select the unit of velocity in which the vacuum

speed of light is c = 1.
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As in Example 13.1, the points E,P, S in the Einsteinian velocity space

R2
c=1 may represent the planar velocity of the Earth, a Particle coming

from a star, and the Sun relative to an observer O = (0, 0) at rest, O being

the arbitrarily selected origin of R
2
c=1. However, no attempt is made in this

example to select realistic numerical values.

Furthermore, let us define the point Q by its orthogonal Cartesian co-

ordinates,

Q = (−0.43448275862069, 0.40000000000000) (13.36)

so that gyrotriangleEQP in Figs. 13.2 and 13.4 is right gyroangled, and the

points E, S,Q are gyrocollinear, as shown in Figs. 13.2 and 13.4. The gyro-

collinearity of the points E, S,Q is obvious since a gyroline in an Einstein

gyrovector space is a Euclidean straight line. To see that the gyroangle

∠EQP is right, we note that

cos ∠EQP =
	Q⊕E
‖	E⊕E‖·

	Q⊕P
‖	E⊕P‖ = 0 (13.37)

as one can check numerically. Then, by (13.20) and (13.36), we have

a = 	S⊕Q = (−0.28505878750181, 0.01314826192675)

b = 	P⊕Q = (0.29277241988171, 0.72648554195658)

v = 	E⊕S = (−0.75456931359681, − 0.11814602960479)

pe = 	E⊕P = (−0.78947368421053, − 0.52631578947368)

ps = 	S⊕P = (−0.31964750215379, − 0.73674682799997)

(13.38)

Therefore,

a = ‖a‖ = 0.28536185646245

b = ‖b‖ = 0.78326044998796

v = ‖v‖ = 0.76376261582597

pe = ‖pe‖ = 0.94882928301684

ps = ‖ps‖ = 0.80310050068543

(13.39)

so that, by (13.24) – (13.25), we have

cos θs =
a

ps
= 0.35532521299501

cos θe =
a⊕v
pe

= 0.90784129900320
(13.40)
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implying

θs = cos−1 0.44721359549996 = 1.20753436540883

θe = cos−1 0.83205029433784 = 0.43268947744195
(13.41)

Hence, finally, the relativistic particle aberration is

θs − θe = 0.77484488796688 (13.42)

radians (within the accuracy of MATLAB [Higham (2005)], the numerical

software used in the example).

To confirm numerically the aberration formula (13.33) we note that,

indeed, it follows from (13.39) and (13.41) that

cot θe = 2.16506350946110 (13.43)

and

γv cot θs +
γv v

ps sin θs
= 2.16506350946110 (13.44)

are equal, as expected from (13.33).

Gyroangles, like angles, are measured in radians. Let’s us convert the

gyroangle θe, measured in radians, to the gyroangle θo
e , measured in degrees.

θo
e = θe

180

π
= 24.79128089714488o (13.45)

Hence, approximately, the gyroangle θ0
e = ∠PES in Fig. 13.2, measured in

degrees, is given by

θo
e ≈ 24.8o (13.46)

To estimate the gyroangle (13.46) in Fig. 13.2 with our Euclidean eyes,

we left gyrotranslate all points of Fig. 13.2 by 	E = −E as shown in

Fig. 13.5. As a result, in particular, the vertex E of the gyroangle ∠PES

coincides with the center O of the disc R2
c=1 in Fig. 13.5. As such, the

gyroangle θo
e = ∠PES in Fig. 13.5 coincides with its corresponding angle

and, hence, can be estimated by our Euclidean eyes. Thus, the left gyro-

translation of all points of Fig. 13.2 by 	E is shown in Fig. 13.5, where the

gyroangle θe and its Euclidean counterpart, the angle θe (same notation

for gyroangles and their corresponding angles), share the numerical value

of their measures.
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PSfrag replacements

E = O

SQ

P

O

ps
pe

v

b

a

θs

θe

→→

→

Fig. 13.5 This figure shows Fig. 13.2, in which all points have been left gyrotranslated
by 	E. As a result, the point E in the present figure coincides with the center O of the
disc R2

c , E = O, so that θe = ∠PES = ∠POS. But, the origin of the ball of the Klein-
Beltrami ball model of hyperbolic geometry is conformal. Hence, the gyroangle θe =
∠PES = ∠POS and its corresponding Euclidean angle, also denoted θe = ∠PES =
∠POS, have the same measure, which is approximately θe ≈ 24.8o, by (13.46). Hence,
having a vertex at the origin of its gyrovector space, the gyroangle θe in this figure can
be estimated by our Euclidean eyes. In contrast, the gyroangle θs = ∠PSQ in this
figure does not share a measure with its corresponding Euclidean angle, also denoted
θs = ∠PSQ. In this sense, the gyroangle θs = ∠PSQ in this figure cannot be estimated
by our Euclidean eyes. Summarizing: in order to estimate a gyroangle in an Einstein
gyrovector 3-space (or, equivalently, in the Klein-Beltrami 3-ball model of hyperbolic

geometry) the gyroangle must be left gyrotranslated so that its vertex coincides with the
origin of the gyrovector space (that is, the center of the ball).

Remark 13.4 The importance of the paragraph below (13.46) lies in the

resulting way inertial observers observe gyroangles. Let O be any inertial

observer who is at rest relative to his frame of reference ΣO. Then the

measure of a gyroangle between velocities relative to ΣO, like the gyroangle

θe in Fig. 13.5, equals the measure of its corresponding angle, also denoted
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θe. In symbols, we have the equation

	E⊕P
‖	E⊕P‖·

	E⊕S
‖	E⊕S‖ =

−E + P

‖ −E + P‖ ·
−E + S

‖ − E + S‖ (13.47)

where E = O = (0, 0, 0), so that 	E⊕S = −E + S = S, etc. The left hand

side of (13.47) gives cos θe where θe represents simultaneously a gyroangle

and its measure; and the right hand side of (13.47) gives cos θe where θe

represents simultaneously a corresponding angle and its measure. It is owing

to the equality E = O = (0, 0, 0) for the vertex of θe = ∠PES in Fig. 13.5

that whether θe is viewed as a gyroangle or as an angle, it has the same

measure.

13.3 Particle Aberration: The Geometric Interpretation

The Newtonian relative velocities v,pe,ps∈R3, defined in (13.1) and shown

in Fig. 13.1, are related by the triangle law of vector addition (12.8),

(−E + S) + (−S + P ) = −E + P (13.48)

The latter, in turn, can be written as

v + ps = pe (13.49)

in terms of the notation in (13.1).

In full analogy, the Einsteinian relative velocities v,pe,ps ∈ R3
c , defined

in (13.20) and shown in Fig. 13.2, are related by the gyrotriangle law of

gyrovector addition (12.5),

(	E⊕S)⊕gyr[	E, S](	S⊕P ) = 	E⊕P (13.50)

which, by means of the left loop property, can be written as

(	E⊕S)⊕gyr[	E⊕S, S](	S⊕P ) = 	E⊕P (13.51)

The latter, in turn, can be written as

v⊕gyr[v, S]ps = pe (13.52)

in terms of the notation in (13.20).

Remark 13.5 Identity (13.48), which expresses the triangle law of vec-

tor addition in R3, is invariant under translations (and under rotations).
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Indeed, let us translate each of the points E, S, P ∈ R3 in (13.48) by an

arbitrarily fixed vector x ∈ R3, obtaining

{−(x+E)+(x+S)}+{−(x+S)+(x+P )} = −(x+E)+(x+P ) (13.53)

Trivially, the vector identity (13.53) is independent of the vector x so that

(13.53) and (13.48) are equivalent, demonstrating that (13.48) is invariant

under translations.

In full analogy with Identity (13.48), Identity (13.50), which expresses

the gyrotriangle law of gyrovector addition in R3
c, is invariant under left gy-

rotranslations. Indeed, let us left gyrotranslate each of the points E, S, P ∈
R3

c in (13.50) by an arbitrarily fixed gyrovector x ∈ R3
c, obtaining

{	(x⊕E)⊕(x⊕S)}⊕gyr[	(x⊕E),x⊕S]{	(x⊕S)⊕(x⊕P )}
= 	(x⊕E)⊕(x⊕P )

(13.54)

Like the vector identity (13.53), the gyrovector identity (13.54) is inde-

pendent of the gyrovector x. To establish the independence of (13.54) of

x we note that, by the Gyrotranslation Theorem 2.16, p. 23, we have the

gyrogroup identities

	(x⊕E)⊕(x⊕S) = gyr[x, E](	E⊕S)

	(x⊕S)⊕(x⊕P ) = gyr[x, S](	S⊕P )

	(x⊕E)⊕(x⊕P ) = gyr[x, E](	E⊕P )

(13.55)

Furthermore, by Theorem 3.15, p. 57, we have the gyrocommutative gy-

rogroup identity

gyr[	x	E, x⊕S] = gyr[x, E]gyr[	E, S]gyr[S,x] (13.56)

noting that gyrations are even, (2.126), p. 40.

Substituting (13.55) – (13.56) in (13.54) and noting that gyrations are

inversive symmetric, (2.127), p. 40, (13.54) reduces to (13.50). Hence,

Identities (13.54) and (13.50) are equivalent, so that (13.54) is independent

of x, as desired.

Example 13.6 Instructively, numerical illustrations of the triangle law of

vector addition in (13.49), which is illustrated graphically in Fig. 13.1, and

of the gyrotriangle law of gyrovector addition in (13.52), which is illustrated

graphically in Fig. 13.2, are presented.



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Stellar and Particle Aberration 595

Substituting the numerical values of v,pe and ps from (13.11) into

(13.49) we have the trivial result

v + ps = (−0.8, 0) + (−0.4, − 0.8) = (−1.2, − 0.8) = pe (13.57)

thus corroborating (13.49). The relativistic counterpart of (13.57) in

(13.58) below is, however, less trivial.

In full analogy, substituting the numerical values of v,pe and ps from

(13.38), and S from (13.35) into (13.52), we have within the accuracy of

MATLAB [Higham (2005)],

v⊕gyr[v, S]ps = (−0.75456931359681, − 0.11814602960479)

⊕ gyr[(−0.75456931359681, − 0.11814602960479), (−0.2, 0.4)]

(−0.31964750215379, − 0.73674682799997)

= (−0.78947368421053, − 0.52631578947368)

= pe

(13.58)

where the last equation in (13.58) follows from (13.38), thus corroborating

(13.52).

The simplicity of the study of the classical particle aberration by means

of the triangle law of vector addition, illustrated numerically in (13.57) and

graphically in Fig. 13.1, and the analogies it shares with the study of the

relativistic particle aberration by means of the gyrotriangle law of gyrovec-

tor addition, illustrated numerically in (13.58) and graphically in Fig. 13.2,

are remarkable. They suggest that compound particle aberrations, both

classical and relativistic, can easily be studied by the polygon law of vector

addition along any polygonal path and its corresponding gyropolygon law

of gyrovector addition along any gyropolygonal path. The latter was men-

tioned under the term “Gyropolygonal Gyroaddition of Adjacent Sides” in

Def. 2.17, p. 23, and is known to be associative (but, noncommutative), by

Theorem 2.18, p. 24.

In Secs. 13.1 – 13.3 we have studied the relationship between the clas-

sical and the relativistic theory of stellar aberration by means of classical

and relativistic mechanics along with their respective underlying analytic

Euclidean and hyperbolic geometry. A totally different way of studying the

relationship is presented in [Stumpff (1980)].
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13.4 Relativistic Stellar Aberration

The relativistic particle aberration formulas (13.33) reduce to corresponding

relativistic stellar aberration formulas in the special case when the parti-

cle speeds pe and ps relative to E and S in Fig. 13.2 equal the vacuum

speed of light c. Hence, it follows from (13.33) with pe = ps = c that the

corresponding relativistic stellar aberration formulas are

cot θe = γv cot θs +
γvv

c sin θs
= γv

cos θs + v/c

sin θs

cot θs = γv cot θe −
γvv

c sin θe
= γv

cos θe − v/c
sin θe

(13.59)

Squaring the extreme sides of each of the two equations in (13.59),

noting that γ−2
v = (1− (v/c)2), and that 0 < θe, θs < π/2 in Fig. 13.2, one

can see that the stellar aberration formulas (13.59) are equivalent to the

stellar aberration formulas

cos θe =
cos θs + v/c

1 + (v/c) cos θs

cos θs =
cos θe − v/c

1− (v/c) cos θs

(13.60)

which are, in turn, equivalent to the stellar aberration formulas

sin θe =
1

γv

sin θs

1 + (v/c) cos θs

sin θs =
1

γv

sin θe

1− (v/c) cos θe

(13.61)

The relativistic stellar aberration formulas (13.59) or, equivalently,

(13.60) or (13.61) are well known in the literature; see for instance
[Synge (1965), Eqs. (132)–(133), pp. 146–147], [Sexl and Urbantke (2001),

Eq. 4.3.7, p. 71], and [Rindler (1982), p. 53]. Rindler notes that a most

interesting version of the aberration formulas is obtained by substituting

sin θe and cos θe from (13.60)–(13.61) into the trigonometric identity

tan 1
2θe =

sin θe

1 + cos θe
(13.62)

which gives [Rindler (1982), p. 48]

tan 1
2θe =

(
c− v
c+ v

)1/2

tan 1
2θs (13.63)
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The ecliptic is the plane of the Earth’s movement around the Sun. An

ecliptic pole is any point on the line that passes through the center of the

Sun and is perpendicular to the ecliptic. The first relativistic stellar aber-

ration formula in (13.59) that corresponds to a star of negligible stellar

parallax at an ecliptic pole, so that θs = π/2 in Fig. 13.2, gives approxi-

mately

cot θe =
v

c
(13.64)

since the speed v of the Earth relative to the Sun is small, v << c, so that,

approximately, γv ≈ 1.

The position of a star of negligible stellar parallax at an ecliptic pole, as

observed by an observer E, who is at rest relative to the Earth (assumed to

be momentarily inertial), approximately traces an annual apparent motion

of a circle in the sky of angular radius κ = θs − θe = π/2− θe. The latter

is the stellar aberration of the star, known as the “aberration constant”

of the Earth [Noerdlinger (1977)], resulting from the motion of the Earth

around the Sun. Stars in other parts of the sky approximately trace annual

apparent motions of circles which are flattened into ellipses.

The Earth’s orbit around the Sun is very nearly circular, with aver-

age velocity v = 30 km/sec. The vacuum speed of light is approximately

300,000 km/sec. Hence, approximately v = 10−4c, so that (13.64) reduces

to θe = cot−1(10−4) implying

κ = θs − θe =
π

2
− θe ≈ 20.6 (13.65)

arcseconds. An arcsecond, by the way, is approximately the angular diam-

eter of the width of a dime as seen from 2 kilometers.

Relativity is becoming increasingly important in technology, as Lam-

merzahl noted in [Lämmerzahl (2006)]. Stellar aberration that results from

the motion of the Earth around the Sun, and from the motion of gyro-

scopes around the Earth played an important role in the NASA ”gyroscope

experiment”, known as “Gravity Probe B” [Jonson (2007)]. This was an

experiment to measure the general relativistic Thomas precession of gyro-

scopes in space orbit around the Earth [Everitt, Fairbank and Schiff (1969);

Everitt (1988); Lämmerzahl, Everitt and Hehl (2001)].

The relativistic stellar aberration formulas are obtained in the literature

by employing the Lorentz transformation law. Here, in contrast, these

formulas are derived by employing gyrotrigonometry and the gyrotriangle

law of gyrovector addition, in full analogy with the common application of
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trigonometry and the triangle law of vector addition in classical mechanics.

We are thus able to recover the well known relativistic aberration formu-

las by employing gyrotrigonometry and the gyrotriangle law of gyrovector

addition, in full analogy with the derivation of classical aberration formulas

by employing the common trigonometry and the common triangle law of

vector addition. This leads us to the following important result:

The analogs in Einstein’s special theory of relativity of the (i) common

trigonometry and the (ii) common triangle law of vector addition are their

relativistic “gyro”-counterparts, that is, the (i) relativistic gyrotrigonome-

try and the (ii) gyrotriangle law of gyrovector addition.

There is, however, an important property that the analogies do not

share. In Euclidean geometry and in classical mechanics,

(i) vector addition of Newtonian velocities and

(ii) the triangle addition law of Newtonian velocities

coincide, while in gyrogeometry and in relativistic mechanics,

(i) the common Einstein gyrovector addition of Einsteinian velocities

and

(ii) the gyrotriangle addition law of Einsteinian velocities

do not coincide.

This remarkable distinction between classical and relativistic mechan-

ics raises the question as to whether relativistic velocities are added (i)

according to Einstein’s relativistic velocity addition law, or (ii) according

to Einstein’s gyrotriangle law of relativistic velocity addition. Clearly, the

cosmic phenomenon of stellar aberration supports the validity of the rela-

tivistic gyrotriangle law of relativistic velocity addition. This observation

resolves a natural old problem that results from the noncommutativity of

Einstein addition. Since, in general, u⊕v 6= v⊕u in an Einstein gyrovec-

tor space, one may ask as to whether the “right” composition of the two

velocities u and v in an Einstein gyrovector space is u⊕v or v⊕u [Scarr

(2006)]. The right way to compose two relativistic velocities, u and v, in

an Einstein gyrovector space turns out to be neither u⊕v nor v⊕u but,

rather, the way provided by the relativistic gyrotriangle law of velocity

addition, as evidenced from the cosmic effect of stellar aberration. The

relativistic gyrotriangle addition law, in turn, is equivalent to the relativis-

tic gyroparallelogram addition law, shown in Figs. 10.6, p. 418, and 10.10,

p. 424.

Borel’s dream to find a relativistic commutative velocity addition law,
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mentioned in Sec. 10.12, has thus come true with no need to repair Ein-

stein velocity addition for being neither commutative nor associative. It is

Einstein velocity addition, ⊕, that gives rise to the desired relativistic com-

mutative velocity addition, �. Indeed, the latter is derived from Einstein

velocity addition, ⊕, by Identity (2.2), p. 18,

u � v = u⊕gyr[u,	v]v (13.66)

u,v∈R
3, in which both Einstein addition and Thomas precession play a

role. The commutativity of Einstein coaddition � follows from Theorem

3.4, p. 52, and its geometric interpretation as the gyroparallelogram ad-

dition law is presented in Sec. 10.8 and shown graphically in Fig. 10.10,

p. 424.

13.5 Exercises

(1) Show that the two classical particle aberration formulas in (13.7),

p. 580, imply the Euclidean law of sines in (13.8) for the triangle

ESP in Fig. 13.1.

(2) Show that the two relativistic particle aberration formulas in

(13.33), p. 589, imply the relativistic law of gyrosines, Theorem

12.3, p. 544, in (13.34) for the gyrotriangleESP in Fig. 13.2, p. 578.

(3) Show explicitly that Identity (13.54), p. 594, is independent of x

by employing the identities in (13.55) – (13.56).

(4) Code a MATLAB [Higham (2005)] program that confirms the va-

lidity of the numerical example in (13.58), p. 595.
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⊕ Gyroaddition, Gyrogroup operation.

	 Gyrosubtraction, Inverse gyrogroup operation.

� Cogyroaddition, Gyrogroup cooperation.

� Cogyrosubtraction, Inverse gyrogroup cooperation.

⊕
E

Einstein addition (of relativistically admissible coordinate ve-

locities, and generalizations).

	
E

Einstein subtraction.

�
E

Einstein coaddition.

�
E

Einstein cosubtraction.

⊕
M

Möbius addition.

	
M

Möbius subtraction.

�
M

Möbius coaddition.

�
M

Möbius cosubtraction.

⊕
U

PV addition (of relativistically admissible proper velocities,

and generalizations).

	
U

PV subtraction.

�
U

PV coaddition.

�
U

PV cosubtraction.

�k Einstein coaddition of kth order, (10.72).

⊗ Scalar multiplication (scalar gyromultiplication) in a gyrovec-

tor space.

⊗
E

Einstein scalar multiplication.

⊗
M

Möbius scalar multiplication.

⊗
U

PV scalar multiplication.

♦+ Gyropolygonal gyroaddition, Definition 2.17.

:= Equality, where the lhs is defined by the rhs.

=: Equality, where the rhs is defined by the lhs.

601
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(. . .)t Transpose of (. . .).

ab A segment with distinct endpoints a and b of (i) a gyroline

(gyrosegment), or (ii) a cogyroline (cogyrosegment). A gyro-

line (cogyroline) containing the distinct points a and b.

|ab| Length of (i) a gyrosegment (gyrolength), or (ii) a cogyroseg-

ment (cogyrolength).

abc A gyrotriangle with vertices a, b and c.

abdc A gyroquadrilateral, particularly a gyroparallelogram, with

vertices a, b, d and c.

mabdc Gyroparallelogram Gyrocenter.

abcda′b′c′d′ Gyrparallelepiped, Fig. 10.13, or parallelepiped, Fig. 10.11,

with its 8 indicated vertices.

a a = ‖a‖ is the gyrolength of gyrovector a.

as as = a/s, etc., in a gyrovector space (Vs,⊕,⊗).

as as = a/s, etc., in a gyrovector space (Vs,⊕,⊗).

aγ The gamma correction of a, etc. Eqs. (8.93), p. 291: (8.95).

aβ The beta correction of a, etc. Eqs. (8.93), p. 291; (8.95).

Aut An automorphism group.

Aut0 A subgroup of an automorphism group.

CM Center of Momentum, and Center of Mass, collectively.

CMM Center of MomentuM.

CMS Center of MasS.

c The vacuum speed of light.

d⊕ d⊕(a,b) = ‖b	a‖.
d� d�(a,b) = ‖b � a‖.
gyr Gyrator. gyr[a,b] the gyration (gyroautomorphism) gener-

ated by a and b.

ILT Inhomogeneous Lorentz Transformation.

s Gyrovector space analogue of the vacuum speed of light c. It

is the radius of the ball in ball models of hyperbolic geometry

and their gyrogroups and gyrovector spaces.

u×v Vector product of u,v∈R3 with components (u×v)1 etc.

γv The gamma factor, γv = (1− ‖v‖2/s2)−1/2 in the ball Vs.

βv The beta factor, βv = (1 + ‖v‖2/s2)−1/2 in the ball Vs.

B3 B3 = R3
s=1 is the open unit ball of the Euclidean 3-space R3.

Bn Bn = Rn
s=1 is the open unit ball of the Euclidean n-space Rn.

∂Bn The boundary of the ball Bn.

I Identity automorphism.

i
√
−1
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N The set of all natural numbers {1, 2, 3, . . .}.
R The real line.

R>0 The positive ray of the real line R.

R≥0 The nonnegative ray of the real line R.

Rn The Euclidean n-space.

R
n
s The s-ball of the Euclidean n-space, R

n
s = {x∈R

n : ‖x‖ < s}.
SO(n) The group of all rotations of R

n about its origin.

Ss The cone Ss = {(t,x)t : t ∈ R>0, x ∈ V, and v = x/t ∈ Vs}
(S,+) A groupoid, a set S with a binary operation +.

V A real inner product space V = (V,+, ·) with a binary opera-

tion + and an inner product ·.
Vs The s-ball of the real inner product space V.

v In most cases v is a generic element of Vs. Similarly are

a, b, c, . . . and u, w and x, y, z.

vs vs = v/s, ‖v‖s = ‖v‖/s, etc.

Z The set of all integers {. . .− 3,−2,−1, 0, 1, 2, 3, . . .}.
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Péter Lévay. Thomas rotation and the mixed state geometric phase. J. Phys. A,
37(16):4593–4605, 2004.



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

Bibliography 613

Jean-Marc Levy-Leblond. Additivity, rapidity, relativity. Amer. J. Phys.,
47:1045–1049, 1979.

I.V. Lindell and H. Sihova. The quotient function and its applications. Amer. J.
Phys., 66(3):197–202, 1998.

James Lindesay and Tepper Gill. Canonical proper time formulation for physical
systems. Found. Phys., 34(1):169–182, 2004.

Dan Loewenthal and Enders A. Robinson. Relativistic combination of any number
of collinear velocities and generalization of Einstein’s formula. J. Math.
Anal. Appl., 246(1):320–324, 2000.

H. A. Lorentz, A. Einstein, H. Minkowski, and H. Weyl. The principle of relativity.
Dover Publications Inc., New York, N. Y., undated. With notes by A.
Sommerfeld, Translated by W. Perrett and G. B. Jeffery, A collection of
original memoirs on the special and general theory of relativity.

Abraham S. Luchins and Edith H. Luchins. The Einstein-Wertheimer correspon-
dence on geometric proofs and mathematical puzzles. Math. Intelligencer,
12(2):35–43, 1990.

Jair Lucinda. A general relativistic law of addition for two velocities and suc-
cessive Lorentz transformations along perpendicular axes. Phys. Essays,
14(4):280–285, 2001.

P. Kevin MacKeown. Question 57: Thomas precession. Amer. J. Phys., 65(2):105,
1997.

Wilhelm Magnus. Noneuclidean tesselations and their groups. Academic Press [A
subsidiary of Harcourt Brace Jovanovich, Publishers], New York-London,
1974. Pure and Applied Mathematics, Vol. 61.

Eli Maor. Trigonometric delights. Princeton University Press, Princeton, NJ,
1998.

Eli Maor. The Pythagorean theorem: A 4,000-year history. Princeton University
Press, Princeton, NJ, 2007.

Jerrold E. Marsden. Elementary classical analysis. W. H. Freeman and Co., San
Francisco, 1974. With the assistance of Michael Buchner, Amy Erickson,
Adam Hausknecht, Dennis Heifetz, Janet Macrae and William Wilson, and
with contributions by Paul Chernoff, István Fáry and Robert Gulliver.
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barycentric coordinates, 126, 502

Beltrami-Klein model, 10, 221, 227,
239, 251, 408

beta identity, 94
betweenness, 168
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cogyroangle, definition, 356, 357

621



January 14, 2008 9:33 WSPC/Book Trim Size for 9in x 6in ws-book9x6

622 Analytic Hyperbolic Geometry and Special Relativitiy

cogyroangle, invariant, 359
cogyroangle, model independent, 359
cogyroautomorphic inverse property,

43
cogyroautomorphism, 23
cogyrocollinear, 188, 192, 212, 221
cogyrocurvature, definition, 244
cogyrodifference, 196, 212, 221, 358
cogyrodistance, 199, 201
cogyrogeodesic, 199, 203
cogyrogroup, 18, 45
cogyroline, 163, 164, 168
cogyroline element, 241, 243
cogyroline element, Einstein, 253
cogyroline element, Möbius, 247
cogyroline gyration transitive law,

160, 192, 199, 371
cogyroline parallelism, Möbius, 212
cogyroline transitive law, 162
cogyroline, directed, 190
cogyroline, origin-intercept, 165, 196
cogyroline, parallelism, 192
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243
cogyrometric, metric coefficients, 243
cogyromidpoint, 162, 199, 211, 221,
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cogyromidpoint, definition, 198
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cogyrotranslation theorem, 31
cogyrotriangle, 211
cogyrotriangle equality, 200, 201, 212,

221
cogyrotriangle inequality, 158
cogyrovector, 131, 143, 356
cogyrovector parallelism, 197
cogyrovector translation, 144, 146
cogyrovector translation head, 146
cogyrovector translation,

composition, 148
cogyrovector translation, definition,

146
cogyrovector translation, head, 147
cogyrovector translation, tail, 147

cogyrovector, definition, 144
cogyrovector, rooted, 143
cogyrovector, rooted, equivalence, 144
cogyrovectors and points, 151
cohyperbolic geometry, 369
coloop property, 42
commencing, space point, 518
commencing, time, 518
commutative group, 17
compatibility condition, 426
conformal, 549, 592
congruent gyrotriangles, AAA

Theorem, 312
congruent gyrotriangles, AAS

Theorem, 296
congruent gyrotriangles, ASA

Theorem, 312
congruent gyrotriangles, SAS

Theorem, 288
congruent gyrotriangles, SsA

Theorem, 297
congruent gyrotriangles, SSS

Theorem, 288
convex hull, 127, 472
convexity, 123
cooperation (coaddition), 18, 80, 92,
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cooperation, Einstein, 92
cooperation, Möbius, 80
cooperation, PV, 95
cosubtraction, 29, 453
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covariant, 64, 67, 93, 129, 416, 417,

457, 465, 469, 474
covariant, CMM, 471, 475
covariant, CMS, 520

dark energy, 531
dark mass, 492, 531
dark matter, 531
decomplexification, 78, 396
defect, gyrosquare, 337
defect, gyrotriangle, 551
defect, gyrotriangular, 300, 316
defect, identity, 301, 304
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Differentiable manifold, 259
differential geometry, 239
Doppler effect, 454
duality symmetries, 366
duality symmetry, 9, 18, 22, 23, 34,

162, 174, 192, 199, 218, 371
dyadic symset, 7, 75

ecliptic, 597
ecliptic pole, 597
Einstein, 4, 12
Einstein addition, 88, 401
Einstein coaddition, 92
Einstein gyrocentroid, 230
Einstein gyrogroup, 85
Einstein gyrometric, 222
Einstein gyrovector space, 218, 229
Einstein half, 219, 238, 442, 575
Einstein scalar multiplication, 218
Einstein three-quarter, 532
Einstein, gyrovector space, 219
Einstein, metric, 252
Einstein, metric,line element, 250
Einstein, scalar multiplication, 219
Einsteinian relativity, x, 11
Einsteinian-Pythagorean identities,

555, 556
elastic collisions, classical, 496
elastic collisions, relativistic, 498
equidefect gyrotriangles, 343
equilateral gyrotriangle, 318, 319
equilateral gyrotriangle, Einstein, 544
equivalence class, 131
equivalence relation, 131
Euclid, 1–3, 6
Euclidean geometry, 5
even (a gyroautomorphism property),

40

four-vector, 122
four-velocity, 122, 454

Galilei transformation composition,

450
Galilei, transformation group, 118
gamma identity, Einstein, 88, 402
gamma identity, Möbius, 79
Gauss, Carl Friedrich, 2
Gauss, equation, 252, 254
Gaussian curvature, 243, 244, 246,

250, 254, 256, 259, 302, 303
Gibbs, Willard J., 3
group, 16
groupoid, 16
groupoid automorphism, 16
gyration exclusion theorem, 73
gyration properties, basic, 39
gyration, extended, 112
gyration, gyrotriangular, 316
gyrations, 3D-Möbius, 85
gyrations, Möbius, 81
gyrator, 5, 17, 18, 76, 104, 379
gyrator identity, 19, 59
gyro-Cartesian coordinates, 353
gyroangle between gyrorays, 273
gyroangle between gyrovectors, 271
gyroangle, definition I, 263
gyroangle, definition II, 271
gyroangle, invariant, 267
gyroangle, model independence, 264
gyroangular defect, 303, 323
gyroassociative law, left, 17, 19, 21,

42, 405
gyroassociative law, mixed, 46
gyroassociative law, right, 42, 405
gyroautomorphic inverse property, 51,

53, 57, 59, 409
gyroautomorphic inverse property,

restricted, 21, 27
gyroautomorphic inverse theorem, 51
gyroautomorphism, 5, 17, 32
gyroautomorphism identities, nested,

68
gyroautomorphism inversion, 39, 40
gyroautomorphism property, 154
gyrobarycentric coordinates, 126, 455,

471
gyrobarycentric coordinates,

Einsteinian, 505
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gyrobarycentric coordinates,
homogeneous, 126

gyroboost, 104, 119
gyroboost application, 106
gyroboost, composition law, 108
gyroboost, definition, 105
gyroboost, successive applications,

108
gyrocentroid, 409, 559
gyrocentroid, definition, 228
gyrocentroid, Einstein, 230
gyrocentroid, Möbius, 235
gyrocircle gyrotrigonometry, 353
gyrocircle, semi, 314
gyrocollinear, 172, 215
gyrocollinear, definition, 168
gyrocollinear, remark, 168
gyrocollinearity, 168
gyrocommutative gyrogroup, 18
gyrocommutative law, 18, 405
gyrocommutative, protection

principle, 61
gyrocosine, definition, 263
gyrocosines law, 284, 285, 287, 288,

290, 301, 329, 372, 541, 542
gyrocovariance, 64, 66–68, 175, 455,

472
gyrocovariance, definition, 175
gyrocovariant, 64, 66, 125, 129, 175,

177, 457, 469, 474
gyrocovariant, CMM, 401
gyrocovariant, fidelity, 391
gyrocovariant, maps, 175
gyrocurvature, definition, 244
gyrodiameter, supporting, 196, 211
gyrodifference, 421
gyrodistance, 157
gyrodistance, gyropolygonal path, 184
gyrodistance, invariant, 540
gyrofactor, 101, 102
gyrogeodesic, 183, 409
gyrogeometric object, 423
gyrogeometry, 15, 261, 287, 356, 389,

397, 399, 400, 439, 470
gyrogroup, 17
gyrogroup cooperation, 42, 43

gyrogroup extension, 102
gyrogroup PV addition, 94
gyrogroup, cooperation, 52
gyrogroup, cooperations, 22
gyrogroup, Einstein, 85
gyrogroup, group of motions, 66
gyrogroup, gyrocommutative, 17, 51
gyrogroup, Möbius, 77
gyrogroup, Möbius complex disc, 75
gyrogroup, motions, 66
gyrogroup, objects, 67
gyrogroup, PV, 93
gyrogroup, solving a system, 161
gyrogroup, two-divisible, 72
gyrogroup, two-torsion free, 72
gyroinner product, 104
gyroinvariant, 101
gyrolanguage, 5
gyroline, 163, 164, 166
gyroline element, 241, 243
gyroline element, Einstein, 250
gyroline element, Möbius, 245
gyroline element, PV, 255, 257
gyroline gyration transitive law, 172,

192, 213, 215, 316, 349, 371, 468
gyroline, origin-intercept, 165, 196
gyromass, 126
gyromedian, definition, 228
gyrometric coefficients, definition, 243
gyrometric, metric coefficients, 243
gyromidpoint, 172, 199, 211, 322,

366, 409
gyromidpoint (p1 : p2 : ... : pn), 126
gyromidpoint identity, 75, 173, 332
gyromidpoint, (t1:t2), 454
gyromidpoint, (p:q), 122
gyromidpoint, definition I, 74
gyromidpoint, definition II, 172
gyromidpoint, Einstein, 123, 230
gyromidpoint, Einsteinian mechanical

interpretation, 411
gyromidpoint, Möbius, 234
gyronorm, 104
gyroparallelepiped, 433
gyroparallelepiped addition law, 425,

440, 533
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gyroparallelepiped, definition, 434

gyroparallelepiped, pre-, 430

gyroparallelepiped, pre-, definition,
431

gyroparallelepiped, relativistic law,
438

gyroparallelogram, 68, 177–179, 182,
183, 322–329, 369, 423, 444, 508

gyroparallelogram addition law, 425,
533

gyroparallelogram condition, 47, 53,
54, 178, 183, 325, 330, 343, 420, 422

gyroparallelogram gyration transitive
law, 183

gyroparallelogram gyrocenter, 178,
179, 332, 431

gyroparallelogram gyrodiagonals, 178,
179, 322, 423

gyroparallelogram law, 4, 180, 323,
353, 402

gyroparallelogram law, Möbius, 322

gyroparallelogram symmetries, 179

gyroparallelogram, addition, 323

gyroparallelogram, addition law, 141

gyroparallelogram, defect, 324

gyroparallelogram, definition, 178

gyroparallelogram, degenerate, 178

gyroparallelogram, Einstein, 373, 418,
420–422

gyroparallelogram, gyroangles, 323,
326, 327

gyroparallelogram, gyrobarycentric
coordinates, 508

gyroparallelogram, gyrocenter, 420

gyroparallelogram, gyrodiagonal
gyrolength, 329

gyroparallelogram, gyrovector
addition law, 65

gyroparallelogram, law, 180

gyroparallelogram, Möbius, 321, 323,
324, 328, 329, 373

gyroparallelogram, opposing
gyroangles, 323

gyroparallelogram, opposite
(opposing) sides, 182

gyroparallelogram, relativistic law,
424

gyroparallelogram, sides, 326
gyroparallelogram, symmetry, 422
gyroparallelogram,addition law, 322
gyroparallelogram,Einstein, 421
gyroparallelogram,Euclidean, 421
gyroparallelogram,gyrocenter, 419
gyropolar coordinates, 353, 356
gyropolygonal gyroaddition, 23, 24,

539, 595
gyroray, 266
gyroray carrier, 273
gyroray parallelism, 282
gyroray perpendicularity, 282
gyroreflection, 365
gyrosegment, 166, 211
gyrosemidirect product, 34, 35, 37–40,

67, 101, 115–119, 125, 450, 513
gyrosines law, 294, 296, 301
gyrosines law, Einstein, 544
gyrosquare, 545
gyrosquare gyroarea, 560
gyrosquare, defect, 337
gyrosquare, definition, 336, 547
gyrosquare, pseudo, 322
gyrosum inversion, 20, 39, 43
gyrotransformation group, 114
gyrotransformation group, Einstein,

117
gyrotransformation group, PV, 117
gyrotranslation theorem, 23, 57, 63,

130, 133, 159, 167, 169, 267, 274,
276, 278, 286, 423

gyrotranslation, left, 32, 168
gyrotranslation, right, 32
gyrotranslation,theorem, 133
gyrotriangle constant, 299, 371, 558,

564
gyrotriangle constant principle, 561,

563, 565, 575
gyrotriangle equality, 183, 211, 221
gyrotriangle gyroarea, 304, 558
gyrotriangle height, 298
gyrotriangle inequality, 155, 157
gyrotriangle inequality, Einstein, 89
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gyrotriangle inequality, Möbius, 81
gyrotriangle inequality, PV, 95
gyrotriangle law, 539, 577, 578,

593–595, 597, 598
gyrotriangle, congruent, 284
gyrotriangle, defect, 551
gyrotriangle, definition, 284
gyrotriangle, equilateral, 318, 544
gyrotriangle, isosceles, 311
gyrotriangle, right-gyroangled, 552
gyrotriangle, side gyrolength, 296
gyrotrigonometry, 15, 261
gyrotrigonometry, Einsteinian, 554
gyrotrigonometry, gyrocircle, 353
gyrotrigonometry, Möbius, 284
gyrotrigonometry, relativistic, 537
gyrovector, 4, 131, 132
gyrovector parallelism, 272
gyrovector perpendicularity, 272
gyrovector space, 4, 15, 153
gyrovector space isomorphism, 225
gyrovector space isomorphisms, table,

226
gyrovector space model, definition,

227
gyrovector space, Einstein, 218, 229
gyrovector space, isomorphism, 227
gyrovector space, Möbius, 233, 247
gyrovector space, motions, 156
gyrovector space, PV, 223, 236
gyrovector space, real inner product,

154
gyrovector space, relativistic, 407
gyrovector translation, 133, 135, 272,

350
gyrovector translation of gyrorays,

275
gyrovector translation, composition,

137
gyrovector translation, definition, 135
gyrovector translation, head, 136
gyrovector translation, tail, 136
gyrovector, Bloch, 375, 381
gyrovector, definition, 133
gyrovector, gyrotriangle addition law,

539

gyrovector, rooted, 132
gyrovector, rooted, equivalence, 132
gyrovector, space,Einstein, 219
gyrovectors and points, 139

Heron’s formula, 303
homogeneity property, 155
hyperbolic geometry, 2–9, 12, 13
hyperbolic geometry, analytic, 5–7,

11, 12
hyperbolic geometry, Beltrami-Klein

model, 10
hyperbolic geometry, bifurcation

approach, 369
hyperbolic geometry, Poincaré model,

8, 12
hyperbolic geometry,Poincaré disc

model, 214
hyperbolic Pythagorean theorem,

Möbius, 290
hyperbolic Pythagorean theorem, old,

287
hyperbolic Pythagorean theorem,

Poincaré, 289
hyperbolic trigonometry, 8
hyperbolic, area, 303

inversive symmetry (a
gyroautomorphism property), 40

isomorphic, gyrogroup, 106
isomorphism, gyrovector space, 225

kinetic energy theorem, 485, 488
kinetic energy, Newtonian, 494
kinetic energy, relativistic, 495
Klein, Felix, 2, 6, 474

Lambert gyroquadrilateral, 570, 573
law of gyrocosines, 568, 569
law of gyrosine, 589
law of gyrosines, 556
law of sines, 581, 599
lever, relativistic law of, 126, 459
line, 164
line element, 251
link, Galilei, 452
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link, Lorentz, 452

Lobachevsky, Nikolai Ivanovich, 1, 3,
4, 6, 8, 12, 15, 90, 131, 227, 259,
369, 375, 399, 509

loop, 16, 45

loop property, 42

loop property, left, 405

loop property, right, 405

Lorentz boost, 101, 120

Lorentz gamma factor, 102, 117

Lorentz group, 101

Lorentz group, proper velocity, 508

Lorentz group, proper velocity,
demystifying, 513

Lorentz transformation composition,
451

Lorentz transformation group,
abstract, 117

Lorentz transformation, gyro-algebra,
445

Lorentz transformation,
homogeneous, 451

Lorentz transformation,
inhomogeneous, 517

Lorentz transformation, matrix
representation, 447

Lorentz transformation,
orthochronous, 451

Lorentz transformation, proper, 451

mass, bright, 492

mass, dark, 492

mass, intrinsic, 479, 482

mass, invariant, 471, 479, 482, 483,
492, 522

mass, rest, 479, 482, 483

matter, bright, 491

matter, dark, 491

Menelaus, hyperbolic theorem, 460,
563, 565

metric, Riemannian, 247, 259

midpoint distance condition, 173,
198, 204

midpoint symmetry condition, 162,
173, 198, 204, 205

midpoint, Newtonian mechanical
interpretation, 411

Minkowskian relativity, x, 11, 454
Mobius addition, 78, 79
Mobius coaddition, 80
Mobius complex disc gyrogroup, 75
Mobius gyrations, 81
Mobius gyrations, 3D, 85
Mobius gyrocentroid, 235
Mobius gyrogroup, 77
Mobius gyrometric, 216
Mobius gyromidpoint, 234
Mobius gyrovector space, 233, 247
Mobius matrix, 395
Mobius, scalar multiplication, 205
monodistributive law, 155

nested gyroautomorphism identity, 21
Newton, Isaac, 3
non Euclidean geometry, 369

parallel postulate, 1
parallel transport, 350, 375, 376
parallel transport, definition, 344
parallel transport, head, 347
parallel transport, successive, 349
parallel transport, theorem, 344, 348
parallel transport, Uhlmann, 391
parallelepiped, 427
parallelism, 363
parallelogram, 183, 421
parallelogram law, 3
Poincaré metric, 216
Poincaré model, 9
polar decomposition, 76, 77, 381
positive definite, 246, 251, 254
positive definiteness, 154, 208
Principia Mathematica, 3
proper time, 508, 509, 511, 514, 522
proper velocity addition, 94
proper, speed, 459
pseudo gyrodiagonal, 330, 332
pseudo gyrosquare, 322
pseudo gyrosquare, Möbius, 321
PV coaddition, 95
PV gyrogroup, 93
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PV gyrovector space, 223, 236
PV model, 11
PV scalar multiplication, 223
Pythagorean theorem, Einstein, 554
Pythagorean theorem, hyperbolic,

554

quantum computation, 375
qubit, 375

rapidities, 90, 554
rapidity, 90
real inner product space, 97
reflection, 365
relativistic gyrotrigonometry, 537
relativistic invariant mass, 477, 479
relativistic light cone, 516
relativistic mass identities, 461
Riemannian line element, 243
Riemannian line element,

Beltrami-Klein, 252
Riemannian line element, Euclidean

metric, 240
Riemannian metric, 247
Riemannian, dual line element,PV

gyrovector space, 258
Riemannian, line element, 259
Riemannian, line element,Einstein

gyrovector space, 252, 254
Riemannian, line element,PV

gyrovector space, 256
Riemannian, metric, 259
Riemannian, surface, 254
rooted gyrovector, 345

Saccheri gyroquadrilateral, 566, 569
scalar associative law, 154, 408
scalar distributive law, 154, 408
scalar field, 457
scalar multiplication, Einstein, 218
scalar multiplication, Möbius, 205
scalar multiplication, PV, 223

scaling property, 154, 267, 361
semidirect product, 450
Sommerville, Duncan M.Y., 1, 2, 4
SSS to AAA conversion law, 542
SSS to AAA conversion law, Einstein,

542
SSS to AAA conversion law, Möbius,

296
stellar aberration, 577
stellar aberration formulas, 596
stellar parallax, 577, 597
surjective, 52, 207, 208
symmetric product, 382
symmetric sum, 382
system of two equations, 160
system, disintegrated, 522

table, cancellation laws, 30
table, gyrocommutative gyrogroup

identities, 72
table, gyrogroup identities, 51
table, gyrovector space isomorphisms,

226
table, Riemannian line elements, 259
tessellation, 367
Thales of Miletus, 1
Thomas gyration, 5, 17, 403
Thomas half, 406
Thomas precession, 5, 403
Thomas precession, notorious, 407
transformation group, Galilei, 118
triangle area, 304
triangle area principle, 563, 575
two-sum identity, 156, 174–176, 199,

383, 385

vector, 3
vector space, real inner product, 153
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